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PARTS STATICS: 


INTRODUCTION. 


CHAPTER I. 


MATTER, BODY, PARTICLE. INERTIA. FORCE. DYNAMICS. 
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Matter—Body—Particle.—What matter is in itself we do not 
know. We recognize it as existing in space and possessing certain 
observed properties, such as extension and impenetrability. 

Any limited portion of matter we call a body. A body so small 
that, so far as its motion is concerned, we can disregard its size 
we call a material point or particle. Just as a mathematical point, 
having no dimensions, cannot rotate, but can have motion of trans- 
lation only, so a material point or particle is considered as having 
motion of translation only. 

Every body may be considered as a system composed of such 
material points or particles. 

The diagram representation of a particle is then a mathematical 
point, having position only. 

When a body has motion of translation only, the motion of 
every one of its points at any instant is the same (page 13, Vol. J, 
and in such case we may then consider the entire body, whatever 
its size, as a particle and represent it by a mathematical point. 

Hence, whatever the size of a body, when we consider its motion 
of translation only, we may treat the body as a particle and repre- 
sent it by a point. 

Inertia—Force.—It is a fact of universal experience that no ma- 
terial particle is able of itself to change its own motion. If it is at 
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rest, it must always remain at rest, unless acted upon by some 
other particle. If it is moving at any instant in a given direction. 
with a given speed, it must always preserve that direction and 
speed unchanged, unless acted upon by some other particle. — 

We express this fact by saying that matter is inert, that is, has. 
no power of itself to change its own state of rest or motion. This 
property of matter we call inertia. We recognize, then, not only 
extension and impenetrability, but also inertia, as properties of 
matter. 

Whenever, then, the motion of a particle is observed to change 
either in speed or direction, we can always refer such change to. 
the influence of some other particle upon it. 

This external influence which we thus recognize as the cause of the 
change of motion we call forcé. We can define force, then, as the 
cause of change of motion of matter. We measure force, therefore, 
by its observed effect, that is, by the change of motion it causes. 

It should be noted that inertia, as already defined, is a property of matter. 
To speak then, as is sometimes done, of the ‘‘force of inertia,’ as though 
inertness could cause change of motion or change of anything, is as unmeaning” 
as though we should speak of ‘‘force of hardness” or ‘*force of softness.” In- 
capacity of self-change of motion, or inertia, cannot be spoken of as the cause 
of observed change. By reason of such incapacity force is necessary for change 
of motion. 


Dynamics.—We have treated in the first portion of this work of 
the science of Kinematics (xzv7a, motion), or the measurable rela- 
tions of space and time, that is, of pure motion. We have therefore 
considered the motion of a point, or of a system of points, without 
reference to matter or force. But we have to deal in nature with 
force and material points or bodies. The science which treats of 
those measurable relations of matter, space and time involved in 
the study of the change of motion of bodies due to force is called 
Dynamics (Svvayuzs, force). 

Force Proportional to Acceleration.—Let v, be the initial ve- 
locity of a material point or particle P; 
moving in any path P,P, and v its final ve- 
locity at the end of any time f. 

If we draw OQ: parallel and equal to vw 
and OY parallel and equal to v, then, as we 
have seen, page 48, Vol. I, @:Q gives the inte- 


. gral acceleration both in direction and mag- 
a nitude. Also . gives the mean accelera- 
Vv 


tion or mean time-rate of change of veloc- 


ity in the time ¢. 
The limiting magnitude and direction of nee when the time ¢ is 


indefinitely small is the acceleration, or instantaneous time-rate of 
change of velocity. 

Now this change of velocity is due to the force at that instant. 
If there were no force, v: would remain unchanged both in magni- 
tude and direction. 

Since we can only measure force by its effects, and since here 
the effect is shown by change of velocity, the force must be propor- 
tional to this change of velocity. 

We conclude, therefore, that the direction of the force is the same 
as the direction of the acceleration it causes, and the magnitude of 


dhe force is proportional to the magnitude of the acceleration it 
uses. 
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Mechanical Illustration of Force——The student may figure to 
himself such a force as the pressure or pull of an imponderable 
spiral spring acting upon the body, the axis of the spring having 
always the direction of the acceleration, and the spring moving 
with the body so that its pressure or pull is exerted during the 
entire time of action and is alway proportional to the acceleration. 

If the acceleration changes in direction, the axis of the spring 
changes, so that it always has the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes accordingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or ac- 
celeration is not necessarily that of the motion, except in the case 
of rectilinear motion. 

Thus in the case of a point moving with uniform speed in a 
circle, the direction of motion at any instant is tangent to the 
circle, but the acceleration is always directed towards the centre 
(page 53, Vol. I). . 

In the case of a projectile, the motion at any instant is tangent 
to the path, but the acceleration is always vertical and downwards. 

Uniform and Variable Force.—A force, then, like acceleration, 
page 49, Vol. I,is uniform or constant when it has the same magni- 
tude and the same direction whatever the time of action. When 
either the magnitude or direction changes it is variable. 

Criterion of the Action of a Force.—The action of a force on a 
particle, then, is made evident by the change of motion it causes. 
If the particle is at rest or moves with uniform speed in a straight 
line, there is no force acting upon it. If either the speed changes 
or the direction of motion changes, a force must act upon it to 
cause such change. The magnitude of the acceleration is propor- 
tional to the magnitude of the force, and the direction of the ac- 
celeration is the direction of the force. The force is uniform when 
the acceleration is uniform, and variable when the acceleration is 
variable. 

Mass.—Let such a spring, F, as described, act with constant 
pressure in a constant direction upon a given 
body A for a given time. i 

Then the acceleration or change of velocity A 3 
per second is constant and in the direction of the 
force or axis of the spring. 

Let the same spring act upon another body, B, F 
with the same constant pressure in the same ; 
constant direction for the same time. Then the acceleration or 
change of velocity per second in this case is also constant and in 
the direction of the axis of the spring. 

If the magnitude of the acceleration in the second case 1s equal 
to the magnitude in the first case, the body B is said to have the 
same mass as the body A. In general, } 

Equal masses are those to which the same uniform force gives 
the same acceleration in the direction of the force in the same time. 

Unit of Mass.— We take as the unit of mass the standard pound 
avoirdupois, or the standard gram, or the standard kilogram. 


F 
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These are definite bodies (page 5, Vol. I). Any other body which 
when acted upon by any given constant force would receive in the 
same time the same acceleration in the direction of the force as the 
standard mass under the same circumstances is an equal mass. 

When, then, the mass of a body is unity, or one unit of mass, the 
same constant force acting upon it gives it the same acceleration in 
the same time in the direction of the force that the standard mass 
would receive under like circumstances. 

Measurement of Mass.—We know by experiment that the force 
of gravity, or the earth’s attraction at any place, gives to all bodies 
falling in vacuum, whatever their nature, the same acceleration in 
the same time. 

This acceleration is vertical or in the direction of the force of 
gravity which causes it. 

When two bodies exactly balance in an equal-armed balance, we 
also know that the force of gravity on each must be the same. 

Since then; under the action of this equal force, each body would 
acquire the same acceleration in the same time in the direction of 
the force, their masses are equal. 

By means of the balance, then, we can readily duplicate standard 
masses. By finding how many such standard masses balance any 
given body, that is, by ‘“‘ weighing”’ the body, we can determine its 
mass relatively to the standard. 

Thus if any body exactly balances 2, 3 or 4 standard pounds or 
kilograms or grams, its mass is 2,3 or 4 times the mass of the 
standard used. 

Mass Independent of Gravity.—It must be carefully noted that 
the mass of a body has nothing to do with the actual intensity of 
the force of gravity. This varies with the locality and the height 
above sea-level in the same locality. But two bodies of equal mass 
which therefore exactly balance in. one locality would balance in 
any locality, because the force of gravity, whatever it may be, is 
always the same on each wherever they are weighed. 

When we speak of amass of one pound, one gram, or one kilo- 
gram, we refer then to a definite quantity of matter, not to the force 
of gravity acting at any place upon that matter. 

But when a body balances two standard pounds, we know that the 
force of gravity upon that body at any locality is twice as great as 
for one pound. The force of gravity upon any body at any locality, 
or the weight of the body, is thus proportional to its mass, but the 
mass is independent of this weight. 

The term ‘‘ weighing” as applied to a balance should not be 
allowed to mislead. ‘‘ Weighing” a body in a balance always de- 
termines its mass and not its weight, or the force of gravity upon it. 

Relation between Force, Mass and Acceleration. — Since the 
weight of a body is proportional to its mass, and since all bodies 
fall in vacuum with the same acceleration under the action of 

ravity at any locality or of their weights, it follows that to give 
different bodies the same acceleration in the direction of the force, 
the force must be proportional to the mass. 

But we also know by experiment that when we give the same 
body different accelerations in the direction of the force, the force 
1s proportional to the acceleration. 

In general, then, any force which produces in a given body, free 
to move, an acceleration in its direction, must be proportional both 
to the mass of the body and the acceleration. 

if then [#’] is the unit of force adopted and F’ the number of 
units of force, [J] the unit of mass and m the number of units of 
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mass, [f/f] the unit of acceleration and f the number of units of 
acceleration in the direction of the force, we must have the 


relation 
OWE Wee, TUE Gey), Io tot ds aac eee aK fol 


where ¢ is a constant number: 

Equation (1) expresses the fact that force must be proportional 
both to the mass and the acceleration given to the mass in the direc- 
tion of the force. 

Unit of Force.—We see from (1) that we shall always have the 
numeric equation 

fk) eg wie eben het er cera te as, 1 4}, 


if we make ¢ unity, and 

[F'] = [1] x [f]. 
That is, equation (2) holds provided we take as our unit of force 
that constant force which will give one unit of mass one unit of ac- 
celeration in the direction of the force. 

This is called ‘‘ Gauss’s absolute unit,’’ or the absolute unit of 
force, because it furnishes a standard force in any system, inde- 
pendent of the force of gravity at different localities. 

In the foot-pound-second or ‘‘F. P. 8. system,” then, the abso- 
lute unit of force is that constant force which will give one pound 
a change of velocity in the direction of the force of one foot per 
second inasecond. This has been called by Prof. James Thomp- 
son the poundal. It is then the English absolute unit of force. 

The French absolute unit of force is that constant force which 
will give one kilogram a change of velocity in the direction of the 
force of one meter per second in a second. 

In the centimeter-gram-second or ‘‘C.G.8. system” the absolute 
unit of force is the constant force which will give one gram a change 
of velocity in the direction of the force of one centimeter per second 
in asecond. This is called the dyne. 

Dimensions of Unit of Force.—Let [F'] represent the unit of 
force, [f] the unit of acceleration, [M] the unit of mass, [V] the 
unit of velocity, [Z] the unit of distance, and [7] the unit of time. 
Then we have 

eis [L] 


ee el oa iT 


Weight of a Body.—The student should again be cautioned to 
keep clearly distinguished in his mind the difference between the 
mass of a body and its weight. The weight of any mass is the 
force with which the earth attracts it, and it therefore varies with 
the locality. The mass is invariable at all places. _ : 

If the weight of a body is W, and its mass m units, then, since 
the weight produces the acceleration g, we have from (2), 


W = mg units of force. 
If m is one unit of mass, W is numerically equal to g units of 
force, or 
one pound weighs g poundals, 
one gram weighs g dynes, 


according to the system in use. 
Since g is about 32 ft.-per-sec. per sec., the weight of one pound 


is about 32 poundals, or 
one poundal is the weight of about half an ounce. 


[M] x 
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Strictly speaking, it is the weight of part of a pound, where g 


must be taken for the locality in ft.-per-sec. per sec. 
In the same way, the weight of one gram is about 981 dynes, or 


one dyne is the weight of about one milligram. 


Strictly speaking, it is the weight of e part of a gram, where g 
must be taken for the locality in centimeters-per-sec. per sec. 


An athlete throwing a hammer of 16 pounds in New Haven and the same 
hammer in Edinburgh has a heavier hammer to throw in the latter place, by 
the weight of about three tenths of an ounce more. (See page 93, Vol. I.) The 
mass of the hammer is of course the same in both places. 


Gravitation Unit of Force.—It is often convenient to express a 
force by comparing it with the weight of the unit of mass at the 
locality. The weight of the unit of mass at the place is then the 
gravitation unit of force. It is evidently not constant. Or we can 
express a force by comparing it with the weight of the unit of mass 
at some given place. The weight of the unit of mass at this place 
is then the gravitation unit of force. In this case it is constant. 

When, then. we speak of a ‘‘ force of ten pounds” or a ‘‘ force of 
ten kilograms” we mean the force of gravity at a given place upon 
a mass of ten pounds or ten kilograms. The expression is of 
course incorrect, because pound and kilogram denote mass only. 
The expression is thus a brief and allowable locution for the phrase 
—‘ attraction of the earth for a mass of ten pounds at the place 
considered.” 

A “force of ten pounds’’ means, then, a force of 10g poundals, 
‘where g is the acceleration of gravity in ft.-per-sec. per sec. at the 
place considered. A ‘‘force of ten grams” means a force of 10g 
dynes, where g is the acceleration of gravity in centimeters-per-sec. 
per sec. at the place considered. In all cases, 

Mass (77 lbs.) x acceleration (in ft.-per-sec. per sec.) = Force in 
direction of acceleration (in poundals). 

If we divide the force thus_found by g in ft.-per-sec. per sec., we 
obtain the force in gravitation units. 

Mass (in grams) x acceleration (in centimeters-per-sec. per sec.) 
= Force in direction of acceleration (in dynes). 

If we divide the force thus found by g in centimeters-per-sec. 
per sec., we obtain the force in gravitation units. 


Thus if a mass of 25 pounds has an acceleration in any direction of 6.4 ft.- 
per-sec. per sec., the force in that direction which causes this acceleration is - 
25 xX 6.4 = 160 powndals, or 160 times the force necessary to give a mass of 
one pound an acceleration of 1 ft.-per-sec. in one second. If g for the locality 


is 82 ft.-per-sec per sec., we can speak of this as a force of ae X 25 pounds, or 
~ 

a ‘‘force of 5 pounds,” meaning thereby the force of gravity upon a mass of 

5 pounds at the locality in question. 

Again, if amass of 25 grams has an acceleration in any direction of 200 
centimeters-per-sec, per sec , the force in that direction which causes this ac- 
celeration is 29 x 200 = 5000 dynes, or 5000 times the force necessary to give 
amass of one gram an acceleration of 1 centimeter-per-sec. in one second. If 


g for the locality is 981 centimeters-per-sec. per sec., we can speak of this as a 
9 


~ 
force of 981 X 265 grams, or a “ force of about 5 grams,” meaning thereby the 


force of gravity upon a mass of 5 grams at the locality in question. 
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Tension—Compression—Shear.— When a force acts to separate 
two particles of a body in the direction of the line joining them, it 
is called a force of tension, or tensile force. When it acts to bring 
the particles together in the direction of the line joining them, it is 
a force of compression, or compressive force. When it acts to dis- 
place the particles in a direction at right angles to the line joining 
them, it is called shear, or shearing force. 

Action and Reaction.— When one body or particle presses or pulls 
another, it is itself pressed or pulled by this other with an equal 
force in an opposite direction. If we speak of the force exerted by 
one body or particle as action, we can call the force exerted on it 
by the other reaction. To every action, then, there is always an 
equal and opposite reaction, or the mutual actions of any two bodies 
are always equal and oppositely directed. 

Stress.—The exertion of force upon a body or particle is thus 
only one side of the entire phenomenon, which really consists of 
the simultaneous exertion of equal and opposite forces between two 
bodies or particles. 

When we fix our attention upon one only of the bodies or par- 
ticles and, disregarding the other, consider only its action upon the 
first, we have called this action force. It is that external action 
due to some other particle which causes change of motion of the 
particle considered (page 2). But when we have both bodies or 
particles in mind and wish to be understood as viewing this force 
as one of the two mutual, equal and opposite actions between two 
bodies or between two particles of the same body, we call it a 
stress. 

When the stress is such as to make the two bodies or particles 
move towards one another, or to resist tensile force, it is called at- 
traction or tensile stress. When it is such as to increase their dis- 
tance, or to resist compressive force, it is called repulsion or com- 
pressive stress. When it resists shearing force it is called shearing 
stress. 

In this sense, then, we always speak of the stress in a body or 
between two bodies or particles; the prepositions ‘‘in” or ‘‘ be- 
tween” indicating at once that we have to do with one of the 
mutual actions between two bodies or particles. Force then is 
always external to the body or system considered. Stress is in- 
ternal to that body or system, and resists change of configuration 
due to force. 

External Stress—There is, however, a sense in which we speak 
- of stress on a body, and thus consider it as external, which need 
never be confounded with that just given. 

Force is often exerted upon some definite portion of the bound- 
ing surface of a body and acts then over an area. In such case 
the number of units in its magnitude divided by the number of 
units in the area gives the number of units of force per unit of 
area. When a force thus acts we may speak of it as the stress on 
the body, and the force per unit of area we call unit stress. 

This use of stress is convenient and leads to no confusion. 
Where necessary to discriminate we may speak of internal stress 
and external stress, but in general the use of the preposition ‘‘on”’ 
and ‘‘in” or ‘‘ between” sufficiently indicates the sense in which 
the term is used. 

Strain.—The change of distance between two particles of a body 
in a direction opposite to internal stress is called strain. 

If no internal stress exists, there is no strain, but simply displace- 
ment. 
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Ilustration.—Thus let a spring whose original ‘‘ unstrained ” length is AB 
be compressed so that its length is AB, When we consider the external 
action which compresses it, we speak of the force of compression F. When 

| we consider one of the mutual actions between any two. 

points A and B, which resist compression, we speak 
of the compressive stress 8 in the spring at B, or at A. 
The strain is the distance BB,, or the displacement. 

Fane opposite to the stress. 

Bch Ce Bs If the compressive force 7 is removed and the 
spring allowed to expand to Qj, the distance B,C; is 
not strain because it is not opposite in direction to 
the stress, but simply displacement. When the spring 

reaches B there is no stress in it. As it passes B tensile stress is developed, 

and any distance BC, is strain. The point B is the position of zero strain, 
and any displacement on either side of this point is strain because opposite in 
direction to the stress in the spring. 


EXAMPLES. 


(1) With 1 ft. and 1 sec. as units of distance and time, find the 
unit of mass, in order that the derived unit of force may be equal to: 
the weight of 1 lb. 


Ans. g lbs. 


: @) Find the unit of force in order that the unit of mass may be 
8. 


g 
Ans. g poundals. 


(3) The unit of acceleraticn being 6 ft.-per-sec. per sec., find 
(a) the unit of mass when the derived unit of force is equal to the 
weight of 20 lbs., and (b) the unit of force when the derived unit of 
mass is a mass of 20 lbs. 

Ans. (a) 1074 lbs.; (0) 3.7 pounds weight. 


(4) The unit of mass being a mass of 10 lbs., the unit of time 1 
min., and the unit of length 1 yd., compare the derived unit of force: 
with the poundal. 

Ans. 1 to 20. 


(5) With 20 lbs. and 40 sec. as units of mass and time respectivel 
Jind the unit of length that the derived unit of force may hens i 
the weight of 1 lb. at a place where g = 32.2 ft.-per-sec. per sec. 

Ans. 2576 ft. 


(6) eae of ey being 20 em. per sec., the unit of mass 15. 
grams, and the derived unit of force the weight of a kilogra 
the unit of time. Hee TN 

Ans. 3970 sec. 

(7) The value of a force expressed in dynes is to be expressed 7 
absolute units of the meter-kilogram-minut i a 
ber must it be multiplied 2 ; Ma diciten cn hie: 

Ans. 0.036. 


(8) Show that the weight o } 
Trace eatehe ght of one pound is equal to 4.45 x 10° dynes 


(9) Show that 1 poundal is equivalent to 13825 dynes. 
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(10) With 1 ft. and 1 sec. as units of distance and time, find the 
unit cf mass, in order that the derived unit of force may be equal to 
the weight of 1 lb. at a place where g = 32.16 ft.-per-sec. per sec. 

Ans, 32.16 lbs. 


(11) The unit of mass being 20 lbs., the unit of time 1 min., and 
the unit of length 1 yard, compare the derived unit of force with the 
poundal. 

Ans. 1 to 60. 


(12) Compare the values of the mass of a body as expressed in. 
gravitation units of the ft.-lb.-sec. and yard-ton-min. systems (ton = 
2240 Ibs.). 

Ans. 2688000 to 1. 


(13) Show that the value of one dyne expressed in terms of the 
weight of one ton (2240 lbs.) is 1008 x 10- ” approximately. 


(14) Reduce 20 poundals to absolute units of the yd.-cwt.-min. 
system (1 cwt. = 112 lbs.). 
Ans. 2142 units, 


(15) Determine the unit of time in order that, the foot being the: 
unit of length, the value of the intensity of gravity may be expressed 
by 1 instead of g. 


Ans. as sec. 
V9 
(16) The unit of acceleration being 6 ft.-per-sec. per sec., find 
a) the unit of mass when the derived unit of force rs equal to the 
weight-of 20 lbs., and (b) the unit of force when the derived unit of 
mass is a mass of 20 lbs. (g = 32). 
Ans. (a) 107.2 lbs.; (0) 120 poundals or the weight of 3.73 lbs, 


CHAPTER II. 


DENSITY. SPECIFIC MASS. DETERMINATION OF 
SPECIFIC MASS. ; 


Density. —The number of units of mass of a body divided by its 
number of units of volume, or the mass per unit of volume, is the 
mean density of the body. 

The mean density gives then the number of pounds in a cubic 
foot, or the number of grams in a cubic centimeter. 

The density at a given point of a body is the ratio of mass to 
volume of an indefinitely small portion of the body at that point. 
If this is the same at all points, the body is homogeneous, or the 
density is uniform. If it varies, the density is variable and the 
body is non-homogeneous. 

The density of a body in a given state is the mass per unit of 
volume of any portion of the body in that state. 

When the length of a body is great relatively to its other dimen- 
sions, the mass per unit of /ength is called its mean linear density. 

For a thin body the mass per unit of area is called its mean 
surface density. 

If m is the mass of a homogeneous body and V its volume and 6 
its density, we have 


See 
7 


or density equals mass per unit of volume. 

Unit of Density.—If [M] is the unit of mass and m the number 
of units of mass, [V]| the unit of volume and V the number of units 
of volume, [D] the unit of density and 6 the number of units of 
density, we have 


s|DI= m{M | 
[D] ViVT: 
We shall have 
sa. 
; rae 
provided we take 
‘De 
Rye 


The unit of density, then, is one unit of mass per unit of volume 

as one pound per cubic foot, or one gram per cubic centimeter. 

Specific Mass.—The density-ratio of a body relatively to that of 

some standard substance is properly called jts specific mass. It is 

often called ‘ specific gravity,” as a consequence of not distin uish. 

ing between weight and mass. The ideas are different but the 
? 


10 
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numerical values the same, since the weight of a body is propor- 
tional to its mass. ; 

The standard substance taken is water. If y is the density or 
mass of a unit of volume of water, and 6 the density or mass of a 
unit of volume of any other body, then the specific mass ¢ is 
given by 


Se ant Ho Lee 


Since 6 = > where m is the mass and V the volume of the 


body, we have 
es Dy) 
isos ek tc (2) 


e 


Since y is the mass of a unit of volume of water, v V is the mass 
of a volume of water equal in volume to the body. Hence the 
specific mass of any body is equal to the ratio of its mass to the mass 
of an equal volume of water. 

In the English system the mass of one cubic foot of pure water 
at 4° C., or the point of maximum density, is nearly 1000 ounces, or 
62.5 lbs. (more exactly 998.6 ounces). The density of water is then 
about 62.5 lbs. per cubic foot, or 


hs 62.5 Ibs. 
_Leub. ft.” 
If then V is one cubic foot, we have, from (2), 
_ m ibs. _ 
~ 62.5 Ibs.’ 


where m is the mass in pounds of one cubic foot of any body. 

In the C.G. 8. system, the mass of one cubic centimeter of pure 
water at 4° C. is very nearly one gram, and was intended to be so 
exactly. The density of water by this system is then 


If then V is one cubic centimeter, we have, from (2), 
-— m grams 
et oram,) 


where m is the mass in grams of one cubic centimeter. That is, the 
mass in grams of one cubic centimeter gives at once the specific 
mass, while in the English system the mass in pounds of one cubic 
foot must be divided by 62.5. Or inversely the specificmass of any 
body gives at once the mass in grams of one cubic centimeter of the 
body, while it must be multiplied by 62.5 to obtain the mass in pounds 
of one cubic foot. 

Determination of Specific Mass.—A body totally immersed in 
water displaces its own volume of water. It is a well-known 
physical fact that a body so immersed is buoyed up by a force 
equal to the weight of the volume of water displaced. 

If then a body is ‘‘ weighed,” i.e., its mass determined, and 
then weighed again while wholly immersed in water, the loss of 
weight in gravitation units gives the mass of the displaced water, 
or gives the mass of a volume of water equal to the volume of the 
body. 


\ 
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To determine the specific mass, then, we have only to divide the 
weight of the body in gravitation units by its loss of weight in water 
in gravitation units.* 

‘When very great accuracy is required the body should be 
weighed in a vacuum, or allowance must be made for the buoyant. 
force of the air. But in all practical cases in mechanics this is an 
unnecessary refinement, and the weight in air may be taken as the 
measure of the true mass of the body. 

Table of Specific Mass.—In the following table the density-ratios 
or specific masses, or so-called ‘specific gravity ” with reference to 
water, of a few substances are given. 

The exact value in any case will depend on the temperature and 
the mechanical process, such as hammering, etc., to which the 
bodies may have been subjected. 


Napr at Oc Ginee erate se. 0:0012759 slit ter. eee eters 7.4 
Aigo rol nO" Grow ccon Oso TrOn gnc ee ee eer hee et 
Turpentine at 0° C.... 0.870 Copper esicsts teenie: eeeeee 8.8 
AC ig ts oatuc Reece eee 0.92 Silvers. Gee ee ee 10.5 
Sea-water at 0° C...... 1.026 Lheads...3 si: se camera ener 11.4 
Crown glass a0. -.).. 2.5 Mercury at.07.Co7 soe 13.596. 
IME CURVES onc opecoo ne. 3.0 Gold ee ne seeker Cee 19.3 
JN WHEMTAWAS oO ogo 5000.6 2.6 Platimuneeeeeereeee Hato Paes 
VAIN 8 OOOO DO Ce cc 7.0 
EXAMPLES. 


(1) The mass of a piece of limestone is 310 grams. When im- 
mersed in water it is balanced by a mass of 188.5 grams. What is 
the specific mass ? 

Ans. Weight in air is 810g dynes. Weight in water is188.5g dynes. Loss 


of weight is 8310g—188.5g = 121.59 dynes. Hence specific mass = see = 2.55. 
wl.og 

(2) In order to find the specific mass of a piece of oak, a piece o 
lead wire, which lost 10.5 grams when weighed in tae oe 
wrapped around the wood, which weighed 426.5 grams. The com- 
pound mass was 484.5 grams lighter in the water than in the air. 
Find the specific mass. 

Ans. ple of the wood alone was 484.5 — 10.5 = 474. Hence specific 
26.6 
a = 0.9: 

(3) An tron vessel completely filled with mercury weighed 500 
atts ne lost ee. eels in water 40 pounds. If the specific 
mass of the vron is 7.2 and of the mercury 13.6, find the 
the vessel and of the mercury. z oe fees AF 


mass = 


Ans. Since specific mass « = where 6 is density and y is density of 


Mm 


er m ; 
water, and since 6 = co where m is mass and 9 is volume, we have e« = —, 
v 


Mm 
or © = —. 
Ee 


Let 7 be the mass of the iron 
| and m. the mass of : 
combined mass. : te meee 


I ; (9 J f An f ma } (2) Vy he num 
* | at is, we d V le tl en amber ot units o SS O y 

J bod b = 
ber of units of Mass of an equal VOLUME oe] wute? . 
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Then for the volume of the iron we have v, = Be , for the volume of the 


eiyv 


Ma ; m 
mercury % = ae and for the combined volume » = —-. Hence we have 
Py he 


My Mo end m My Me uly mm 
Bers AN eee ag Fea ee 
Also 7m + mz = m. Combining we have 
eee amet! 
= = mM, = m.— e1 
pact wet ge ee ee i Oy! 
€) €2 é3 oo el 
500 
In the present case we have € = Ft 7.2, €2 = 18.6 and m = 500. 


Hence m, = 49.54 pounds, m2 = 450.46 pounds. 

Nore.—This is called the problem of Archimedes, because first solved by 
him with reference to any alloy of gold and silver. Its application to alloys or 
chemical compositions is, however, limited, as in general in such cases there is 
a change of volume so that the combined volume is not equal to the sum of the 
volumes of the components. 


(4) In order to obtain the specific mass of rye in bulk, a bottle 
was filled with grains of rye well shaken together, and weighed. The 
weight of the bottle was found to be 115 grams when empty and 
235.75 grams when filled with rye. When filled with water it 
weighed 270.65 grams. Find the specific mass of the grain. 


Ans. The weight of the grain is 120.75 grams, and the weight of an equal 


120.75 
55.65 = 0.776. 


A cubic foot of the grain weighs then 0.776 & 62.5 = 48.5 pounds. 


volume of water is 155.65 grams. Therefore specific mass = 


(5) To find the specific mass of a mixture, given the volume or 
mass, and specific mass, of each constituent. 


Ans. We must assume that the volume of a mixture is equal to the sum of 
the volumes of the constituents. This is not invariably the case, especially 
where there is chemical union, 

Let 771, M2, ms, etc., be the masses of the constituents; 


(Efe aoe UT aes «« «specific masses of the constituents; 


ce oe ce 


De OTe Os) ke eee volumes 


Let m, » and e€ be the mass, volume and specific mass of the mixture. Let 
y be the density or mass of a unit of volume of water. : 
Then m+ m2+m3;+ ete. =m But m= e1y%1, Mz = €2y%2, ete. 
Hence 
€\0 E20 E50 etc, 
E:ry + exray + esvsy + ete. = ery, or e=—— ees at HET 
But » = %) + %2 +0; + ete. Therefore 


ae + €902 + €s03 + ete. 
~ + % + 03 + ete. 


4 my Me 
Again, we have 7, = ——, % = , etc. Hence 
e1Vv €oV 


) m 
eee aE le, == =| ote; 
Cy, e174 eaV E3syV 
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Therefore 
__ M1 7 Ms + Ms + ete. 
il ; 

psi Se ms + ete. 

6) Two equal vessels A and B are full and half full, respectively, 
of Neuidds Sen iies d1and 52. If Bis filled up from A and then — 
A filled up from B, find the density of the mixture in A, the liquids 
being supposed to mix completely. 
Bye Ae 

pe 

(7) Three equal vessels A, B, C are half full of liquids of densi- 
ties 51, 52, 6; respectively. If now B is filled up from A, and then 
C from B, find the density of the mixture in C, the liquids being 
supposed to mix completely. 

Ans. eters zs au iaees ; 


(8) Toa salt solution whose specific mass is 1.08 and mass 27 
ounces, 4 ounces of water are added. Find the specific mass of the. 
mixture. 


31 
Ans. 59° 


€ 


Ans 


(9) Find how much water must be added to 27 ounces of a salt 
solution whose specific mass is 1.08, in order that the specific mass. 
of the mixture may be 1.05. 

Ans. 15 ounces. 


(10) When equal volumes of two substances are mixed, the 
specific mass of the mixture is 3. When equal weights are mixed 
the specific mass of the mixture is 23. Find the specific masses of 
the two substances. 


Ans, 2 and 4. 


(11) The masses and diameters of two spheres are as 1to2. Show 
that their densities are as 4 to 1. 


(12) The diameter of the earth being 1.275 x 10° em. and its den- 
sity 5.67 times as great as that of water, find its mass. 
Ans. 6,15 < 1027 grams. 


' (18) The linear density of a round bar of cast iron one inch in 
diameter is 2.45 lbs. per foot. Find the weight of a pipe 2 yards 
long, having a bore of 16 inches and a thickness of % inch. 

Ans. 739 Ibs. 


(14) A flat bar of iron 4% inches wide and % inch thick has a linear 
density of 9.91 lbs. per ft. Find the weight of a bar of iron 1 inch 
square and 1 yard long. 


Ans. 10 lbs. 


(15) From the preceding example state a rule for finding the 
weight per foot of a bar of iron of any given constant area ; also: 
for finding the area if the weight per foot is given. 

Ans. To find the weight per foot in pounds, multiply the i 
inches by 10 and divide by 3. ‘ pages 


To find the area in square inches, multiply the weight per foot by 8 and 
divide by 10. ‘ 
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(16) The density of granite is 160 lbs. per cubic foot. A paving- 
block is 4 inches wide, 9 inches deep and 12 inches long. Find the 
number of tons (2240 lbs.) required to pave a street one mile long 
and 20 yards broad, allowing an interval of 10 per cent between the 
blocks. 

Ans. 15274 tons. 


(17) If the population of a country is 35262762 souls, and the area. 
zs 120830 square miles, what is the average ‘‘ density” of the popula- 
tion 2 

Ans. 292 inhabitants per square mile. 

(18) Find the specific mass of a piece of cork from the following 
data: Weight in air 2 grams, weight of cork and sinker in water 4 
grams, weight of sinker in water 12 grams. 

Ans. 0.2. 

(19) A raft whose weight and specific mass are known floats in 
water. Show how to determine the greatest weight it can support 
without sinking. 

Ans. Let m be the mass and e¢ the specific mass of the raft. Then load = 
m(1 — €) 

—— 

(20) An empty balloon with its car and appendages weighs in air 
1200 lbs. If a cubic foot of air weighs 14 02z., find how many cubic 
feet of gas must be used before the balloon will begin to ascend. 
Specific mass of the gas 0.52, compared to air. 

(21) An iceberg has the form of a cube and floats flat with a 
height of 30 ft. above the ocean. Find the depth under water. 
Specifie mass of ice 0.92, of sea-water 1.026. 

Ans. 260 feet. 

(22) Find the mass of the earth in tons (2240 lbs.), having given 
mean specific mass 5.6, mean radius 4000 miles, 

Ans. 6.16 X 10”! tons. 

(23) The unit of density being that of water, and the units of time 
and mass 1 minute and 112 lbs., find the magnitude of the derived. 
unit of force. 

Ans, 0.0378 poundals. 

(24) The number of seconds in the unit of time being equal to the 
number of feet in the unit of length, the unit of force being the 
weight of 750 lbs. (g = 32), and a cubic foot of the standard substance 
having a mass of 13500 oz., find the unit of time. 

Ans. 54 sec. 


CHAPTER III. 


CENTRE OF MASS. 


CENTRE OF MASS. CENTRE OF GRAVITY. PROPERTY OF THE CENTRE OF 
MASS. DETERMINATION OF CENTRE OF MASS. THEOREM OF PAPPUS 
AND GULDINUS, DETERMINATION OF CENTRE OF MASS BY CALCULUS. 


Centre of Mass.—We may consider a material body as composed 
of an indefinitely large number of indefinitely small particles of 
equal mass. ; ; ; 

The centre of mass of such a body is that point whose distance 
from any plane is equal to the average distance of all the equal 
‘particles from that plane. : 

If then we take three co-ordinate planes XY, YZ, ZX, at right 
angles, the distance of the centre of mass from each plane is equal 
to the average distance of all the equal 
particles from each plane. 

Thus suppose a body composed of a 
number JN of particles of equal mass. Let 
Hi, 2, #3, etc., be the distance of each 
particle from the co-ordinate plane YZ. 
Then we have for the average distance of 


all the particles, or for the distance x 
of the centre of mass from the plane YZ, 


Ba Et Ua + Ws 1 etC.. ar 
= W =a" 

In taking the summation #1 + a2 + a; + etc. = Sx, each distance 
H;, 2, Xs, etc., must be taken with its appropriate sign (+) or (—) 
according as it is on the right or left of the plane YZ. If then the 
plane YZ passes through the centre of mass, 2 = 0 and =x = 0. 

Now if the mass of each equal particle is m, the total mass or 


mass of the body is M= Nm. If then we multiply numerator and 
denominator by m, we have 


m= x2 


me a9 


If a material body is composed of particles of unequal mass, we 
may consider each of these particles as itself composed of particles 
of equal mass. 


Thus suppose a body composed of particles whose masses are 
16 
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M™,, M2, Ms, etc. Let the first consist of a number nz: of particles of 
equal mass m, the second of a num- 
ber m: of particles of equal mass m, 
and so on. Then m: =mm, m = 
Tam, Ms = nam, etc. Let the entire 
number of equal particles be N, so 
that the total mass, or mass of the 
body, is M= Nm. 

Then if 2%, %3, 2s, etc., are the 
distances of the particles of unequal 
mass from the co-ordinate plane YZ, 
we have for the average distance of 
all the particles, or for the distance 


of the centre of mass from the plane YZ, 


ee 1 + Nada + Nsls + etc. 


Ni 
If we multiply numerator and denominator by m, we have 
= Miki +:M2%. + MsXs + etc. Amex 
c= Vi = re (1) 


In the same way we have for the distance y of the centre of 
amass from the co-ordinate plane ZX 


PHO] 
i uw’ 


and for the distance z of the centre of mass from the co-ordinate 
plane XY 


(2) 


- smMz 
Bi ape re Se Te thas Sere) 


We see then that the centre of mass of a body is such a point 
that if the number of units in the whole mass be multiplied by the 
number of units in the distance of this point from any plane, the 
result will be equal to the algebraic sum of the products obtained 
by multiplying the number of units in the mass of each elementary 
particle by the number of units in its distance from the same plane. 

Cor. In taking tne sums of the products =mx, my, =mz, for 
each elementary mass or particle, we must take 4, y, z with their 
proper signs. 

If then we take the origin of co-ordinates at the centre of mass, 


we have « =0, y = 0, z = 0; hence 
2mx=0, 2my=0, 2m2—0. 


Tf we take polar co-ordinates and take the pole at the centre of 
mass, we have 
Seiji! == Uy 


where r is the distance of any particle from the pole. 
That is, the algebraic sum of the moments of the masses (page 
19) of all the particles with reference to the centre of mass is zero. 
Centre of Gravity.—We shall see hereafter (page 75) that the 
centre of mass of a body coincides with the point of application of 
the resultant of that system of parallel forces which acts upon all 
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the particles of a translating body ; that is, when each parallel par- 
ticle force causes in the particle on which it acts the same accelera- 
tion in the same direction. ’ 

The earth’s attraction for a body is the resultant of a system of 
forces acting upon the particles of the body, each particle force 
being directed towards the centre of the earth, and causing in the 
particle on which it acts an acceleration of the same magnitude. 
We have thus a system of forces not strictly parallel, but causing 
in each particle an acceleration of the same magnitude. — 

But practically the deviation from parallelism is insignificant, 
since the longest dimension of any body on the earth with which 
we have to deal is insignificant in comparison with the radius of 
the earth. Hence the accelerations are practically parallel as well 
as equal and the resultant force of gravity upon a body passes 
practically through the centre of mass. This resultant is the weight 
of the body. The weight of a body acts practically, therefore, at 
the centre of mass. 

The centre of mass is therefore often called the ‘‘ centre of 
gravity.” The term is, however, strictly speaking, incorrect. The 
term ‘‘centre of gravity” can only be properly appled to that 
point at which, if the entire mass of the body were concentrated, 
this point would attract and be attracted in all positions of the 
body, just the same as the body itself. In this sense, as we shall 
see (page 47), only a few bodies possess a centre of gravity, while 
all bodies have a centre of mass. 

Centre of mass then has nothing to do with gravity. Gravity 
furnishes only a convenient practical method of locating it. The 
two ideas are entirely distinct. 

Property of the Centre of Mass.—The importance of the centre 
of mass of a body, in Dynamics, depends on a property of it which 
we shall prove hereafter (page 83). 

This property is as follows: 

Whatever the motion of a rigid body may be, the centre of mass 
of the body moves precisely the same as if the body were replaced by 
a particle of equal mass at the centre of mass, and all the forces 
acting upon the body were transferred to this particle, without 
change in direction or magnitude. (For other properties of the 
centre of mass see page 75). 

Determination of Centre of Mass.—We have just seen that the 
centre of mass of a body is such a point that if the number of 

Y units in the whole mass be multiplied by the 
number of units in the distance of this point 
from any plane, the result will be equal to the 
algebraic sum of the products obtained by mul- 
tiplying the number of units in the mass of 
each elementary particle by the number of 


° Xunits in its distance from the same plane. 
If we denote the volumes of the indefi- 
nitely small elements of a body by v1, v2, Vs, 
etc., and their densities by 61, 62, 6:3, etc., 


£ then the masses of these elements will be 
given by Mi = 61V1, M2 = baV2, Ms = Sa¥a, etc. (page 10). 

If then a1, x, ws, ete., are the distances, from the co-ordinate: 
plane YZ, y1, ys, ys, etc., from the co-ordinate plane ZX, 21, 22, 2s, 
etc., from the co-ordinate plane XY, we have for the co-ordinates. 


x, y, 2 of the centre of mass in general 
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b1Vidi + FaV2a2 + CTC. | 


e] 
| 


61Ui + O2U2 + etc. ” 
= SY + Setoyo + ete 
= —. : 26 oe ee 
y 01U1 + O.U2 + ete. Mie @) 
ee O1U12Z1 + OoteZs + ete. 


61V1 + OoV2 + ete. J 


_, If the body is homogeneous, we have 61 = 6. = 6s, ete. Hence 
if V is the volume of the body, we have for a homogeneous body, 


pe Vit Vala + etc. 2ux, | 
ent Cee etek lh Ve 
—__Ui1Yi + UYo tete. vy. 
oS Fi Ey 4 ete: VA ee 
ee + U2%o + etc. vz 
aS rete oy Ve 


Equations (1) and (2) give the position of the centre of mass for 
volumes, non-homogeneous or homogeneous. 

For surfaces or areas we can put a for vand A for V, where a 
is the area of an element and A the entire area, and 6 the surface 
density (page 10). 

For lines we can put / for v and L for V, where / is the length of 
an element and L the entire length, and 6 is the linear density 
(page 10). ; : 

Material Line, Area and Volume.—There is of course a certain 
inconsistency in speaking of the centre of mass of geometrical 
lines, areas and volumes, since they have no mass. The expression 
is, however, allowable, since we are understood to mean a physical 
or material line whose cross-section is constant and therefore 
cancels out of equations (1) and (2), 6 being then the linear den- 
sity; or a material area whose thickness is constant and therefore 
cancels out, 6 being the surface density ; or a volume filled with 
matter of uniform density, in which case 6 cancels out and we 
have equations (2). 

Moment of Mass, Volume, Area.—We may call the product of 
the magnitude of a mass, volume,or area by the magnitude of the 
distance of its centre of mass from any plane or axis, the magni- 
tude of the moment of the mass, volume or area, relatively to that 
plane or axis. F 

We can then express equations (1) and (2) by saying that the 
moment of the total mass, volume or area of a body with reference 
to any plane or axis is equal to the sum of the moments of the 
elementary masses, volumes or areas. 

Plane and Axis of Symmetry.—A body is symmetrical with re- 
spect to a plane when the lines joining its particles, two and two, 
are parallel and bisected by the plane. In such case the centre of 
mass is in the plane and the equations for « and y are sufficient. 

A body is symmetrical with respect to an axis when it is sym- 
metrical with respect to two planes passing through that axis. In 
such case the centre of mass is in the axis and the equation for « is 


sufficient. ; 
If a body is symmetrical with respect to two axes, the centre of 
mass is at their intersection. This point is then the centre of figure. 
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Many cases are simplified by the application of this principle of 
symmetry. ; ; 

Thus the centre of mass of a homogeneous straight line is at 
the middle of the line; of a homogeneous circle or circular area 

p or sphere, at the centre. For a paral- 

re v lelogram ABCD the line ab through the 

middle points of the sides AB, CD, bi- 

¢ q_ sects all lines parallel to those sides and is 

therefore an axis of symmetry. So is cd 

through the middle points of AC, BD. The 

Cc b D diagonal AD bisects all lines parallel to the 

other diagonal and is an axis of symmetry. So is the diagonal BC. 

The surface would balance on a knife-edge along either of these 
lines. The centre of mass is then at S, their point of intersection. 

We shall make constant use of this principle of symmetry. 

Centre of Mass of Homogeneous Material Lines. 

(1) Centre of Mass of Homogeneous Straight Line.—The centre 
of mass of a homogeneous straight line is, by the principle of sym- 
metry, at its middle point. For the line itself is one axis of sym- 
metry, and a line at right angles to it at its middle point is another. 

(2) Homogeneous Circular Arc.—The centre of mass for a homo- 
geneous circular arc, if the arc is a full circle, is, by the principle of 
symmetry, at its centre of figure, or at the centre of the circle, be- 
cause any diameter is an axis of symmetry. For any homogeneous 
arc in general, we may find the position of the centre of mass as 
follows: 

Let ABO be a homogeneous circular are with centre at O. Take 
the origin at O and let the axis of X pass through 
O and the centre B of the arc. 

Then OB is an axis of symmetry, and the 
centre of mass S is on this axis. Let the chord 
AC = ¢, and the length of the arc ABC be L, and 
y =radius. Take an indefinitely small element 
PQ whose length is / and whose centre of massis 6 
at a, and let PR be the vertical projection of PQ. 

Then we have by similar triangles 

UPR ONS 
or, since ON=«a, the moment of the mass of 
the element PQ with reference to an axis through 
O parallel to AC is proportional to lx = rPR. 
The sum of the projections PR of all the elements is AC =e. 
Hence the sum of the moments of all the elements is proportional to 


slx =r=PR=re. Since the entire length is L, we have from equa- 
tion (2), page 19, 


( 


Therefore the centre of mass S of a circular are ABC is on the 


axis of symmetry OB at a distance « = OS from the centre of the 


are, which is a fourth proportional to the arc, the radius and the 
chord, or 


Lir:¢: 2%. 
For a semicirele, c = 2r and L = ar, hence « = dies For an en- 
Us 


tire circle, c = 0 and x = 0, or the centre of mass is at the centre of 
figure. 
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Centre of Mass of Homogeneous Areas. 
(3) Homogeneous Parallelogram.—EKvery line of the homogeneous 


aa eae ABOD parallel to AB or CD is A 3 
isected by the line ab drawn through the “! 
centres of the sides ABCD. Hence ab is an , 

axis of symmetry. So is the line cd, or AD or d 
BC. The centre of mass is then, by the prin- 

ciple of symmetry, at the centre of figure, orat © \. 6 D 


the intersection S of the diagonals, or of the 
lines drawn between the middle points of opposite sides. 

(4) Homogeneous Triangle.— Every line of the homogeneous 
triangle ABC parallel to BC is bisected by the line AD drawn 
from the vertex A to the centre D of the 
opposite side. 

Hence AD is an axis of symmetry. So 
also is the line CH drawn from the vertex C 
to the centre # of the opposite side. The 
B D c centre of mass is then at S. Since Hand D 

are the middle points of AB, BC, and there- 


fore DEH is parallel to CA and equal to 504, the triangles AF'C and 
DFE are similar, and 
IDS 3 (SV 28 IDI a ANG Ore Bs AL 32), 
Hence the centre of mass is on the line DA at a distance from D 


A 


equal to j DA. In general the centre of mass is on the line from 
any vertex to the middle of the opposite side, at a distance from 
the vertex of 2 the length of this line. 


(5) Homogeneous Trapezoid.—We can determine the centre of 
mass of a homogeneous trapezoid as follows: 

The line MN which joins the centres of the two bases AB and 
CD is an axis of symmetry, and the centre of mass S is on this 
line. 


ee 
(fF Amul (ed Mae Ete B 


Denote the base AB by b: and CD by b:, and the altitude DO by 
h. If we draw DE parallel to the side BC, we have a parallelogram 
BCDE whose area is bih and the distance of whose centre of mass 


- (62 — bi)h 
S: from AB is f and a triangle ADE whose area is ae and 
>. 1 
the distance of whose centre of mass S: from AB is 5" 


The area of the trapezoid is (b: + bag. If y is the distance HS 


of the centre of mass of the trapezoid from AB, we have 


ees werk. Aig a Ota NI a le aPC 
nee Ol et UN og at bie 
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Hence Ho 
- _ bs + 2b: 
ae HS = (Grete lay 33 
We have also Ki! 
ao = ue HM= pe 
y h 
Let the angle ADO = #, then 
2 b 
AO=h tan ~, and IM = —htan 6 — 3. 


Therefore 
HM = 


bn + 2b: (** —h 
3(b1 + b2) 2 


If a is the distance AH of the centre of mass from A, we have, 
if AO =a=h tan £, 


tan A). 


= bz be + 261 /b2 —bi ) 
= — oe — bai 
Gs face eal 2 ae 
ee b1? + bibs + D2? + a(bz + 2b:) 
m5 3(b1 + b2) é 
We have also 
MS NM NS NM 
See aS es a d Sas 
y h h-y h 
Hence 
BI ra , aoe Ee a ah. Saal 
Therefore 
MS _ b+ 2h 4b,.+b6. AM+DC _AM+AF 


1st Construction—Ilf then we lay off AF’ = DC, and CG = AB, 
D c and join FG, the intersection S of FG with 
SY NM gives the centre of mass. 
2d Construction.—Another convenient con- 
Wess struction is as follows: Draw the diagonals 
LEEPER OSS. AC, BD, intersecting at T. Lay off along AC 
EK the distance AT: = CT and along BD the dis- 
tance BT. = DT. Bisect the diagonals at R 
Band Pand join RT, and PT,. The intersec- 
tion Sis the centre of mass. Student will prove. 
(6) Homogeneous Trapezium.—in order to D 
find the centre of mass of any homogeneous No 
four-sided area ABCD, we can divide it by 
means of a diagonal AC into two triangles and S 
determine their centres of mass S: and S: by nEaS 
(4). We thus obtain a line SiS:. If we again FEE 
divide the area by the diagonal BD into two A : 
other triangles and determine their centres of ~~ te 


mass, we obtain a second line whose intersection with S.S, gives 
the centre of mass S of the whole area. 
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We can, however, proceed more simply by bisecting the di- 
agonal AC at Mand laying off the longer segment BE of the other 
‘diagonal from D to F'so that DF = BH. 


Then draw #'M and take MS = aa Then S is the centre of 
mass. 2 
For we have MS: = ;MD and MS; = SUB, hence S:S) is paral- 


lel to BD. But SS, x area ACD = SS; x area AOB, or SS: x DE 
= SS: x BE, whence SS:: SS.::BEH: DE. But we have by con- 
struction BE = DF, and DE = BF; hence SS::SS.:: DF’: BF. 
Hence MF cuts S:S: at the centre of mass S. 
1st Construction.—We have then the following construction: 
Bisect one diagonal AC at M. Lay off the longer segment BE 
of the other diagonal from D to F, so that DF = BE. Then join 


MF and take MS = Fue. Then 3S is the centre of mass. 


2d Construction.—We have also the fol- 
lowing construction: 

Let # be the intersection of the diagonals, 
and M,, M. their middle points. Join M, M:, 
and let M be its middle point. Draw the 
line HM and produce it to S, so that MS 
equals one third of HM. Then Sis the centreg 
of mass. Student will prove. 

3d Construction.—Draw the diagonal DB, dividing the figure 
into the two triangles DABand BDC. The 
centres of mass d2 and a.of each of these 
triangles are in the lines DM, and BM, 
drawn from the vertices D and B to the 
middle points Mz: and M, of the opposite 


sides, so that Das = = DM, and Ba =~ BM. 
o 


The centre of mass is then in the line a2a. 
Now draw the diagonal CA, dividing the figure into the two 
triangles CABand ADC. The centres of mass b: and bi of each of 


2 
these triangles are in the lines CM, and AM, so that Cb. = a OM, 


and Ab: = 2 AM. The centre of mass is then in the line b1b2. The 


centre of mass S is then at the intersection of aed: and bub. 

(7) Homogeneous Plane Polygon.—To find the centre of mass of 

any homogeneous plane polygon, we can divide it into triangles, 
consider the area of each triangle concentrated at its centre of 
mass, and find the moments of each with reference to two rectan- 
gular axes. 
- A convenient and sufficiently accurate method which is often 
employed is to draw the polygon to scale upon stiff manilla paper. 
Then cut the area out and balance it in two positions upon a knife- 
edge. Two axes of symmetry are thus determined, and the centre 
of mass of the area is at their intersection. 

A similar method may be employed for finding the area of an 
irregular figure. Draw the area upon paper. Measure carefully 
the area of the sheet and weigh it in a delicate laboratory balance. 
Then cut the area out and weigh it. ‘The areas are as their 
weights. 5 
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(8) Homogeneous Circular Sector. — The centre of mass of a, 
homogeneous circular sector ACO coincides 
with the centre of mass S of the arc AiBiC, 

a | > which has the same central angle and whose 
Say IB We op ees Ae two LOU ee or ce sector 
OA. For the sector can be divided into an 

wee, indefinite number of small triangles, the 
I; centre of mass of each of which is at a dis- 
; tance from O of two thirds of the radius. 
WW These centres give the arc AiB.C:. 
v The centre of mass S of the sector lies, 
2 therefore, upon the radius of symmetry OB 
which bisects this arc A:B:(:, and at a distance OS from the centre 
(page 20) given by 


chord AiG, 25,4." 2 
arc Ai1Bi0; 3 ag 3 : 
where 7 denotes the radius of the sector and 6 the central angle 
AOC in radians. 


For the semicircle 4 = z, sin . = iran 


OS = 


Giicy 


“dpe 
OsS= Be mas approximately. 
For a quadrant 


4 


os = 442» — 0,6008r. 
3n 


For a sextant 
OS = 2, = 0.6366r. 


(9) Homogeneous Segment of a Circle.—The centre of mass of the 
homogeneous segment of a circle ABC is in the radius of symmetry 
OB and may be found by placing the 
moment of its area relative to an axis . 
through O parallel to AC equal to the dif- 
ference of the moments of the areas of 
the sector ABCO and of the triangle ACO. A 

Let r be the radius OA, c the chord AC 
and A the area of the segment ABC, and 
l the length of are ABC. Then the area 


rl 
of the sector is = The distance OS, for Ke} 
the centre of mass of the sector is ; . =r, and the moment of its area. 
5. Oe 
is —. 
3 
The height of the triangle is / nr — c. Its area is ey 7? — - : 


The distance OS, for the centre of mass is y rr — & The mo- 
4 
ment of the area of the triangle is then one &. Hence we have 


1 2 3 3 3 
A.O8= sort (Fle ly 5 
3 3 is) ia) oO oan 
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That is, the centre of mass of a segment of a circle is on the 
radius of symmetry OB, at a distance OS from the centre of the 
circle equal to the cube of the chord AC divided by 12 times the 
area of the segment. 

: j i 

For a semicircular segment, c =2rand A= and CS = a 

4 
as we have already found it (8). 

(10) Homogeneous Circular Ring.—The centre of mass of a 
homogeneous circular ring can now be found. It is-in the radius of 
symmetry OB:. The area of the ring is the 
difference of area of two sectors OA,B.:Ci and 
OA;B:C>. Ii OAi =r: and OAs = 7. and the 
chords A:Ci = ci, A»Ci = ¢:, we have the 
moments of the areas of the sectors relative 
to an axis through O parallel to AiC, equal 


Gari: CoP” 5 5 
to —— and . The area of the ring is 
Pre a Ta 4 ri" — 73" 
2 2 2 : 
: 3 é Cc 12 
where 4 is the central angle A,OC in radians. Hence, since = ye 
1 1 


rie —7.> 21 
ry —T. 81 


Ta AEP 
(5). og= 2 (n-ne), or -OS = 
2 ori 


If 1 is the length of the arc A:B:C1, this becomes 


2c. [r.* — r.3 
08 ae a ih 


; ao G 
or, since 7= 719 and ¢:1= 2nr sin > , 


4sin pie 
OSs = ‘ 9 re— re ye) roi oO a oR. 
9 ee er ee 12\R : 
where b =71—7r, and R=" ae 


(11) Surface of a Cylinder—tThe centre of mass of the homo- 
geneous surface of a cylinder lies at the centre of its axis. For all 
the equal-circle elements of the surface obtained by taking slices 
parallel to the base have their centres and centres of mass upon 
this axis. At these centres of mass the mass of each element may 
be concentrated. The centre of mass of the cylindrical surface is. 
then the centre of mass of the axis. ; 

For the same reason the centre of mass of the surface of a prism 
lies in the middle of the line which unites the centres of mass of its. 
bases. 

(12) Surface of a Right Cone.—The centre of mass of the homo- 
geneous surface of a right cone lies in the axis of the cone at two 
thirds of its length from the apex. For the curved surface can be 
divided into an indefinite number of small triangles. The centres 
of mass of all these triangles form a circle which is situated at a 
distance of two thirds of the axis from the apex, and whose centre 
of mass lies in the axis. 

The same holds true for aright pyramid. 
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(13) Surface of a Spherical Segment, Zone or Hemisphere.—The 
centre of mass of the homogeneous surface of a spherical segment 
or zone or hemisphere is at the middle of its axis or height. 

For, according to Geometry, the spherical zone ABDE has the 
same area as the surface FGHK of a cylinder 
whose height is equal to the height MN of 
the zone and whose radius is the radius CO 
of the sphere. This holds for all ring-shaped 
elements obtained by passing planes parallel 
to the base through the zone. Hence the 
centre of mass for the surface of the spherical 
zone, segment or hemisphere is at the middle 
S of its height MN and coincides with that of the cylinder. 

Centre of Mass of Volumes. 

(14) Volume of a Homogeneous Prism.—The centre of mass fora 
solid homogeneous prism is at the middle of its axis, or the line 
joining the centres of mass of its two bases. For by passing planes 
parallel to the bases we divide it into equal slices whose centres of 
mass lie in the axis. 

(15) Homogeneous Pyramid and Cone—Let ABCD be a homo- 
geneous triangular pyramid. Take EF at D 
the middle point of BC and draw AH and 


DE. Let ME = 3AE, and EN = 5 DE. 
Draw DMand AN. Then DMand AN 


are axes of symmetry, and the centre of AS oe 
mass is at their intersection S. But MN G4 
must be parallel to AD and equal to 5 AD, \/ ‘ 
and the triangle MNS is similar to DAS. B 


Hence MS = DS, or DS = 38MS; and MD = 4 MS, or MS = : MD. 


The centre of mass for the pyramid is then on the line joining a 
vertex with the centre of mass of the opposite base, at a distance 
from the vertex of three fourths the length of this line. 

Since every pyramid and cone is composed of triangular pyra- 
mids with a common vertex, the centre of mass of any pyramid or 
cone is in the line joining the apex with the centre of mass of the 
base, at a distance from the vertex of three fourths the length of 
this line, or at a vertical distance of three fourths the altitude. 

We can therefore determine the centre of mass of a pyramid or 
cone by passing a plane through the body parallel to the base ata 
distance of three fourths the altitude from the vertex, and finding 
the centre of mass of this section. 

(16) Frustum of a Cone or Pyramid—tThe centre of mass of a 
homogeneous frustum of a cone or pyramid lies in 
the line GM joining the centres of mass of the two 
parallel bases. If we denote by A, the area of the 
base AB, and by A, the area of the base DC, and by 
h the altitude between them, the height x of the 
point F above DC is given by 


Ay h 2 AN 
SER or ea a 
and 1— VA, 

C+h= h VA 
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The moment of the entire pyramid with reference to its face is 
Aila+h)- x+h_ 1 WA? 
Sp PN Ae 74,) 
and that of the part of the pyramid which is wanting is 
Asx 2) il VV A' 1 h?As? 


3 Ue a Cus CNG ray a 


Hence the moment of the truncated pyramid is found by sub- 
tracting the second from the first, after reduction, to be 


(n+ 


h? ota 
a4 +2YAA: + 34s). 


The volume of the frustum is {41 + Ai:A, + As ue Therefore 
the distance of the centre of mass S from the base is 
eee +2 AAs + 3A2 h 

Tees. ely ay 


The distance SoS of this point from the plane KL passing through 
the middle of the body parallel to the base and dividing the altitude 
into two equal parts is 


SH 


Ai — Ay A 
(Ay + VW ArAz oie vA) 4° 


‘ Tf the radii of the bases of a frustum of a cone are ri and ™, we 
ave 


h 
Caer aa Si = 


Jal aie Waly — Aiea 


and 
Ty + 27, + 3r2 h 
i} — Be 
S Py + Tr. + 12? 4 ; 
Sg g = ri? — 12" h 
S= 


Tr? + Mra +12 4 ; 


(17) Spherical Sector.—lf the homogeneous circular sector AOB 
is revolved about its radius OB, a homogeneous spherical sector 
AOC is generated. 

We can consider this body as composed of an indefinite number 
of pyramids, whose common apex is at O and 
whose bases form the spherical zone ABC. The 
centres of mass of each of these pyramids are at a 
distance of three fourths of the radius OB of the 
sphere from O, and they form a second spherical 


zone A,B,C, whose radius OB: = OB. 


The centre of mass of this zone is then the 
centre of mass of the spherical sector. If we 
put OA = OC =r, and the altitude BM of the exterior zone = h, we 


have 


Ons and Bi hh 
4 4 


s 
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Hence, by (18), 

3 
sg” 
and the distance of the centre of mass of the spherical sector from 
the centre O is 


Boi (See By eee 
OS = OB, ~ SB. = 3r— bh = Fr 5): 


a 
1= — MB, = 
SB 5 


For a hemisphere, r = h, and OS = =r, or the centre of mass of 


a hemisphere is on its radius of symmetry at a distance of = this 


radius from the centre. 

(18) Spherical Segment or Spheroid.—We may obtain the centre 

; of mass for a homogeneous spherical seg- 

ment by putting the moment of the seg- 
ment equal to that of the spherical sector 
ABCO less that of the cone ACO. 

Denoting again the radius OB of the 
sphere by r, and the altitude BM by h, we 
have the moment of the sector 


DELO 5 BULA) Fe lps ae 
Sere 3) = gn h), 


and that of the cone 
1 3 i 
= q tier —h)(r—h). ae —h)= guher — h)(r — h)’. 
Hence the moment of the segment is 


Ae OS pah(er hi Gai paler ayy 
The volume of the segment is V = sahe(sr —h), hence 


1 2 2 
qe (Qr— hy. 


OS 8r—h 


eA a 2) 
yaleBr =) aa 


If we put h = r, the segment becomes a hemisphere, and, as be- 
fore, OS = =r. 

The result holds good for the segment A:BQ: of a spheroid gen- 
erated by the resolution of the arc BA: of an ellipse about its major 


axisOB=r. Forif we make BM = w and MA; = ‘ 
of the ellipse is a y, the equation 


y= "era — 2%), 
where 6 = OF,. The equation of the circle is y? = 2ra — a. Hencé 


LAD? ; 
STR We must then multiply not only the volume but also 
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E 2 
the moment of the spherical segment by = to obtain the volume 


and moment of the segment of the spheroid. Therefore the quo- 

erg ones moment . 
~ volun 

In general, ther. we have 


—is not changed. 


_ 38 @r—h)? 
os 4 8r—-h’ 

where r denotes that semi-axis about which the ellipse is revolved 
when generating the spheroid. 

Theorem of Pappus and Guldinus.—If a plane surface ABC is 
revolved about an axis OX, every element of 
it, AS Qi, Ga, etc., describes a volume. If the 
distances of these elements from OX are yi, 
Yy2, etc., and the angle of rotation is 6 radians, 
we have for the entire volume V generated 


V= ays ae A2Y29 Ses =62ay. 


If y is the distance of the centre of mass of the surface ABC 
from OX, and A is its area, we have 


Ay = HYi t+ AY2+... = Zay. 
Hence Ss 
Ayi =tZay = V. 

That is, the volume generated by the revolution of a plane area 
which lies w holly on one side of the axis equals the area multiplied 
by the distance ee ibed by its centre of mass. 

In the same way, if a plane curve ABC is 
revolved about an axis OX, every element of 
it, AS Si, S2, etc., describes a surface. The en- 
tire surface generated is 


A=S8iyi6+ SYyI+... = 62sy. 


Cc 


nett y is the distance of the centre of mass of 
° the curve from OX, and L is the length of 
the curve, we have 
Ly = 8191 + BY. +... = Ssy. 
Hence ul 
Lye =0Ssy — A. 

That is, the area generated by the revolution of a line about a 
fixed axis equals the length of the line multiplied by the distance de- 
scribed by its centre of mass. 

These properties are known as the theorems of Pappus and Giul- 
dinus. By means of them, the volume, or the centre of mass, in 
many cases, may be very simply determined. 

: / 


EXAMPLES. 


(1) The surface of a sphere is 4xr*, and the length of a semi-cir- 
cumference is xr. Hind the centre of | mass for a semi-cir ae 


Ans. On the radius of symmetry at a distance from the centre one =. [See 


42), page 20. ] 
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(2) The volume of a sphere is ear", and the area of a semi-circle 


1s ae Find the centre of mass of the surface of a semi-circle. 
4p 


3x [See 


Ans. On the radius of symmetry at a distance from the centre of 
(8), page 24. ] 

(3) An ellipse revolves about a line in its plane, the perpendicular 
distance of which from the centre is equal toc. Find the volume of 
the ring generated by a complete revolution. 

Ans. Let a and 0b be the semi-axes of the generating ellipse. Then the 
generating area is A = ab. The path described by the centre of mass is 27. 
Hence the volume is 2z%abc, This volume is the same whatever the position 
or direction of the axis of revolution with respect to the axes of the ellipse, 
provided that the perpendicular distance ¢ from the centre to the axis is the 
same, 


[Determination of Centre of Mass by Calculus. — When a body is 
of such form that we know the relations between its co-ordinates for any 
point, and its density is a function of the co-ordinates, we may write (1) 
and (2). page 19, in Calculus notation: 


fexav over _[eeav 
? y = oY —— 73 . . 
fear pow fea 


where 6 is the density for any elementary volume dV. If the body is 


(3) 


homogeneous, 6 is constant and dks dV = V = the entire volume, and 


faa Jvav fev 
a7 ae  Meeseete) ale 


V ; Sond |e . . . (4) 


From these equations the co-ordinates of the centre of mass are found 
by integrating between the limits which determine the volume. 

From these general formulas we can readily deduce special formulas 
for special cases. 

[Centre of Mass of Lines.—Thus if s is the length of a line and a its 
transverse section at any point, then ds is an element of length, and dV 


= ads, and (3) becomes 
yo adads JE adyds af adzds 
=e =e Se 
foes fasas Jf eas 


If the line is homogeneous and the transverse section constant we have 


i ads af yds fp zas 


a ae Y= See AO Sg aaa oe (6) 


a= 2= 


= 


=D) 


S| 


If the line isa plane curve, we can take its plane that of ay. Then Z= 
0, and the first two of (5) and (6) are insufficient. If the line is a straight 
line, we may take it coinciding with the axis of a, Then y and Zz are ZeLO,, 
ds = da, and the first of (5) and (6) are sufficient. 
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EXAMPLES. 


(1) Find the center of mass of a homogeneous straight line. 


Ss 
wdx 
0 8 


Ans. In this case we have @ = = a 
8 


, which is also evident from 


the principle of symmetry. 


(2) Find the center of mass of a straight fine wire of uniform 
section, in which the density varies directly as the distance from one: 
end. 

Ans. If 6, is the density at a distance unity, and the axis of @ coincides. 
with the line, and the origin is taken at the end of the line, the density 6 at. 
any distance z is proportional to 6,2, and ds = dx ; hence from equation (5) 


s ‘ 
df 612? da 
2 


a == SS —— On) 


0 or 
= 
} 6, ada 
0 


Cor. If the density is constant but the section varies directly as the dis- 
tance, we have the same result. The wire in this case would become a homo- 
geneous triangular plate of uniform thickness. Hence the centre of mass of a. 
triangle is on the axis of symmetry at a distance from the vertex of two thirds 
the length of that axis. [See (4), page 21.] 


(3) Find the center of mass of a straight fine wire of uniform sec- 
tion, in which the density varies as the square of the distance from one 


end. 
“Sitka 
a tp 1OPae 3 
a — 


S 
i Oe’ de 
0 


Cor. Tf the density is constant but the section varies as the square of the 
distance, we have the same result. The wire then becomes a homogeneous. 
cone or pyramid, whether right or oblique, or whether Y 
the base be regular or irregular. [See (15), page 26. ] 


In this case we have 


S. 


(4) Find the center of mass of a homogeneous 
cycloid. 

Take the origin at O and let the axis OX be the 
axisof symmetry. Then if s is the length of the curve 
and 7 the radius of the generating circle, we have for 9 
the equation of the cycloid 


Keke ee, ee ae deer aoe 1@8) 


rad 


Hence 
ds = (2r)ix— #da. b 


From equation (6), therefore, 
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When a = 27, we have the curve corresponding to one complete revolution 


=n) ; 
of the generating circle, and « = 3” That is, the centre of mass for the 


curve is on the axis of symmetry at a distance OS from the vertex equal to one 
third of the diameter of the generating circle. 


(5) Find the centre of mass of a homogeneous circular are. 


Let ABC be a circular arc, with centre at 0. Take the origin at O and let 
the axis of 2 coincide with the axis of symmetry 
OB. Let AC=chord=e, and the length of are 
ABC==s, and r=radius. Take an indefinitely 
small element PQ = ds, whose centre of mass is 
at a, so that aN = y and the horizontal projection 
QR = da. 
Then 


B 
d3:d@::72Yy, OF ds = 


d: 
Hence ads Sart But the equation of the 


circle is 
e+ty=r’, .. wade = — ydy, 


and, therefore, ads = -—- rdy. From equation (6) 


bee 
— rdy 
J+ 


ee 


Hence the distance OS of the centre of mass from the centre of the circle is 
Sie proportional to the arc, the radius, and the chord, or [see (2), page 


8ST Bc 3a. 


[Centre of Mass of Plane Surfaces.—Let the plane of xy coincide with 


the surface. Then z= 0. If we consider the surface as a thin material 
Pe ene et any point and thickness r, we have the elementary 
area dxdy and the elementary volume tdzdy = dV, and i 

RN eheoses y y , and equation (3), page 


Wire ine) y= ae Wan “ae 


If z is constant and the material homogeneous, or 6 constant, we have 


the entire area 
A= fdvdy = f2dy = f yas 5 o 6 a 


and 
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If the axis of x is an axis of symmetry, y = 0, and the value of z is 
sufficient. 
The student will note that yd# is any elementary area abdc. Hence 


J yee is the entire area A. Alsoydwa x uv y af 


is the moment of the elementary area with 
reference to the axis of Y; and since the 


centre of mass of this area is at a distance y & da x 
2 eG) 


: eee We 
above the axis of xv, ydw x 943s its moment 


with reference to the axis of x Hence we 
have equations (9). 

If we take polar co-ordinates, we can replace dV in equations (8), page 
30, by zeded#; and since «= pcos 6, y= psin9§, where 4 is the angle of 
the radius vector » with the horizontal, we obtain 


Jf x80%dn 00s dp cos §d6 Sf e80tde sin ads 
me oe oe: 
ff reptpay Sf e0aeas 


If the thickness is constant and the material homogeneous, rz and & 
disappear and 


SJ edo cos as LPG dp sin 6d 
DO ent es, 


i 5 0 © (Gly 


(10) 


EXAMPLES. 


(1) Find the centre of mass of a homogeneous semi-parabolic area 
whose length is a and height b. 


The equation of the parabola referred to the vertex is 7? = 2pa, When 
5? 
Z=a, we havey=bd; hence 2p = and the equa- 


tion becomes 


Therefore, from equation (9), we have for the distance of the centre of mass S: 
from 0, upon OX, 


, 
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[a] 
C3 
ieee 
2 a 
0 a8 
=4, 


gv 


and for the distance above OX 


y= 


For the entire parabola we have two equal elementary areas ydz, one above 
and one below OX. The centre of mass 4, is then in the axis of symmetry OX 
at a distance from the vertex 


a) 

eI 
2 
8 


2 
PAS 3% 
For the parabolic area OBC we have for origin at C the equation 
e 1 
y=o—/2, and A= xu. 


Hence, from equation (9), we have for the centre of mass Sz 


L= =a trom OG: 
ae 
ob 2 
= | dx — — ada + Le 
~ a g 1 
y= i =] b from BC, 
gu 


or of OO from OA. 


These last two values can be readily determined from the first two by the 
application of the principle of moments. 


Thus the area OBA = 3%, and area OBO = 5b, and the sum of the mo- 


ments of these areas with reference to the axes of 2 and y must equal the - 
ment of the rectangle OABC. Hence < 2 re 


2 3 1 = 1 a 

gv x got ge XPS xX GG, or a= fas 
2 3 1 - 1 - 3 
gw xX got 3% X y=4bx 5d, Oe os qo 


(2) Find the centre of mass for the area of a quadrant of a circle ¢ 
which the density increases directly as the distance from the ORE east 


If-d; is the surface density at a units distance, the density at any distance p 
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is proportional to 6,9, Putting this in the place of 6 in equation (10) we have, 


if r is constant, 
1 
8dacos 6d8 = 4 
a Bie ee 4° pal rs 


oe: ke 
iby pPdpds 6 


If the density is constant, we have from equation (11) 


worth p?dp cos 6d6 ve 


a 


So 


) 


mas 


rar z 


(83) Find the centre of mass of the area of a homogeneous circular 
segment. 

Let the origin be at the centre of the circle, and the 
axis of 2 the axis of symmetry. Let the chord AC =c 


and the radius 7. Then the equation of the circle is 
ety=r. Hence zdx = — ydy. From equation (9) 
Cc 
2 
— yPdy 
ie 


Seg a ee 
~ A al 
The centre of mass of a homogeneous circular segment is on the radius 
drawn to the middle of the arc, at a distance OS from the centre of the circle 
equal to the cube of the chord divided by twelve times the area of the seg- 
ment. [See (9), page 24. ] 


uw x. (4) Find the centre of mass of the area of a 
homogeneous quadrant of an ellipse. 


b The equation of the ellipse referred to its centre and 
axes is ay? + 02? = ae 


ce) 


2 
Hence zdz = — oy, and w= 0? — oo. 


From equation (9) we have 


47ab 37’ 
ee 2 
Ls da — O de 
—_ 2 0 y _ 46 
f= inab ~ 38x" 


If a = 3d, the ellipse becomes a circle, and the co-ordinates of the centre of 


: -- vi ; 
mass of a circular quadrant referred to its centre are = y = an as in ex- 


ample (2). 
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[Centre of Mass of Curved Surfaces.—If the surface is one of revolu- 
tion, let the axis of w coincide with the axis of 

ds revolution, which is also an axis of symmetry. 

The surface can be divided by planes perpen- 

dicular to the axis into a series of circular 

rings. Let ds be the length element of the 

2 x generating curve. The elementary surface 
Se generated by its revolution will be 2zyds. If 

the thickness of the surface is 7, the element- 

ary volume is dV =2rzyds, and equation (38) 


ve 2rmdayds ve réayds 


A = oo et eee 


ye rroyds a réyds 


If z is constant and the surface homogeneous, 6 is constant, and 
J 2xyds = A =the entire area of the surface, and 


2a de ayds 


 airamey emmcme tet es 


For curved surfaces in general we have dV = tda and equation (3) be- 


comes 
ff ronda J r8yda J veda 


becomes 


ba Z= 


SS “—_., . (14) 

J rae J r8da J rea 
If z is constant and the surface homogeneous, we have 

fi ada oh yda fe zda 

a as ee ea Z= qe es 

The elementary area : 
_ dady 
~ ¢0s 6’ ee) 


where 6 is the angle which the tangent plane to the surface makes with 
the plane wy, and is given by 


dL 
dz 
ys Ais vat oe 
det ay t az 
where L = f(a, y, 2) = 0 is the functional equation of the surface. 


COSigi— aes 


EXAMPLES, 


(1) Find the centre of mass of one eighth of the surface of a. spheri- 
cal shell of uniform thickness and density. LK: 


The equation of the sphere, if 7 is the radius, is 
L=2 +44 22 — 72 = 0, 
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aL aL aL, | 
Hence es 20, a == 2). oo 22, and equations (17) and (16) become 
9 “di ' 
Lah, Se eee id pe ey AMS 
V4e? + 4y? +422 7 Z Vr—x#—y¥ 
Therefore from equation (15), if we put 7? — 2? = o, since A = an, 
uf | i radady if ; al 4 
——————— xda 
a, 0 0 Vo ay y 2 1 
hes = = = 
mr dar? 2 
Also 
rdx. ydy 2 
a ; Vv —y¥? ah rr — vda 1 
ler 47 = dann? 727 
. ‘ 
af ah rdady di. r Vr — edz 
A 2 = air 
a nr dar? me a 


If the thickness of the shell varies as the ordinate z, then rt = cz, and from 
equation (14) 


r Vv Va 
Jig A OP 


Li Capt aa ee OTe 
4. dh rdxdy 
0 0 
27 


a : is “nP? — a? — y)hdady 
FeO 0 pee 
siaaa r fv ~ 38 
a a rdxdy 
0 0 


(2) Find the centre of mass of a thin shell of uniform density and 
thickness, generated by the revolution of a quadrant of a circle about 
one radius.’ 


‘ 2 xd 
The equation of the generating curve is 2+ y’ = 7°, hence dy = — iy 
ds = Vue + dy’ = be and yds = rdz. Since A = 277°, we have from equa- 
y 
tion (138) 


, 
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(3) Find the centre of mass of a right conical surface of uniform 
thickness and density. 


B Let the altitude be # and the radius of the poe 7. Then 
tr the equation of the ti line is y= 5? Hence 
ts i ai dy = 7 ae. and ds = faa = oe +2, 
y rl 
If Zis the slant height OB, then ds = ies yds = qande, 
and yads = rode. The area A= rl. Hence from equation (13) 
h 1 
Q7 jini 
= er ee h 
sg mrt et 


Or the centre of mass of a right conical surface is on the axis at a distance 
from the vertex of two thirds the altitude (page 25). 


(4) Find the centre of mass of the surface of a spherical segment, 
zone or hemisphere, of uniform thickness and density. 
The equation of the generating curve isa? + y? = 7”, 


hence dy = — and ds = 4/qz? + dy? + ap = =". 


The area of the surface is then 


Xv 
A =f. *2Qardz = 207 (2 — %) = 2rra, 


d 
where @ is the altitude AB of the segment or zone, and 2, = OB, 2, = OA. 


From (13) we have fy 
eo 
an radix 
= wy ay Ve — ay 


C= = => 
277ra 2 
Hence the centre of mass is at the middle of its altitude (page 26). 


(5) Hind the centre of mass of the surface of a paraboloid of revo- 
lution, of uniform density and thickness. 


We have for the equation of the generating 


curve y’? = 2px, hence dy SES and 
y 


yds = dz V 2px + p. 
a Qn 
Anon [yas =279/ eno +0 
and 


xv wv 
Q7 ve yads 27x ye ada 2px + p? 
e 2 apa 
Fell eens — 2(8pe = p*) 7 Qpe tp 


A A 15p°A 
or 


Therefore 
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(6) Bind the centre of mass of a thin shell of uniform thickness and 
density formed by the revolution of a semi-c yeloid about its base. 


The equation of the generating curve is 


a =r versin 4 # — Qry — y). 
Hence 
da dy . as 
- eee 
Y e@ry—y) ery)? 
27 
vis 
= 9 2r— y 26r 
—— — 


6) 


fe ydy 
+ 
0 rey) 


[Centre of Mass of Bodies.—Let us consider first a solid of revolution, 
and take the axis of revolution as the axis of z Take a slice at right 
angles to 2, whose thickness is dv, Take a particle of this slice at a dis- 
tance » from the axis, and let the plane which passes through # and the 
particle make the angle 6 with the plane of ay. Then the volume of an 
element is dV = rd6édrdz. If 6 is the density, the mass is érdodrdz. 

If the density is symmetrical with respect to the axis of revolution, the 
centre of mass is on this axis, and we have 


ee ee 
a iiae Brdbarde 


If we perform the 6 integration between 6 = 0 and 6 = 2z, since the 
symmetry of the body renders 6 independent of 6, we have 


va Jl df orazdrdz 


z= oy ce eee oo AEG) 


14 4 fF ordrdz 


If the density is uniform throughout a complete slice, we may perform 
the r integration between 7 = 0 andr = y, where y is the ordinate of the 
generating curve, and we have 


x f dyed 
oR SRD Be eae ely Pegi yi ds gy Lee) 


If 6 is uniform, the total volume is 


Van f yds, ear ee eC20) 


‘and we have for homogeneous solids of revolution 


1 AL xy?dx 


es 9 
Daag eee 5 (2l) 
We see at once from the figure that zy?dz is the volume of a slice, and 
the moment of this slice with reference to the axis of y is ry*da@ x @. 
Hence (20) and (21). 
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For a body in general we have dV = dzdydz, and hence equations (3) 
become 


74 
Tf the axis of z is an axis of symmetry, @ is sufficient. 


For polar co-ordinates let ¢ = AOX, 4=d0OA, p= Oh, Thenhd= 
dp, hg = pdd, he = pcos $d, dV = hd x hg x he = p*dp cos 6didg. 


Also, a=pcosdcos?, y=psin§, z=pcosésin @. 
Hence, from equations (8), 


SS fev cos* 6d6 cos dd 
SS f see cos 6dédg 
z SS f sede cos 6 sin 6d6d@ 
y — = 5 . 
gigt dp*dp cos 4déd@ 
SS feed cos? 6d4 sin dd 
gid. dp*dp cos did 


For a homogeneous body 6 disappears in (28) and the denominator 
becomes the total volume V. 


i 


t= 


a ena) 


—< 


EXAMPLES. 
(1) Find the centre of mass of a right cone of uniform density. 
The equation of the generating line is y = 2, where h a 
is the aude and 7 the radius of the base. The volume is - 
v= 


Hence from equation (21) 


h 
1 es 
— vax 
102 
0 
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That is, the centre of mass is at a distance from the vertex equal to three 
fourths of the axis. [See (15), page 26.] 
(2) Find the centre of mass of a paraboloid of revolution of uniform 
density the length of whose axis (gE ed from the vertex is h. 


The equation of the generating curve is ¥? =" v, where 7” is the radius of 


2 
the base. The volume is V = ne a . Hence from equation (21) 
_ Re 
=5 a7; 
aie oun 
ot mrh 


That is, the centre of mass is at a distance from the vertex equal to two thirds 
of the axis. 


(3) Find the centre of mass of a semi-circular spherical wedge, of 
wniform density, and radius r, 
From equation (23), integrating between the limits p=0, p=7, and 
— us = “le j as Pp a i. 
See ok 3 we have, since ok 3th, 


~ 


OE 
—.- sin : 
Ae? ? _ 3zr_ sin d 


gett 16 ee 
on 3 
F : TE 
If the angle ¢ is small, sin @ = @ anda = 6" 


Ti = we have for the hemisphere x = sr (page 28). 
(4) Find the centre of mass of a portion of a spheroid of uniform 
density, the length of whose axis measured from the vertex ts h. 
Let the equation of the generating curve be the ellipse referred to its vertex, 
2 


p= (ara — 2), 


where 7 is the semi-major axis and 0 is the semi-minor axis. 
Then from equation (19) 


Te 


Oa ae 
Re Eee hk 8r Bh . 


id Bp 
or (2ra — a )dx 


For a hemispheroid 2 = 7 and z= a from the vertex, 


As b does not enter into these values, they are the same for a spherical seg- 
ment and for a hemisphere. 
For the distance from the centre we have 


ea sea, 
bch vaca at AeSy oes 


as already found in (18), page 28. 


(5) Find the centre of mass of an octant of a sphere of uniform 
density. 
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: i Les 
From equation (23) we have, since 6 disappears andi aad 


eh IP ie pdp cos® 649 cos dp A 
Soy 


amr 
ch ae ie p*dp cos 6 sin §did@ 2 
a oe = aS 
Pa: va Wf: p'dp cos’ 6d6 sin ddd s 
aa ie Z a 


6) Let the density in the preceding example vary as the nth power of 


the distance from the centre. 
Let 6= cp”. Then from equations (23) we have 


we i le p" +3 da cos? 649 cos Pdp 
AS 
a + 2da cos Odbdd 
0 0 0 


(7) Find the centre of mass of one eighth of the volume of an ellipsoid 
of uniform density contained within the three principal planes. 


Let the semi-axes of the ellipsoid be a, 8, ec. 
a a ae 5A 
The volume of the ellipsoid is grade. The volume of one eighth is there- 


Br 
42 


eee 


fore) Vi rreabe. 
The equations of the curve on the three principal planes are 
wy? a. b?a? = ah, arg? + Cg? — Ge, 6°22 “+ ey? = b2e?, 


Therefore we have 
ree 4 ¢ 4 c 
y= ra — 22)", p= (a — 2°)", 2 = 0 es ay? 
$ a A b 
sy 5 a y’) ’ c= pee = 2”) > y ee c— 22/2, 


The volume of a slice parallel to YZ, of thickness dz, is Aaa 


a SO XZ Ie oe dy, is iy. 


Soe Ar ss dz, is wae, 


ec “ec cc 66 (a4 


ce 
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Hence 
TYy2 mbe 2 
2 pie os Ca 
“pte ee (a — wade 1 oe 
i ; 16 Pay IS} 
ct a= - = = Os 
: mabe i mabe A mab Z 
ge 6 ees 
b 
102 mae eee 
| Se 4p} fl P—yydy FT racd? 
pe ea Hp rek Ae A ae oa 
5, db ae be i arabe me 
er C 6 a 6 
mab : 
UY & 2), 
iE Foe eed Crd a dite Se 
é 0 16 3 
2= —_—____- = = ——— = 9e 
b i mab i mabe : 
gt? Cc 6 C 6 


CHAPTER IV. 


LINE REPRESENTATIVE OF A FORCE. COMPOSITION AND 
RESOLUTION OF FORCES. 


FORCE OF GRAVITATION. ATTRACTION OF A HOMOGENEOUS SHELL OR SPHERE, 
CENTRE OF GRAVITY. VALUE OF CONSTANT OF GRAVITATION. ASTRO- 
NOMICAL UNIT OF MASS. VALUE OF @ FOR PLANETARY MOTION, ATTRAC- 
TION OF A CIRCULAR ARC. ATTRACTION OF A STRAIGHT LINE, ATTRACTION 
OF A CIRCULAR RING. ATTRACTION OF A CIRCULAR DISK. ATTRACTION 
OF A CYLINDER. ATTRACTION OF A CONE, VALUE OF g ABOVE SEA-LEVEL. 


Line Representative of a Force.—-We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
acceleration. ; 

Force then has magnitude and direction, and is therefore a 

vector quantity, and can be represented, like 
a——™ +8 linear acceleration, by a straight line. 

Thus the length of the line AB represents the 
magnitude of the force F'= mf (page 5). Its point of application 
is A, and its direction of action is indicated by the arrow and is 
always the same as that of the acceleration /. 

Composition and Resolution of Forces.—The principles, therefore, 
of pages 35, 48, 49 (Vol. I, Kinematics) hold good for forces as well as 
for displacements, velocities and accelerations, and we can resolve 
and combine forces and have the ‘‘ triangle and polygon of forces” 
as well as the triangle and polygon of displacements, velocities or 
accelerations. 

An important case of the composition of forces is the determina- 
tion of the attractive force exerted on a particle by an extended 
body. The attraction on the particle in such case is the resultant 
of all the attractions exerted upon it by the particles of the body. 

Force of Gravitation.—The ‘‘law of gravitation” as formulated 
by Newton asserts that every particle of matter attracts every other 
particle with a force which acts in the straight line joining the par- 
ticles and whose magnitude is directly proportional to the product 
of the masses of the particles and inversely proportional to the 
square of the distance between them. 

If then Mand m are the masses of two particles and r the dis- 
tance between them, the mutual force of attraction F is given by 


putin Ee Sa 


where x« is a constant to be determined by experiment. 
For absolute accuracy and universal generality, as well as for 
far-reaching consequences, this statement is without parallel in the 
44 
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history of science. The facts that by means of it the motions of all 
the bodies of the solar system are explained completely ; that their 
past and future positions can be told; that the existence of Nep- 
tune was deduced from the assumption that certain disturbances 
in the motion of Uranus were due to the attraction of an unknown 
planet according to this law, all go to prove that the law holds with 
absolute accuracy, so far as the action upon each other of large 
masses separated by distances which are great compared with their 
linear dimensions is concerned. 

The terms of the enunciation of the law expressly confine it to 
such cases, since only when the linear dimensions of the attracting 
bodies are insignificant compared to the distance between them can 
he consider them as particles and speak of the distance between 
them. 

We shall, however, show in the next Article that if bodies are 
homogeneous and spherical, this limitation may be removed and 
the ‘‘ distance between them ” is the distance between their centres. 

Attraction of a Homogeneous Shell or Sphere.—Let the circle 
ADA’, with centre at OC, represent a uniform thin homogeneous 
spherical shell whose surface density (page 10) is 6. Suppose a 
particle at P whose mass is m. Join 
Cand P. Take any point A of the 
shell and draw CA and AP. Let 
AP make the angle 6 with CP, and 
draw a line AB through A, making , 
the same angle § with CA. 

Then in the two triangles CAB 
and CAP we have the side CA and 
the angle at C common to both, and : 
the angles at A and P equal by construction. These triangles are 
therefore similar and we have 

SAS ee A 
A 

Now let As represent any small elementary area of the spherical 
surface, and An its projection normal to AB. : 

Let w square radians (Vol. I, page 7) denote the conical angle 
subtended at B by An. Then the area denoted by An is equal to 

: .@ 
AB. , and the area denoted by As is equal to oe 
angle nAs = BAC = 6, and the angle snA is a right angle. 


since the 


SAB’. w 
COs 0 
and the attraction of this mass for the particle of mass m at P is, 

by Newton’s law, 


The mass of the elementary area denoted by As is then 


? 


2 m.6AB’. 
AP’ cos 6 
and acts in the line AP. é 

If we draw AA’ perpendicular to CP, we have evidently the 
same attraction between the equal elementary mass at A’ and the 
particle of mass m at P acting in the line A’P. 

We can resolve each of these equal forces into a component 
along the line CP and at right angles to CP at P. Since the angles 
APC and A'PC are each equal to 6, the two components at right 
angles to OP at Pare equal and opposite and therefore produce no 
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effect upon P. The resultant attraction of the two elements at A 
and A’ upon the particle of mass m at P acts then in the line CP 
and is equal to 
m. 5AB’.o 
“AP cos 6 
CA 


: AB | ae batt 
or since 7p = Gp’ the resultant attraction is 


m.oAB. @ 
60S =k 
ALR, 


But CA’. w is the area of the elementary area at A or A’, and 


ms 


Se is constant for all pairs of elements A and A’. The total 


2 


attraction of the shell for the particle of mass m at Pacts then in 
the line CP and is equal to 
WDA O = SE 
f 2x == =CA.a, 
CE 
where the summation is to be taken for an entire hemisphere. But. 


SCA’. w for a hemisphere is 2zC'A’, and hence the attraction is. 
equal to 


where M = 476 CA’ is the total mass of the spherical shell. 

We see, then, that the spherical shell attracts a mass m at any 
outside point P, just as if its entire mass were condensed at the 
centre of the shell. 

If instead of a homogeneous spherical shell we have a solid 
homogeneous sphere, we may consider it as composed of an indefi- 
nite number of concentric homogeneous spherical shells, each of 
which attracts the mass at Pas if its entire mass were condensed 
at its centre. 

Hence, the attraction of a homogeneous spherical shell or of a 
homogeneous sphere upon a particle at any outside point is the 
same as if the entire mass of the shell or sphere were condensed in a 
point at the centre. 

We can therefore consider a homogeneous shell or sphere as a 
particle of equal mass at the centre, so far as its attraction upon an 
outside particle is concerned. 

Cor. If the sphere is not homogeneous, but the density of every 
point at the same distance from the centre is the same, we may still 
consider the sphere as composed of homogeneous spherical con- 
centric shells, each one of which attracts an outside mass as if its 
entire mass were condensed at the centre. Hence the same holds 
true for the sphere. 

Centre of Gravity.— When a body attracts and is attr 
all external bodies, whatever their tebenee and position, par era 
its mass were condensed ina single point fixed relatively to the 
body, that point is properly called the centre of gravity (see page 
18 


A body which has a centre of gravity is said to be centrobaric or 
barycentric. In general, bodies are not centrobaric if the law of at- 
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traction follows Newton’s law—that is, if the force is inversely pro- 
portional to the square of the distance. 

As we have just seen, a homogeneous spherical shell or a homo- 
geneous sphere is centrobaric, and the centre of gravity is at the 
centre. So also for a non homogeneous sphere whose density at. 
every point equally distant from the centre is the same. The 
centre of gravity in each of these cases coincides with the centre of 
mass (page 16). In general, if a body has a centre of gravity at 
all, it must always coincide with the centre of mass, because the at- 
traction upon it of an infinitely distant body constitutes a system of 
parallel particle forces (page 18), and the point of application of the 
resultant of such a system coincides with the centre of mass. 

But while all bodies have a centre of mass, only homogeneous 
spherical shells and spheres, or spheres whose density at any point 
equally distant from the centre is the same, possess a centre of 
gravity. 

If, then, the term ‘‘centre of gravity” is used to denote centre 
of mass, as is often done, we should denote the centre of gravity 
proper by some other term, such as barycentric point or centrobaric 
point. 

It is, however, much preferable to restrict the term centre of 
gravity to the definition here given, and use centre of mass as 
defined (page f6). 

Cor. If we consider the earth as a sphere whose density is 
either constant or the same at all points at the same distance from 
the centre of mass, then, as we have seen, we may consider it as a 
particle of equal mass at the centre of mass so far as its attraction 
upon any outside particle is concerned, and the centre of mass is 
the centre of figure. 

The earth is not strictly spherical, but its deviation from sphe- 
ricity is insignificant. Also, the density is not strictly constant nor 
strictly the same at all points at the same distance from the centre 
of mass. But the small distance between the centre of mass of the 
earth and that point at which in any case of attraction we may con- 
sider its mass condensed is insignificant compared to its radius. So 
far as its attraction for any outside particle is concerned, then, we 
may consider it as a particle of equal mass at its centre of mass, 
and the centre of mass as the centre of figure. 

Also, since the dimensions of any body with which we experi- 
ment at the earth’s surface are insignificant compared to the earth’s 
radius, we may consider any such body as a particle. 

Value of Constant of Gravitation.— We have seen (page 44) that 
if Mand mare the masses of two particles and r the distance be- 
tween them, the mutual force of gravitation is given by 


Pied. oe tar Renee 


where « is a constant to be determined by experiment. This con- 
stant « is called the constant of gravitation. We are now able to. 
determine it. at 

Since force is always equal to mass multiplied by the accelera- 


tion in the direction of the force (page 5), we re the acceleration 
K 


of the particle whose mass is ™ equal to bia and the accel- 
eration of the particle whose mass is M equal to = o Hence 


accel. of m = M 
accel. of M™ m’ 
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that is, the accelerations are inversely as the masses. The accele- 
ration, then, of one particle relative to the other considered as fixed 
is equal to the sum of the accelerations of each, or 


relative acceleration = ee gate (Ce) 


We have just seen (page 47, Cor.) that we may treat the earth 
and any body with which we experiment on its surface as particles, 
and can take the mass of the earth as condensed at its centre of 
mass, and the centre of mass as the centre of figure. Equation (1) 
therefore applies to any body on the earth’s surface. 

Now when we experiment with a body at the earth’s surface, we 
know that the observed acceleration g due to gravity is the accel- 
eration of the body relative to the earth. We have then from (2), if 
m’ is the mass of the earth and 6 the mass of the body, and if 7” is 
the radius of the earth at the locality for which g is observed, 


kK (m' + b) 
me ECs 


But the mass of the body is insignificant compared to the mass 
of the earth; or what is the same thing, since the accelerations are 
inversely as the masses, the acceleration of the earth is insignificant 
relatively to that of the body. We accordingly find by experiment 
that g is constant at the same locality for all bodies, and neglect- 
ing 0, this value of g is given by 


/ 2 


Se GF 
9 =a Oe (3) 
If we substitute this value of « in equation (1), we have 
LEE MERI so GS 
m r 


Equation (4) gives the force of attraction between two particles 
of mass m and M at a distance 7, the mass of the earth being mv’, its 
radius r’ at the locality where the acceleration of gravity is g. We 
see that equation (4) is homogeneous, and we have force equal to mass 
multiplied by acceleration. 

If we take mass in pounds and distance in feet and acceleration 
in ft.-per-sec. per sec., we have F’in poundals. If we take mass in 
grams and distance in centimeters and acceleration in cm.-per-sec. 
per sec., we have Fin dynes (page 5). If we divide out the g, we 
have Fin gravitation units (page 6). 

Astronomical Unit of Mass.—The astronomical unit of mass is 
ee mass which at units distance attracts an equal mass with unit 

orce. ; 

From equation (4) of the preceding Article, if we take m and M 
each equal to mo, and take r equal to one unit of distance [Z], and 
Ff equal to one unit of force [#'], we have 


_ grim = 4/ Ee 
Bees mL? oF ma = EEN <i ome) 


Equation (1) gives by definition the astronomical unit of mass. We 
see that it is homogeneous. 

If we insert the mean radius of the earth r’ in feet, the corre- 
sponding value of g in ft.-per-sec. per sec. and the mass of the earth 


~—— 
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m’in pounds, we have very nearly, for the astronomical unit of 
mass, 

Mo = 29063 Ibs. 


_ if we insert r’ in centimeters, g in cm.-per-sec. per sec. and m’ 
im grams, we have very nearly, for the astronomical unit of mass, 


Mo = 3928 grams. 


if we take m and Min equation (4) of the preceding Article in 
units of astronomical mass, we have 


FGI Se ee ES ih 
7 


This equation we see is homogeneous. If, then, we adopt the astro- 
nomical unit of mass instead of the ordinary unit of mass, we have 
simply the numeric equation 


(2) 


where m and M are the number of astronomical units of mass in the 
two attracting particles, r the number of units of length in the dis- 
tance between them, and # the number of units of force in the at- 
traction, 

Value of w for Planetary Motion.—The sun and planets may be 
considered like the earth, so far as mutual attraction is concerned, 
as particles of equal mass condensed at the centre of mass. From 


1 


equation (2), page 48, if we insert the value of xk =< already 


found, we have then for the relative acceleration of a planet of 
mass m with reference to the sun of mass JM, considered as a fixed 
point, when the distance is 7, 


M+m <9gr? 
r nie 


relative accel. = 


where m’ is the mass of the earth, r’ the mean radius of the earth, 
and g the corresponding acceleration due to gravity at the earth’s 

face. 
aks the distance r = 7’ = radius of the earth the relative accelera- 
tion of the planet with reference to the sun regarded as fixed would 
be then 

; M+m 
relative accel. = alee 


Now in all our equations for planetary motion (Vol. I, Kine- 
matics, page 139) we denoted by a’ the known acceleration of a point 
at a known distance 7’ from a fixed point. If, then, we take this 
distance 7’ equal to the earth’s radius, we have 


DE chp Ss A IE eee tre CL) 


This is the value for a’ given on page 144, Vol. I, Kinematics, which 
must be inserted in all our equations for planetary motion (page 
139), where M and m are the mass of sun and planet, m the mass of 
the earth, and g the acceleration of gravity at the earth’s surface. 
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Cor. If M=m’' = the mass of the earth and m is the mass of a 
body at the earth’s surface, we have 
eae RU Sebo 
i are enya Rae 
or if m is insignificant compared to m’, 
OL 0p, 


Attraction of a Circular Arc.—The attraction of a circular are 
ADB of uniform density 6 upon a particle at the centre C is the 
same as the attraction of a mass equal to the chord with the are’s 
density concentrated at the middle of the are at D. 

c Take any element of the arc ab, and let it 
subtend the angle aCb = w radians. Then if 
r is the radius of the circle, rw is the length 
of ab; and if 6 is the linear density of the arc, 
dr@ is the mass of ab. If Mis the mass of the. 


\7 ® particle at O, then kM ~2 is the attraction 
b | 


rf? 
12: 
of ab for the particle at C, where x= = 


(page 48). The attraction of the element a/b’ at the same distance 
on the other side of D will be the same. Each of these can be 
resolved into components along CD and at right angles to CD at C. 
The latter components will balance. The sum of the two former is. 
mya 4 € 
Ale 267 . Ge 


in the direction OD, where 4 is the angle aCD. 

But r@ cos 6 is the projection of ab upon the chord, and if the 
linear density of the chord is also 5, the mass of the chord projec- 
tion of ab is drw cos 9. The sum of the attractions of all the pairs of 
elements will then be ee 


7.) ae ae 5 
or the attraction due to the mass of the chord AB concentrated at. 


“Since AB = 2r sin ACD, we have for the attraction 
26 sin ACD 

a eee 

Using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 

noe 
Fes 2 ee 

Attraction of a Straight Line.—A limited straight line A’B’ of 
uniform density 6 attracts any external 
particle at C with the same force and in the 
same direction as the corresponding arc of a 
circle AB, of the same density, which has the 
point OC for centre and is tangent to the 
straight line. 

Let A’B’ be the straight line of uniform 
linear density 6. Draw the arc AB with the 
centre at C, tangent to the line A’B’. 


JA\ = ie hil 


ee nN eee Se a. a ee 
> 
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If CpP be drawn cutting the circle at p and the line at P,and we 
take any element at p and P, subtending the angle w, then if the 
angle PCD = 6, we have for the length of the element at f05, Ofte C2 
and for the length of the element at P, — 6 
eee if the linear density of arc and line is 5, are 6. Op. w and 

_Cp.o 


The masses of these 


Their attractions fora mass M at C are 


6.Cp.@ 6 @ ye OUE TS) Co) 
pp ES eye ea : 
ud pe Gp Ont KM opr eos t= Cpe 


where xk = or (page 48). But CP cost =CD=Cp—7 Bence 


the attractions of an element at p and Pare equal. The arc AB 
then attracts C as the line A’B’ does; and by the preceding Article, 
using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 


26 sin 4 A'CB’ 
r e 


in the direction CF which bisects the angle A'CB’. 

Attraction of a Circular Ring.—Let r be the radius of the ring, 
and d the distance of a particle at C of mass M 
in the perpendicular CO to the plane of the ring 
through its centre. Take an element of the C 
ring at b which subtends the angle w. The 
length® of this element is rw; and if 6 is the 
linear density, the mass in the element is dra. 

The attraction on Cis then kM =a where k = — (page 48). 

The attraction of the element at b’ at the same distance at the 
other end of the diameter is the same. Each of these can be re- 
solved into components at right angles to CO at C, which balance, 
and along CO. The sum of the latter is 


An 


r 6 
rd gektab 
r? + d? 
: d d 
where § is the angle bCO. But cos §=— «= ——., Hence we 
lie Vr? + a? 
: : 25rcad 
have for each pair of elements the attraction «M—— = 
(r? + d’)? 


For the entire ring # = z, and we have, using the astronomical 
unit of mass (page 48), for the attraction upon a unit mass at C 


_ 2ardé 
(r+ dye 


Attraction of a Circular Disk.—If the line A’D revolves about 
CD it will generate a circular disk. The arc AD 
with centre at C and tangent at D to A’D will gen- 
erate-a spherical surface. Then, as we have seen, 
the attraction of an element at p and P will be equal. 
If the element at p subtends w square radians (Vol. 
I, page 7), its area will be r’w, its mass 67a, 
where 6 is the surface density, and its attraction 
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2 2 
upon a mass M at Cwill be «M oe = xMéa, where x ae (page 


48) 


The attraction of the disk whose radius is A’D = R is then the 
same as the attraction of the spherical surface generated by AD. 
The number of square radians subtended by the disk of radius & at 


a distance r from C is 2z @ Eom ea ): The attraction of the 


Vr? + Re? 
disk is then 


A=kM . 2x6 (1 _ oa) 
Vr? ae R 
Using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 


Le 
A = 226 (1 — ==): 

Vri+ FR 
[Attraction of a Cylinder.|—For the attraction of a cylinder of 
length 7 and radius a upon a particle of mass Min the axis at a dis- 
tance d from its nearest end, let 6 be the volume density. Then for 
the attraction of one of its circular slices of a thickness da, at a dis- 

tance 7, we have, from the preceding Article, 


eM ons E a eS, ae 
Vi + @? 


If we integrate this between the limits d + 1 and d, we have 
A=kM.2n6[l—- Vd+lF +a + VP +a°]. 


If we suppose d = 0, so that the particle is on the end surface of 
the cylinder, we have 


A= «kM. 276|[1— y+ a + a); 


al 2 
where k = ae (page 48). 


Using the astronomical unit of mass (page 48) we have for the 
attraction upon a unit mass on the end surface of the cylinder 


A=2n6[1- VP +a +a]- 


[Attraction of a Right Circular Cone.|—For any circular slice 


we have as before kM. 276| 1— Re SLs dx. If 6 is the semi- 
Va* + a? 
vertical angle of the cone, we have cos @ = ee . Hence the 
Va? + a? 


attraction for a particle of mass M at the vertex is 
] 
KM , 2x6[1 —cos 6] JE ‘da = KM. 276(1 —cos Sh, 


where h is the height of the cone. 
Using the astronomical unit of mass (page 48), we ha 
attraction for a particle of unit mass at theoree Ye ore 


A = 276(1— cos 4h. 
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Value of g above Sea-level.—Let 7’ be the mean radius of the 
earth, « the height on a mountain above sea-level, and g the accel- 
eration of gravity at sea-level. Then since the acceleration is in- 
versely as the square of the distance, the acceleration at a distance 
x above sea-level, if we disregard the attraction of the mountain, 


would be ae g. To this we must add the acceleration due to 


the mountain. 

Suppose the mountain of uniform density 6 and cylindrical in 
shape, and the particle at the centre of its upper surface. Then the 
resultant attraction of the mountain for a particle of mass m™ is, 
from page 52, if we use the astronomical unit of mass (page 48), 


A=m.2xnéla— x? +a? + a], 


where a is the radius of the cylinder. If we divide the force by m, 
we obtain the acceleration due to the mountain 


elt ener) 
2n6|  — Ve? + a+ a | = 2x8| a ze a1 ae S a8 a |. 


if ais so large compared to x that = can be neglected, this reduces 
to 27da. If we use the ordinary unit of mass, we have, multiplying 


by == a (page 48), for the acceleration due to the mountain 


a! 
anba. 2 Fe 
m 


Let, 6’ denote the mean density of the earth, so that the mass of 
the earth is m’ = ; 7x6'r'*, then the acceleration due to the mountain 


is, if we substitute this value of m’, 
3 6% 


2 8'r 
We have then for the acceleration g’ at the height « above sea-level 


g=9| ips & 30x 
(tay 25%" | 


The mean density of the earth 5’ is about 54 times that of water, 
and a from what we know of the density of matter at the earth’s 
il : 
surface, may be taken equal to 5: Also we may write - 
12 


ee een eat ae approximately 
(7 +a)? re ; 


Hence we have approximately 


. 2x, 3x\ 5a 
g =o(t — +3) =9(1- 3), 


where «x is the height above sea-level, 7’ is the mean radius of the 
earth, and g the corresponding acceleration due to gravity. 

The assumptions made in this investigation are more applicable 
to elevated table-land than to a mountain. The equation obtained 
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is the accepted formula for estimating the difference in the value 
of g at two places so far as dependent on the heights above sea- 
level. 


EXAMPLES. 


(1) If the mass of the earth is 6.14 x 10° grams, the mean radius 
of the earth 6.37 x 10° cm., and g = 981 cm.-per-sec. per sec., find the 
astronomical unit of mass. 

Ans. 8928 grams. 


(2) If the mass of the earth is 11920 x 10” lbs., themean radius of 
the earth 21 x 10° ft., and g = 82 ft.-per-sec. per sec., find the astro- 
nomical unit of mass. 

Ans. 29063 lbs. 


(3) Show that the attraction of a thin spherical shell of uniform 
thickness and density upon a particle inside is zero. 

Ans. Let P be the particle of mass M. Take any point A on the spherical 

surface. Join AP and produce to A’. If from all points of a small element 

of the surface at A lines be drawn through P, they will mark 

A off a corresponding element at A’. Both these elements sub- 

tend the same conical angle (Vol. I, page 7), co square radians. 

A’ The area of the element at A is then AP’. w (Vol. I, page 7),and 

the area of the element at A’ is AP’. @. If 6 is the uniform 

surface density, the mass of the element at A ism = 6AP”. 

and the mass of the element at A’ ism! =6A’P’.@. The attraction of the 
element at A for a particle of mass M/ at P is then (page 44) 


se AE ae CRE ST. 
AP 


and acts in the line PA. The attraction of the element at A’ for the particle 
of mass M at P is 


KMOA'P . 

APs 
and acts in the line PA’. The resultant attraction upon the particle at P of 
the pair of elements at A and A’ is then zero, The whole shell consists of 


such pairs of elements. Hence the resultant attraction of the shell on a par- 
ticle at P is zero. 


= KM6o 


(4) Show that the attraction of a homogeneous sphere on a particle 
within it is directly proportional to its distance from the centre. 
Ans, Let P bea particle of mass M situated within a homogeneous sphere 
at any distance PC from the centre (, Then from the preceding example we 
know that the attraction upon the particle at P due to the shell ; 
outside of the sphere whose radius is PC is zero. The attrac- , 


tion upon the particle of mass Mat Pis then due to the attrac- 
tion of the sphere whose radius is PC. The volume of the Se) 


. 4 ay 3 
sphere is grPo. If 6 is the uniform density, the mass of 


: See eae : 2 
this sphere is 3 dxPC". Its attraction for a particle of mass Mat Pis (page 


46) the same as if the entire mass of the sphere were condensed at the centre 


S6aP0 4 
or (page 44) ari ip = Kot. 3 OO 
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The attraction is therefore directly proportional to the distance PO of the 
particle from the centre. 

(5) Assuming the earth to be a homogeneous sphere, compare its 
attraction on a given mass at a distance from its centre equal to one 


half its radius, with the attraction when the given mass is at a dis- 
tance equal to twice the radius. 


Ans. 2 tol. 
(6) Find in dynes the attraction of two homogeneous spheres, each 


of 100 kilograms mass, with their centres 1 metre apart. 
Ans. 0.0648 dynes nearly, 


(7) How far would a body fall toward the earth in one second 


from a point at a distance from the earth’s surface equal to the 
radius of the earth 2 


Ans. The acceleration is inversely as the square of the distance. We have 
1 
thenig gis: 9 249" ong! = "q- That is, the acceleration is one fourth of the 


acceleration at the surface. 


i 
The distance is then s = 9f?, or, taking g = 32 ft.-per-sec. per sec. and 
f=, 3=4 ft. 


(8) The moon’s mass is 136 x 107 Ibs. ; the moon’s radius, 5.70 x 
10° ft.; the mass of the earth, 11920 x 10” lbs.; the radius of the earth, 
21 x 10° ft. Find how far a stone at the moon’s surface would fall 
in a second, the attraction of the earth being neglected. 

Ans. If Mis the mass of the moon and m that of the stone, the force of 
attraction, if 7 is the radius of the moon, is, from equation (4), page 48, 


Pp gr? mM 
gl! GE 


The acceleration of the stone is then 


Ti eee moe lee LOE Xe LS Oe lz 
i mn mp 11920 K 10" XX 10" = 5 ft.-per-sec. per sec. 


at , 
The distance then is 39%, or, taking ¢= 1 sec., $= 2.5 ft. 


(9) Suppose the earth to contract until its diameter 7s 6000 miles, 
what would be the effect on the weight of an inhabitant? The di- 
ameter of the earth to be taken at 8000 miles. 

Ans. Increased in the ratio of 16 to 9. 


(10) If the mass of the sun is 300,000 times the mass of the earth, 
and its radius is 100 times the radius of the earth, find the attraction 
at the surface of the sun of a mass which at the surface of the earth 
is attracted by the force of one pound weight. 

Ans. 30g poundals, or the attraction of the earth for 30 Ibs. 


(11) The diameter of Jupiter is 10 times that of the earth, and its 
mass 300 times. By how much per cent of his former weight would 
the weight of a man be increased by being removed to the surface of 
Jupiter ? 

Ans. By 200 per cent. He would weigh by a spring-balance three times as 
much as before. The same number of standard pounds would, however, bal- 
ance him in a lever-balance. The standard pound at Jupiter would be attracted 
by a force three times as great as the earth’s attraction here. The lever-bal- 
ance weight which gives his mass is unchanged, 
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(12) If the intensity of gravity at the surface of Jupiter is about 
2.6 times as great as at the surface of the earth, find approximately 
the time which a body would take in falling from a height of 167 ft. 
to the surface of Jupiter. 

Ans, 2 sec. 

(13) Find the intensity of the earth’s attraction ut the distance of 
the moon, taking 32 ft.-per-sec. per sec. as its value at the surface of 
the earth. The diameter of the moon’s orbit is 480,000 miles, the di- 
ameter of the earth 8000 miles. 

Ans. 0.0089 ft.-per-sec. per sec. 

[4)] Two particles of mass M and m are placed a distance s 
apart. Find the time it would take them to come together by reason 
of their mutual attraction, if uninfluenced by any external force. 

a Ans. The acceleration of one particle with reference to the other is (page 
Pe (M + m) 
came es oe or 


Integrating (Vol. I, page 102), we have 


= beret x | = at)? 4 8 COS (3) I. 


When w = 3, = 0; when x = 0, we have 


ay 8 4 
Ps ais Ee =i 7 


If the particles are spheres of density 6 and radii R and 7, and the density 
of the earth is 6', we have (page 48) 


2 
«=f =. M = Sak, m= = arts, 
= rr’ ds’ : 
and 


Sls 1 876! 4 
ey 4 | ee 
5) 259(R? + = | “ 


If the spheres are of the same density as the earth, 6 = 6’ and 


page ie ee 
2 2g( RF + rs) | 
The last equation, then, gives the time of coming together of two spheres: 


of radii # and 7, of same density as the earth, if considered 
at their centres. If the spheres are equal, : a 


= ba ale 
4" \ ops 
Tf. for i — as Bs 
ARC eae Satie i= 32} f{t.-per-sec, per sec., r = } ft., 7 = 20,850, - 


¢ = 1788 sec., or 29.8 minutes nearly. 
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CHAPTER I. 


STATICS—CONCURRING FORCES. 


FORCES IN EQUILIBRIUM. STATICS. LINE REPRESENTATIVE OF A FORCE. COM- 
POSITION AND RESOLUTION OF FORCES. SIGN OF COMPONENTS OF A FORCE. 
CONCURRING FORCES. STATIC, MOLAR AND DYNAMIC EQUILIBRIUM. COM-= 
POSITION AND RESOLUTION OF CO-PLANAR FORCES, CONCURRING FORCES 
NOT IN THE SAME PLANE, CONDITIONS OF EQUILIBRIUM FOR CONCURRING 
FORCES, 


Forces in Equilibrium.—When all the forces acting upon a par- 
ticle mutually balance, so that the particle moves as if no force acted 
upon it, the forces are said to be in equilibrium. In such case the 
particle is either at rest or moves with uniform speed in a straight 
line (page 2). 

- Statics.—That portion of Dynamics which treats of those prin- 
ciples which are necessary for the discussion of forces and bodies. 
in equilibrium, and: generally of forces without reference to the 
change of motion caused by them, is called Statics. That portion 
which treats of forces with reference to the change of motion 
caused by them is called Kinetics, ayers 

[Many writers employ the term Dynamics in the sense in which 
we have used Kinetics, and use the term Mechanics for what we 
have called Dynamics. They thus have Mechanics divided into 
Statics and Dynamics, instead of Dynamics divided into Statics and 
Kinetics. | 

Line Representative of a Force.—We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
magnitude of the acceleration. : ; ; 

Force, then, has magnitude and direction, and is therefore a vec- 
tor quantity, and can be represented, like linear acceleration, by a 


straight line. 
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Thus the length of the line AB represents the magnitude of the 
force = mf (page 5). Its point of application is 
jel g A, and its direction of action is indicated by the 
arrow and is always the same as that of the linear 

acceleration f. 

Composition and Resolution of Forces.—The principles, therefore, 
of pages 35, 43, 49, (Vol. I, Kinematics) hold good for forces also, and 
we can resolve and combine forces and have the “‘triangle and poly- 
gon of forces” as well as the triangle and polygon of displacements, 
velocities or accelerations. 

We have also the same rule for the signs of the horizontal and 
vertical components Fx, Fy, Hz of a force as for the corresponding 
components fr, fy, fz of its acceleration. Thus (+)-signifies in the 
directions Ox, Oy, Oz, and (—) in the opposite 
directions. 

If polar co-ordinates are used, the compo- 
nent force along the radius vector is (+) when 
it acts away from the pole, (—) when it acts 
towards the pole. O 

Evidently, then, we must measure angles in 
the plane XY, from OX around towards OY; 
in the plane YZ, from OY around towards Se 
oes ; inthe plane ZX, from OZ around towards 4 Z 

ie L 


Concurring Forces, ete.—Forces which act at the same point are 
called concurring forces. Forces acting at different points are non- 
concurring. Forces acting in the same direction in the same line 
may be called conspiring forces; when they act in opposite direc- 
tions in the same line or in parallel lines they are opposite forces; 
when in the same or opposite direction in parallel lines they are 
parallel forces. Horces whose line representatives lie in the same 
plane are co-planar. Two equal and opposite forces applied at the 
same point mutually balance, so that the point moves as if no force 
were applied. (Compare Vol. I, Kinematics, page 178.) 

Static Equilibrium.—When all the forces acting upon every par- 
ticle of a rigid body mutually balance, so that every particle of the 
body moves as if no force acted upon it, the body is said to be in 
static or molecular equilibrium. All points of the body in such case 
are either at rest or they all move with the same uniform speed in 
parallel straight lines, and the body has a uniform motion of trans- 
lation (Vol I, Kinematics, page 91). 

The motion of a body is then the same as that of any one of its 
points, and the body, whatever its size, may be treated as a particle 
so far as its motion is concerned, and represented by a point. 

All the forces acting upon the body itself may then be consid- 
ered and treated as a system of concurring forces in equilibrium, 
and all the forces acting upon any one particle of the body also 
constitute a system of concurring forces in equilibrium. 

Molar Equilibrium.+-When the centre of mass only of a rigid 
body moves as if no force acted upon it, that is, is either at rest or 
moves with uniform speed in a straight line, we have equilibrium 
of the body as a whole, or molar equilibrium, as distinguished from 
molecular or static equilibrium as just defined. 

Now the centre of mass of a rigid body always moves as if the 
mass of the body were condensed into a particle of equal mass at 
the centre of mass, and all the forces acting upon the entire body 
were transferred to this particle without change in magnitude and 
direction (page 18). 
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When there is molar equilibrium, then, all the forces acting upon 
the body if appliedat a point would constitute a system of concur- 
ring forces in equilibrium. Also all the forces acting upon any 
particle at the centre of mass of the body constitute a system of 
concurring forces in equilibrium. But all the forces acting upon 
any particle not at the centre of mass are not in equilibrium, and 
we have rotation of the body about the centre of mass. 

So far as translation of the body alone is concerned, however, we 
may consider it as a particle of equal mass at the centre of mass, 
acted upon by a system of concurring forces in equilibrium. 

Dynamic or Kinetic Equilibrium.—When one point only of a 
rigid body not at the centre of mass moves as though no force acted 
upon it, the body is said to be in dynamic or kinetic equilibrium 
about that point. 

In such case all the forces acting at this one point constitute a 
systemof concurring forces in equilibrium. But the forces acting 
at any other point do not constitute a system of forces in equilibri- 
um, and we have instantaneous rotation about this point. 

Composition and Resolution of Co-planar Forces.—Let the forces 
F,, F2, F;, etc., be all in the same plane and act either at a common 
point, P (Wig. 1), or at different points, A, B, C (Wig. 2), of a rigid 
body. 

a either case, lay off the forces so as to obtain the force poly- 
gon A F, F, Fs (Wig. 3). Then the line AF’ necessary to close 
this force polygon, taken as act- 


ing the other way round, gives , . AS Bae 

5 = 5 : iG 1: Fig, 2. 
the direction and magnitude of : oe 
the resultant Fin the planeof ~~  ° Fe 


the forces (pages 35, 36, Vol. I, F, Fa 
Kinematics). 

If the forces are concurring, 
or all act at the same point P, 
Fig. 1, the resultant #’, must 
act at this point also, in the 
plane of the forces. 

If the forces are non-concur- 


Fia, 3, 


or. 1. If the forces are all parallel, the force polygon Fig. 3 
becomes a straight line, and the resultant /, is equal to the alge- 
braic sum of the forces, or #, = SF. 

Cor. 2. The component AN or NF; of the resultant /,, Fig. 3, in 
any direction is equal to the algebraic sum of the components of 
the forces in that direction. 

Cor. 3. Any number of forces acting upon the same point, 
whether in the same plane or not, can be reduced to a single result- 
ant force. For the resultant of any two is a force in their plane. 
This resultant can then be combined with another force, and so on. 

Cor. 4. If the algebraic sums of the components of the forces in 
any two directions, as AN and NF’, are zero, the points A and H's 
in the force polygon Fig. 3 coincide, and the resultant F’, is zero. 
The forces are then in equilibrium. 

Analytical Determination of the Resultant for Concurring Co- 
plana~ Forces.—We have evidently the same expressions for the 
magnitude and direction of the resultant for concurring forces 
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as for concurring accelerations (page 50, Vol. I, Kinemat- 
ics). 
y ‘Thus let any number of co planar forces, F1 
F,, etc., allact at the same point O. Take this. 
point as the origin and draw the rectangular axes. 
OX, OY in the plane of the forces. Let #1: make 
the angle a with OX, and (1 with OY; let 
make the angle a: with OX, and 42 with OY; 
and so on. 
.. Denote the algebraic sum of the horizontal components of all 
’. “the forces by #,, and the algebraic sum of the vertical components. 
2? of all the forces by Fy. Then 


UK Fr = =F cos a= Fi cos 4% + F2 cos «2 + Fs cos a; + ete. ; q () 
(> F, = =F cos 6 = F. cos (1 + F: cos 6: + Fs cos fs + etc. 3 
Ny “ If Ff, is the resultant and a, 6 the angles which it makes with 


the axes of x and y respectively, we have for the horizontal and 
vertical components of F’, (Corollary 2, page 59). 


F,.cosa = Fy; 
; < (2) 
F; cos b = Fy. 
Hence a 
va Lies 
cosa = —; 
i, oe . . - (3) 
eee | aa 
Oe 


Squaring and adding, since cos b = sina, and cos’ a + cos’?b = 1, 
Peay Ptr) eae ee (4) 


The equation of the line of direction of the resultant, when all 
the forces act at the origin, is 


Rely Mote ite = 


If the co-ordinates of the point at which the forces act are x’ and 
y’, the equation of the line of direction of the resultant is in general 


jars 
Via = 7 @— &). SPT ar) ie era, A (6) 


Equations (1) give the values of Fz; and Fy, b i i 
Pep and i teone oy aan . oe eae 

The algebraic sums in (1) are found by taking components act- 
ing towards the right or upwards as 
positive, towards the left or downwards 
as negative (page 58). 

Analytical Expression for the Magni- 
tude and Direction of the Resultant of 
Any Number of Concurring Forces not in 
the Same Plane.—Let F., F2, Fs, etc. 
be any number of forces all acting at the 
same point O. Take this point as the 
origin for three rectangular axes OX, 
Cee Bas F, make the angles a, 

1, ¥1 Wi nese ax i 
F, make the angles az, 62, ¥2, and so on. 2 Ose ee eae 


\ 
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Denote the algebraic sum of the components of all the forces 
along OX by Fx; along OY by Fy; along OZ by Fz, Then 
Fy = =F cos a = F cos a1 + F: cos @: + Fy cos as + ete; ” 
Fy = =F cos 6 = F, cos #1 + F. cos £1 + Fs cos 63 + ete.; $- WM 
Fz = =F cosy = Ficosy: + F2 cos v2 + Fs cos ys + ete. 


If F’, is the resultant and a, b, ¢ the angles which it makes with 
the axes of x, y and z respectively, we have 


F, cos a = Fy ; 
Pikcos 0 = Fy te Sts resent (e) 
F,-cos¢ = Fy. 
Hence “ 
Fy. 
a, 
_ By. e 3 
cos ae (3) 
cos ¢ = —. 


Squaring and adding, since cos’ a + cos’? b + cos?¢ = 1, we have 
i MB By oe Be: . . . . . . . (4) 


The equations of the projection of the resultant upon the planes 
of ZX, YX and YZare 
Fy Fy F; 
en Say eS =p 
Rea ee Ey 
Hence from (3) we have for the equation of the line of direction 
of the resultant, when all the forces act at the origin, 
Eee ee i 8 rea keyed ben i 
cosa cosb cose’ Hien Pike 
If the codrdinates of the point at which the forces act are a’, 
y’, z', we have for the equation of the line of direction of the result- 
ant in general 


C= 


(5) 


e—-vw y-—y 2-2 Re Ot PY ee 


cosa cosb cose’ Fr Fy Be 


When z and F, equal zero, these equations reduce to the equa- 
tions of the preceding Article for co-planar forces. 

The algebraic sums in (1) are found by taking components acting 
towards the right along OX, or upwards along OY, or in the direc- 
tion OZ as positive. The opposite directions are negative. 

Conditions of Equilibrium for Concurring Forces.—A point is in 
equilibrium when its acceleration is zero. In order that the accel- 
eration may be zero, the resultant force acting upon the point must 
be zero. Hence, the vanishing of the resultant is the necessary and 
sufficient condition for equilibrium of any number of concurring 
forces. 1% 

We have then, in general, the algebraic conditions 


F,=— SF copa=0, Fy==2F cos 6=90, > HECOS Va—s0. 


(6) 
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That is, the algebraic sum of the components of the forces in each 
of any three rectangular directions must be zero. This is equiva- 
lent to saying that all the forces acting upon the point reduce to 
two forces equal in magnitude and opposite in direction. 

It is also evident that if any number of forces acting upon a 
point are in equilibrium, any one of the forces must be equal and. 
opposite to the resultant of all the others. : } 

*" Conditions for Equilibrium for Concurring Forces in Special 

Cases.—We obtain then the following obvious results from the 
condition for equilibrium of concurring forces, which will be found 
useful in special cases : 

(1) If two concurring forces are in equilibrium, they must be 
equal in magnitude and opposite in direction. . 

(2) If three concurring forces are in equilibrium, they must all 
act in the same plane. For the reswtant of any two must act in 
their plane and be equal and opposite to the third. 

(3) If three concurring forces are represented in magnitude and 
direction by the sides of a triangle taken the same way round, the 
resultant is zero and the forces are in equilibrium. 

(4) Hence, if three concurring forces are in equilibrium, each one 
is proportional to the sine of the angle between the other two. 

(5) If three concurring forces are in equilibrium and their direc- 
tions are represented by the sides of a triangle taken the same way 
round, their magnitudes will also be represented by the sides of 
that triangle, and vice versa. 

(6) If any number of concurring co-planar forces are represented 
in magnitude and direction by the sides of a plane closed polygon 
taken the same way round, they are in equilibrium. If their mag- 
nitudes are given by the sides of the polygon, their directions are 
also given by the directions of the sides. 

But if the directions only of the forces are given by the sides of 
the plane polygon, it does not follow that the sides of this polygon 
represent the magnitudes, because any number of plane polygons 
with parallel sides may be drawn, the magnitudes of the sides 
varying. 

(7) If three concurring forces in different planes are represented 
by the three edges of a parallelopipedon, the diagonal taken the 
opposite way round will represent the resultant in direction and: 
magnitude. This is called the parallelopipedon of forces. 


EXAMPLES. 


_ GC) Pind the resultant of forces of 7, 1, 1, 3 units, represented by 
lines drawn from one angle of a regular pentagon towards the other 
angles taken in order. 

Ans. 74 units. 


(2) Pand Q are two component forces at right angles, whose re- 
ee ish. Sis the resultant of R and P. If Q=2P what is 


Ans. S = 2P4/2, 


(3) Component forces P, Q, R are represented in direction by 
the sides of an equilateral triangle taken the same way round. Find 
the magnitude of the resultant. 


Ans, /P? + Q -- R? — QR — PR— PQ. 
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(4) Three component forces are represented by lines drawn from 
the vertices of a triangle to the middle points of the opposite sides. 
Show that the resultant is zero. 

(5) Three component forces are represented by lines drawn from 
the vertices A, B, C of a triangle to the middle points of the opposite 
sides, and have magnitudes equal to the cosines of the angles at A, 
Band Crespectively. Find the resultant. 


Ans. 4/1 — 8 cos A cos B cos C units of force. 


(6) The centre of the circumscribed circle of a triangle ABC is 
O, and the intersection of the perpendiculars from angular points 
on opposite sides is P. Prove that the resultant of forces repre- 
sented in magnitude and direction by OA, OB, OC wiil be repre- 
sented by OP. 

(7) Three forces are represented by the sides AB, AC, BC of a 
triangle. Show that the resultant has the direction AC and is 
represented in magnitude by 2AC. 

(8) ABCD is a parallelogram. From AB, AE is cut off equal to 
one third AB. Prove that the resultant of forces represented by AC 
and 2A D is equal to three times the resultant of forces represented 
by AD and AE. 

(9) Four forces of 24, 10, 16, 16 dynes act on a particle, the angle 
between the first and second being 30°, between the second and third 
90°, and between the third and fourth 120°. Calculate the resultant. 

Ans. 17.4 dynes. 

(10) A weight of 10 tons is hanging by a chain 20 feet long. 
Find how much the tension in the chain is increased by the weight 
being pulled out by a horizontal force to a distance of 12 feet from 
the vertical. 

Ans. By 2.5 tons. 

(11) A weight of 4 pounds is suspended by a string, and is acted 
upon by a horizontal force. If in the position of equilibrium the 
tension of the string is 5 pounds, what is the horizontal force ? 

Ans. 3 lbs. 

(12) A mass of 10 lbs. is supported by strings of lengths 3 and 4 
feet attached to two points in the ceiling 5 feet apart. What is the 
tension of each string 2 

Ans. 8 lbs. and 6 lbs. 

(13) A particle is acted on bya force whose magnitude is un- 
known, but whose direction makes an angle of 60° with the horizon. 
The horizontal component of the force is 1.35 dynes. Determine the 
total force and its vertical component. 

Ans. 2.7 dynes and 2 34 dynes. 

(14) Three forces proportional to 1, 2, 3, act on a point. The 
angle between the first and second is 60°, between the second and 
third 30°. Find the angle which the resultant makes with the first. 

Ans. About 67°. 

(15) Three cords are tied together at a point. One is pulled in a 
northerly direction with a force of 6 pounds, and another in an. 
easterly direction with a force of 8 pounds. With what force must 
the third be pulled in order to keep the whole at rest? 


; 3 
Ans. 10 pounds, at an angle with the horizon whose tang = rt 
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(16) If Pand Q are two concurring forces and the angle made 
by their Uae Be is 6, find the magnitude of the resultant R when 
6=(VJ0andé=7. 

Ans, (P+ Q) and (P — Q). 

(17) Find R when P = Q and 9 = 60°, 135°, and 120°. 


Ans. R= PY3; R= PV2— V2. R=P. 


(18) If three concurring forces 3,4. and 5 are in equilibrium, find 
the angle between the first two. 
Ans. 90°. 


(19) If P=6, Q=11, units, and the angle between P and Q is 30°, 
find the resultant R, and the angle between Pand R and that be- 
tween Y and R. 

Ans. Rk = 16.47 units; 19° 80’; 10° 30’. 


(20) A cord is tied round a pin at the fixed point A, and its two 
ends are drawn in different directions by the forces Pand QY. If — 
the pressure on the pin is a 3 v 


, find the angle 6 between the forces. 


2PQ — XP? + Q) 
8PQ 


(21) A cord whose length is 2l is tied to the points A and B in 
the same horizontal line, whose distance ts 2a. A smooth ring upon 
the cord sustains a weight W. Find the tension in the cord. 


Ans, 7 = cela a 


e- 
Vote 


(22) Given the four concurring forces Ff. =1, F2=2, Fs =3, 
H,=4, and the angles Fi l3;=— 90>) Fah. — 90 0nd Haha — Oe 
Find the magnitude of the resultant and its inclination to F:. 

Ans. R = 6.889; 102° 16. 


Ans. Cos 6 = 


(23) Two rafters making an angle of 120° support 112 lbs. at the 
apex. Hind the compressive force on each rafter. 
Ans 112 lbs. compression. 


(24) Resolve a force of 120 lbs. into two rectangular components, 
(a) of which one is 75 lbs.; (b) one of which makes an angle of 34°77 3” 
with the resultant. 

Ans. (a) 93.65 lbs. making an angle of 38° 40’ 56”.25 with resultant. 

(6) 99.843 lbs. adjacent to the given angle and 67.306 lbs. 


(25) The mutually rectangular forces of 35, 67 and 98 lbs. act on 
a point. Determine the magnitude and direction of the resultant. 

Ans, 128.766 lbs. making angles of 73° 34’ 24", 57° 18’ 80”, 87° 88’ 42” with 
the forces respectively. 


(26) A force. of 550 lbs. acts on a point. Resolve it in three rect- 
angular directions, (a) when two of the components are 100 and 230 
lbs.; (b) one of the components is 120 lbs. and the given force makes 
with oe of ne se two .components the angle 15° 6’ 14”: (c) the 
given force makes with two of the components the an > 13! 19” 
LS BRAT p gles 87° 13’ 12 

Ans. (a) 489 49 lbs., angles 79° 81’ 27", 65° 16’ 49” and 27° 7! 43” 2 
Ibs., angle 77° 23' 51”; 531.02 lbs., angle 15° 6’ 14’: 78,2 lbs. menue Ss oo 
with resultant. (¢) 445.7 lbs., 321.06 lbs., 26.676 Ibs. os a 


1 
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(27) A force in space makes with the three co-ordinate axes the 
angles a, 6, y. Show that (page 12, Vol. I, Kinematics) 
cos? a+ cos? 6 + cos? y = 1; 
cos 2a + cos 26+ cos2y = —1; 
cos (@ + 3) cos (a — f) 4+ cos? y = 0. 
(28) Two forces acting on a point make the angle «, and make 


with the co-ordinate axes the angles a, Pi, ¥1, and ax, Bro, v2. 
Show that 


COS € = COS Q, COS @_ + cos fF; COS fy + COS 71 COS Vo. 


(29) Three forces P, Q, R, acting on a point O, are inclined at 
angles a, 2, y toa given line passing through O. Kind the magni- 
tude and direction of the resultant. 

Ans. If 6 is the inclination of the resultant to the given line, 


Psine+ Qsinf+Hsiny 
Poosa+ Qcos f+ Reosy’ 


tan 6 = 


and the resultant is the square root of 
P? 4+- Q + FB? + 2QK cos (6 — vy) + 2kRP cos (vy — a) + 2PQ cos(a — f). 


(80) Three forces, each equal to P, act at a point O in«directions 
OA, OB, OC ; the angle AOC being a right angle, and the line OB 
bisecting the angle AOC. Find the magnitude of the resultant. 


Ans, P+ #2) making an angle of 45° with OA. 


(31) A force P.is applied at the hinge A of the knee-joint BAC, 
making the angle a with AB and AC. Show that 


B 

rp lle the pressure at Cand Bis P tan a, and that if 

a P= 50 lbs.and a=15°, 35°, 65°, 85°, 90°, the press- 
Cc ure is 6.7, 17.5, 53.6, 285.75 lbs. and o. 


(82) A force P is applied to the compound 
knee-joint shown in the accompanying figure. 
Show that the pressure exerted at B, C and 


fase MORE: <P tan « tan pf. 


(83) Find the resultant for a system of 
eight forces acting upon a point, given as follows : 


Hy =") Wbs.5° a, = 63°27, (8; = 48°36), 77, acute; 
F, = 801bs.; a, = 108° 44’, 6, = 67°18’, vy. obtuse; 
ia 90 lbs)5 as — TO e 65 147512) ea, obtuse: 
ial SOS ascend Gta Se Loi ano eee g Opt Ee 
ge==0 Oi US es (Qs —— 00) io, 90s = OD (Ome yes Actes 
Hew—os IDShe oi 145 ie Os == (Sa 8 8 7g Acuies 
i = OoDSss a7 —= 620105) == 149298) 77, acute: 
Hs = 140 lbs:5) Ge = 123° 58, 6, = 127° 56’, 925 obtuse, 


II 


Ans, The angles y can be found (page 12, Vol. I, Avnematics) from 
cos (a + f3)cos(a — f) + cos? y = 0. 


24.898 


SECOS Gs-— or a= 86° 10’ 36”; cos 0 = 35-— 


24.35 ) 290 t 
365.84’ . ? 365. 365.84 
or ¢= 52° phe 


__ 221.295 
365.84" 
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STATICS—PARALLEL FORCES. 


NON-CONCURRING FORCES. MOMENT OF A FORCE. LINE REPRESENTATIVE 
OF MOMENT OF A FORCE. RESOLUTION AND COMPOSITION OF MOMENTS. 
TWO NON-CONCURRING CO-PLANAR FORCES. TWO PARALLEL FORCES. 
MOMENT OF A COUPLE. LINE REPRESENTATIVE OF A COUPLE. COM- 
POSITION AND RESOLUTION OF COUPLES. CENTRE OF PARALLEL FORCES. 
PROPERTIES OF CENTRE OF MASS. CONDITIONS OF EQUILIBRIUM FOR 
PARALLEL FORCES. 


Non-concurring Forces.*—In the preceding Chapter we have 
considered concurring forces, that is, forces which act at a common 
point. We shall now consider non-concurring parallel forces, that 
is, parallel forces which act at different points of a rigid body. 

Moment of a Force.—Since force is proportional to the acceler- 
ation it causes, the moment of a force relative to any point or axis 
is defined precisely like moment of acceleration (page 60, Vol. I, 
Kinematics). : 

Hence the product of the magnitude of a force by the magni- 
tude of the perpendicular let fall from any given point. upon.the 
direction of the force gives the magnitude of the moment of the 
force relative fo that point. 

The point is called the centre of moments. The perpendicular 
is called the lever-arm of the force. 

The unit of moment of a force is then one poundal-foot, or one 
poundal with a lever-arm of one foot, or in gravitation units one 
pound-foot, or the weight of one pound with a lever-arm of one 
foot 

The same conventions as to sign are adopted as for moment of 
acceleration (page 60, Vol. I, Kinematics). Thus rotation counter- 
clockwise is positive (+) and clockwise negative (—). 

The same principles must evidently hold for the moment of a 
force as for the moment of its acceleration. Hence = 

A force may be considered as acting at any point in its line of 
direction. ; 

The_algebraic sun of the moments. of any number of forces is 
equal to the moment of their resultant (page 62, Vol. I, Kinematics). 
~—Hine Representative of Moment of a Force.—Since the moment 
of a force has thus magnitude and direction,-it-is.a_veetor-quantity 
and can be represented by a straight_line like moment.of acceler- 
ation 


* The student should constantly refer in this portion of the work to the 
references in the text to Kinematics of a Rigid System (page 169, Vol. I), and if 
he has omitted that portion of the work should now take it in connection with 
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Thus the line AB represents by its length the magnitude of the 

gp moment. The plane of rotation is at right angles to 

this line. The direction of rotation is clockwise in 

this plane when we look in the direction of the arrow. 

A When we speak of direction of a moment we mean 
the direction of its line representative. 

Resolution and Composition of Moments.—The principles of pages 
35, 36, Vol. I, Kinematics, hold good then for force moments as well 
as for acceleration moments (page 62, Vol. I, Kinematics), and we 
have the triangle and polygon of moments. 

The signs of the line representatives of bf 
the components along the axes of X, Y, Z 
of a force moment follow the same rule as 
for components of acceleration (page 62, 
Vol. I, Kinematics). Hence components in 
the direction OX, OY, OZ are positive (+), 
in the opposite’directions negative (—) If 
then we look along the line representatives 
of the components towards the origin O, 
the rotation is always counter-clockwise. 
Therefore rotation from X towards Y, Yto- 4 
wards Z, Ztowards X is positive, in the opposite directions negative. 

For polar co-ordinates directions away from the pole are positive, 
towards the pole negative. 

Evidently, then, we measure angles in the plane X Y, around 
from OX towards OY; in the plane YZ, around from OY towards 
OZ; in the plane ZX, around from OZ towards OX, as shown by 
the arrows in the figure. 

Resultant of Two Non-concurring Co-planar Forces.*—Let the 
two forces #1, /. act in the same plane at the points A, B of a 
rigid body, Fig. 1, in different directions, and let OF, be the direc- 
tion of the resultant L’,. 


Fie. 2, 


NSS As ad teers 
Fz: x 


Take a point P anywhere in the plane of the forces and draw 
the lever-arms Pni=p:, Pr2a=pr, Pn=r. 

‘Then, since the moment of the resultant with reference to any 
point is equal to the algebraic sum of the moments of the compo, 
nents, we have in general 


Myr = Fyp. + Fp. oe Wee eer ye Oh ay ed C (1) 


{Regard must be paid to the signs. Thus if the forces are as repre- 
sented in the figure, we have + Fipi — F.po.| 


_* Compare page 179, for concurring angular accelerations, Kinematics of & 
Rigid System. 


\ 
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Since this holds good wherever we take the point P in the plane, 
let us suppose the point P at the intersection O of the given torces. 
For this point, the lever-arms p: and jp. will be zero, the moments 
Fip: and F:p, will be zero, and hence F7 must be zero, or the 
lever-arm 7 is zero. We can therefore take the point O as the com- 
mon point of application of #, and #. and the system reduces to 
i forces acting at the point Oor to a system of concurring forces. 

ence— = 
_-hy A force acting at any point of a rigid body can be considered 
as acting at any point in its line of direction. a 
(2) The resultant of two non-concurring co-planar forces lies 4g 
the plane of the forces and passes through the point of intersection 
the forces. 
Position of the Resultant. — Draw the line AB intersecting the 
resultant F; at the point C. 

Let « be the angle of /; with AB, and a the angle of F. with 
AB. If we take moments about the point C, we have for the lever- 
arm of #7, AC sin a, and for the lever-arm of F., BC sin a. 
From equation (1), 


LEE AO Sin Gan SIO LOCUM, iy, 
But AC+ BC= AB. Hence 


= F,. AB sin a ROS F,. AB sin a 
| Figineas sta. F, sin m + Ff. sin a. 


AC (2) 


We thus know the position of the resultant in the plane of the 
forces. (Compare page 179, Kinematics of a Rigid System.) 

Magnitude and Direction of the Resultant.—The magnitude and 
direction of the resultant can now be found, precisely as for con- 
curring forces. ; j 

Thus if we lay off #1 and F’, in the force polygon Vig. 2, AF, 
gives the magnitude and direction of the resultant F’,. 

Take the rectangular axes OX and OY in the plane of the forces 
and let OX be parallel to AB. Let # make the angle a: with OX, 
and (£, with OY, and F. make the angle a: with OX, and (2 with 
OY. Denote the algebraic sum of the components parallel to OX 
by Ff, and parallel to OY by #y. Then the equations of page 61 
hold, and we have 


irate cos a1 + FF cos aa; ) 


7 ; (3) 
Fy =F; cos (1 + Fe cos pa. | 


[Regard must be paid to the signs. Thus in the figure F: cos az 


is positive, all the other terms are negative. | 
ni a the resultant / makes the angles a and b with the axes of x 


and y, we have 


(4) 


Squaring and adding, 
ee fe AP ed ek pe ae es ee CON 
In taking the summation indicated by (3), components in the 


direction OX or OY are positive, in the directions XO or YO nega- 


OG 6, is the angle of 7; with the resultant, and 6. the angle of Py 
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with the resultant, and § the angle between F1 and F:, we have di- 
rectly from the force polygon, Fig. 2, 


‘ Tab. os ; JOG en 
sin =>, sin 6, sin #2 = 57 sin &, Jo). om, Seed 


and 


Ea VFY + F2 + 2F.F) cos 9, ee es (7) 


where the (+) sign is used when 9 is less then 90°, and the (—) sign 
when 6 is greater than 90°. : } 
The tangent of the angle a which the resultant makes with AB 
or OX is 
7 By 


we 


(8) 


tan a= 


From (6) and (7) we can find the magnitude and direction of the 
resultant directly if 6is known. If a: and a are given, (3) and (5) 
give F’,, and (4) or (8) the direction. 

From (1) we have also 

Fp: + Fepe ; 
en eA We A 
pees (9) 


where regard must be had for the signs of Fypiand F.2p2:in any 
case. 


From (9) for any given point P, for which pi and p2 are known, 
we can locate the resultant by describing a circle with centre P 
and radius 7, and drawing F;- tangent to this circle in the direction 
given by (6). (Compare page 180, Kinematics of a Rigid System.) 

EXAMPLE.—Two forces F, = 20 lbs. and F, = 30 lbs. act at points A, 
B of a rigid body, in the directions shown in the 
figure. The distance AB = 2 ft. and the angles 
FLAB = 120°, FnBA =150°. Find the point of ap- 
plication C of the resultant, and its magnitude and 
direction. 


Fo) “Ans= Cos’ aq ==,sin 1, = 0.9, COS cq) SIN ok Coos 
6 = 90°. Hence 


30 x 2 x 0.5 
20 x 0.866 + 30 x 0.5 


Fy = — 200.5 +30 x 0.866 = + 15.98; 
Po tan @ = — a, = — 2.022. 
Fy = — 20 X 0.866 — 30 x 0.5 Tene 15.98 
Or BOF, = 638° 41’. 
F, = (15.98)? + (32.32)? = 36.05 lbs. 
We obtain the same result from equation (7) directly. Thus 
F, = 4/20? + 30 = 36.05. 

We also obtain from equation (6) 

30 


Therefore OCA = 180 — (60° +- 56° 19’) = 68° 41’, as before, 


AC= 


= 0.928 ft. 


sin 6; = 


= 0.832, or 6, = 56° 19’. 


Resultant of Two Parallel Forces.—This is but a special case of 
the preceding Article. Thus if two non-concurring forces are 
parallel, their intersection is at an infinite distance and a and 2 
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become equal, and §=0. We have from equations (5) or (7), page 


70, 
F.= Fi + Fa, 


where the forces Ff: and F: are to be taken with proper signs (+) 
in one direction and (—) in the opposite. From equation (2), page 
69, we have 


PF, F, 
SS =— . =—_—-, ae e . ° . il 
AC PF, AB, BC Fe. AB (1) 
Multiplying the first by /: and the second by Ff, we have 
7 Finn 816 
FF, AC=Fs.BC, or we a (2) 


To prove this independently, take C as centre of moments. 


Fy 


Then, whether the forces act in the same or in opposite direc- 
tions, we have 


Fyp, — Fup. = 0, or Fp: = Popa, 
where p: and p2 are the lever-arms. But from similar triangles 


Die a 

aa es Hence 
ieee 
Fs AC 

We see from (1) that the distances AC and BC depend only upon 
the magnitudes of #: and F’, and the distance AB between their 
points of application, and not at all upon the common direction of 
F,and F.. Therefore if the forces F,, Ff: are turned about A and 
B preserving their parallelism, or if the body is turned, the forces 
Ff, and Ff, having always the same direction and the same points of 
application, the resultant F/- will always pass through C. The point 
C is then the point of application of the resultant. 

Hence, the resultant of two parallel forces acting at the ex- 
tremities of a rigid straight line is in their plane and equal in 
magnitude to their algebraic sum. It acts parallel to the forces 
in the direction of the greater force, and its point of application is 
on the straight line or the straight line produced, and divides it into 
segments inversely as the forces. Or the products of the forces into 
the adjacent segments are equal. (Compare page 181, Kinematics 
of a Rigid System.) 

This principle is known as the “law of the lever.” 

If we take the centre of moments at B and at A, we obtain di- 
rectly equations (1). 

Cor. 1. When the forces act in the same direction, the result- 
ant lies within the components. When the forces act in opposite 
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directions, the resultant lies without the components and on the 
side of the larger. ; 

Cor. 2. When the forces are equal and opposite, Fi = 0. Also, 
from (1), AC =0, BC=~, or the resultant is zero and acts at an 
infinite distance. That is, two equal and opposite parallel forces 
cannot have a single force as a resultant. 7 

Such a system is called a force couple. (Compare page 182, Kine- 
matics of a Rigid System.) : 

Since the resultant is zero, there is no force of translation, and 
the effect on AB is to cause rotation only. All tendency to rotation 
can be referred to forces forming such couples. 

Moment of a Couple.*—Hrom the last corollary, we see that a 
couple consists of two equal and parallel forces acting in opposite 
directions at different points of a rigid body. | } ‘ 

The perpendicular distance between the directions of the forces 
is called the arm of the couple. 

The product of the arm by one of the forces is the moment of the 
couple. This moment represents tendency to rotation of the rigid 
body. 

Let the two equal, parallel and opposite forces, + Ff, —F, act at 

ails the points A and B of a rigid body. 

Draw any line CiabC, at right 

angles to the direction of the 

forces. 
Take any point C; on the left as 

a centre of moments. Then we 

have for the resultant moment 
2 about Cr. 2’. Cig — E( Gig. a0) 

EE 0: : : 
For any point C2 on the right, we have CH SCA eo) 


F? Ob — F(O:b + ab=— FF. ab. a eee 


For any point C between the forces, | 
—F.Ca—F.Cb=—F. ab. 


The minus sign denotes clockwise rotation. 

In general, the moment of a couple about any point in its plane 
is constant and equal to the product of the arm by one of the forces. 
(Compare page 186, Kinematics of a Rigid System.) A 

Cor. 1. A couple may be turned round in any manner in its 
own plane without altering its effect, the arm ab being unchanged. 

Cor, 2. A couple may be removed to any position in its own 
plane without altering its effect, the arm ab being unchanged. 

Cor. 3. A couple may be transferred to any other plane parallel 
to its own plane without altering its effect. 

Cor. 4. All couples whose planes are parallel and moments 
equal, are equivalent. 
~ Cor. 5. Any couple may be replaced by another which shall be 
equivalent and have an arm of any given length. 

Cor. 6. We have for any point C, the resultant moment 


F. Cia — F(Cia + ab). 


Ti Cha = , then, since ab is insignificant with respect to Cia, we 
have Fa — Fo =0. The algebraic sum of the forces or the result- 
ant force is also zero. The moment of a force is the algebraic sum 
of the moments of its components (page 67). The resultant there- 


* Compare page 186, Avnematics of a Rigid System. 


ee x 
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fore acts through any point where the moment sum of the compo- 
nents is zero. The resultant of a couple is therefore zero at an in- 
finite distance in any direction in the plane of the couple. This is. 
Cor. 2, page 72. 

Cor. 7. A couple cannot be replaced by a single force, but only 
by another equivalent couple. 

Cor. 8. A couple cannot be held in equilibrium by a single 
force, but only by another equivalent couple. 

Line Representative of a Couple.—A line perpendicular to the 
plane of a couple is called the axis of the couple. 

A couple can then be completely represented by a straight line. 
The length of the line represents the moment of the couple. The 
plane of the couple is at right angles to its line representative. The 
direction of rotation may be indicated by an arrow, so that looking 
along the line representative in the direction of the arrow, rota- 
tion is seen to be clockwise. Thus the line AB represents the mag- 
nitude of a couple causing rotation as indicated in re 
a plane at right angles to the axis AB. The line a ae 
representative coincides with the axis of rotation. _ 

A couple is thus a vector quantity, like displacement, velocity, 
acceleration, moment, force, and the same principles apply as to 
composition and resolution of forces. 

When we speak of the ‘‘direction of a couple” we mean the 
direction of its line representative. 

Composition and Resolution of Couples.—We have then the 
“parallelogram and polygon of couples.” 

When couples are in the same plane, or parallel planes, their 
line representatives are all parallel. (Hence the resultant of any 
number of couples in the same or in parallel planes equals the al- 
gebraic sum of the component couples) 

The resultant of two couples in different planes is given by the 
diagonal of the parallelogram constructed on the line representa- 
tives of the components, taken the other way round. , 

The resultant of any number of couples in different planes, the 
axes being all in the same plane, is given by the line which closes 
the polygon formed by the line representatives taken the other 
way round. / ‘ 

The line representatives can then be combined and resolved just 
like forces in general. rat 

The action of a couple acting upon a rigid body is to cause an- 

gular acceleration of the body about an axis perpendicular to its 
plane. 
: Centre of Parallel Forces.*—Let #1, #2, 1s, etc., be any num- 
ber of parallel forces acting at the Y 
points A, As, As, etc., of a rigid 
body. 

Then the resultant fF’. must be 
parallel to the forces and equal in 
magnitude to their algebraic sum, 
or 


In taking the summation, all 
forces in one direction are (+), 1n 
the opposite direction (—). 

Take any two of the parallel Z 
forces, as F,, F., and draw a line s 


8 Compare page 192, Kinematics of a Rigid System. 
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As through their points of application and produce it to intersec- 
ah I Richens Blane of ZX. Drop perpendiculars AiB,, AB» to 
this plane and draw the line KB:B, in this plane. | 

Now, from page 71, the resultant of 1 and FF. is Ri= Fi+ Fs 
and its point of application is at A on the line AiA2, such that 
F, _AsA 
Ea Arias 
Drop the perpendicular AB to the plane ZX. Then we have by 
similar triangles 
A.A BB 


AiA BBr 
Denote the distances A.B, A:B: by y, Y2 respectively, and the 
distance AB, or the ordinate of the point of application of the re- 


sultant Riof Fi and F:, by y:. Then we have by similar triangles 


BBY is 
BB. iy, — yr 
Hence 
Fy, Yo — Yi = Piyi + Foye 
—=2 4 or y= 
File Fah ry Uy ee 


In the same way for three forces f1, F:, F's we can combine 
the resultant R. of #1 and F, acting at the point A, with fs. We 
thus obtain for the ordinate of the point of application of the 
resultant of three forces 

_ Fy: =e Frys =e Fsys 
Qi Tek i a eee 

In general, then, for any number of parallel forces we have for 

the ordinate 7 of the point of application of the resultant 


— SKy 

=. 1 

=i @ 

In precisely similar manner, if we denote the distances AC and 


AD of the point of application of the resultant from the planes of 
YZand XY by « and z, we have 


= Sdiisy 
Oe ere . . . . “3° . . . (2) 
= ne 
2 = soit or) ede ne Pos pe om (33) 


Equations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel forces. 
This point is called the centre of parallel forces. 

We see that its position depends only upon the magnitude of 
the forces and the position of their points of application, and is 
independent of the common direction of the forces. 


Cor. 1. If z is zero, then z:, 22, etc., must be zero, and the paral- 
lel forces are co-planar and all lie in the plane XY. The centre is 
then given by (1) and (2). _ If z and y are zero, the points of applica- 
tion are all in the axis of X, and the centre is given by (2). (Com- 
pare page 192, Kinematics of a Rigid System.) If x, y and z are 
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zero, the centre is at the origin. If # and z are zero, the centre is 
a a axis of Y and the points of application are all in the axis of 
UG. 

Cor. 2. If a force equal and opposite to the resultant is applied 
at the centre of parallel forces, we have a system of parallel forces 
in equilibrium. 

Cor. 3. If a body has a motion of translation only, all the points 
of the body move in parallel paths with the same acceleration, if 
any, in the same direction at any instant. Let f be this common 
acceleration. Then if we consider the body to be composed of ‘an 
indefinitely large number of indefinitely small particles of mass 
Mi, M2, Ms, etc., the parallel forces on each of them are Fi = mif, 
FP, = mf, Fs = mf, etc. The total resultant force in the common’ 
direction is then 


R=mf+ mf + mf + ete. =f(im + ma + ms + ete.); 


or if the total mass M= m.: + mz + ms; + ete., 
Lei if 


Also, if the co-ordinates of the particles m:, m2, ms, etc., are 
(1, Yi, Z1), (H2, Y2, Z2), etc., and the co-ordinates of the point of 


application of the resultant are denoted by a, y, z, we have, since 
the moment of the resultant is equal to the algebraic sum of the 
moments of the components, 


Rx = fMx = mfar + mfx. + ete. = fSma, 


or 
Be Pere sl 8 no aD 
In the same way we have 
ge, JOG a ee) 
Bae (3) 


The point given by equations (1), (2) and (3) coincides with the 
centre of mass of the body (page 17). 

Hence, the centre of mass of a body coincides with the point of 
application of the resultant of that system of parallel forces which 
acts upon all the particles of a translating body ; that 1s, when each 
parallel particle force causes in the particle on which it acts the 
same acceleration in the same direction (page 18). 

Properties of the Centre of Mass.—We have then the following 
properties of the centre of mass: ; Paar 

1. The centre of mass coincides with the point of application of 
the resultant of that system of parallel forces which acts upon all 
the particles of a translating body. ; Pe 

2. Hence, inversely, if all the forces acting upon a rigid body 
reduce to a single resultant force acting at the centre of mass, the 
motion of the body is one of translation only. 

3. The algebraic sum of the moments of the masses (page 19) 
of all the particles with reference to the centre of mass is zero (page 
ila. 
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If, then, the origin of co-ordinates is taken at the centre of mass, 
we have 
sSmx=0, Smy=0, Smz=0. 


If polar co-ordinates are taken, and the pole is taken at the 


centre of mass, we have 


amr = 0, 


where r is the distance of any particle from the centre of mass. _ 

4. Since the attraction of the earth for a body at or above its 
surface, whose longest dimension is insignificant compared to the 
earth’s radius, is practically an equal and parallel force on every 
equal particle of the body, the weight of the body in such case acts 
at its centre of mass, and a body acted upon only by its weight has 
a motion of translation only. 

Hence the centre of mass is often erroneously called the ‘‘ centre 
of gravity ” (pages 18, 46). 

5. In all positions of a rigid body about the centre of mass, the 
weight then passes practically through the centre of mass, because 
changing the direction of a system of parallel forces does not, as 
we have seen (page 74), change the point of application of the re- 
sultant, provided the points of application of the forces and their 
magnitudes are unchanged. 

Hence if a rigid body free to move is supported at its centre of 
mass, it will be at rest in all positions about this centre, because in 
all positions we have two equal and opposite forces acting at the 
same point. 

We can therefore locate the centre of mass of a rigid body by 
suspending it successively in two different positions. The two di- 
rections of the suspending string relative to the body must inter- 
sect practically at the centre of mass, since in each case, if the 
body is at rest, the centre of mass must be vertically under the 
point of suspension. 

6. 1f a rigid body free to move is supported at a point vertically 
below the centre of mass, it will then be in equilibrium. But if the 
body be moved in any direction, however slightly, around the point 
of support, we shall have the weight of the body and the upward 
pressure on the support forming a couple causing the body to rotate 
. away from its former position of equilibrium. 

_A body in such a position is said to be in unstable equilib- 
rim. = 

If a rigid body is supported at any point vertically above the 
centre of mass, it will be in equilibrium also. If the body is moved 
in any direction however slightly around the point of support, we 
shall have a couple causing rotation towards the former position of 
equilibrium. 

A body in such a position is said to be in stable equilibrium. 

If the body is supported at the centre of mass, it will remain in 
equilibrium in any position about the point of support. It is then 
said to be in indifferent equilibrium. 

7. The centre of mass may lie outside the limits of the body, as 
for example in the case of a circular ring or a spherical shell. 

8. The motion of the centre of mass of a rigid body is the same 
as if the body were replaced by a particle of equal mass at the 
centre of mass, and all the forces acting upon the body were trans- 
ferred to this particle without change in magnitude or direction 
(pages 18, 83). 


ne 
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Resultant Force and Couple for any Number of Parallel Forces. 
—Take the axis of Y parallel to the com- % 
mon direction of the parallel forces F, 
f,, F's, etc., and let these forces be ap- 
plied at the points of a rigid body whose 
Pee are (H1, Yi, 21), (2, Ys, 2a), 
etc. 

Then the resultant will be the alge- 
braic sum of all the forces, or 


Sa) ee die Ey En camel aoe . (1) 


, all forces acting in the direction OY , 
being positive, and all in the opposite 4 
direction being negative in the algebraic sum. 


The point of application (a, y, z) of this resultant, or the centre 
of force, is given by 


— 2he — Sy — sz 
Coie Sree Sr 


Taking positive rotation in each co-ordinate plane as indicated 
in the figure from X to Y, Y to Z, Z to X, we have for the moment 
about the axis of X in the plane YZ 


Maem i a Big, al) ie em ee) 
and for the moment about the axis of Zin the plane XY 
ee Bes PG ee Sle ge eee) 


There is no moment about the axisof Y, or M,=0. The line 
representatives of these moments are positive in the direction OX 
and OZ, negative in the opposite directions. 

The resultant moment is then 


si) Ri i) PO) PO NA ere oes 1 ES) 


The line representative of the resultant moment makes angles 
d, e and f with’the axes of X, Y and Z whose cosines are given by 
Mz My M; 

Mi,’ COS € Ms. 0, cos f dae (6) 

Looking along this line representative towards the origin, the 
direction of rotation is always seen counter-clockwise. 

Equilibrium of a Rigid Body.—If a rigid body acted upon by 
any number of forces applied at different points is in static equilib- 
rium (page 58), all the forces must evidently reduce to two equal 
and opposite resultant forces acting in the same straight line. 
That is, the algebraic sum of the moments of all the forces about 
every point in space must be zero. Or, any one of the forces must 
be equal and opposite to the resultant of all the others and act in 
the same straight line with it. If any one of the forces is equal 
and opposite to the resultant of all the others, but does not act in 
the same straight line with it, we have molar equilibrium (page 
58). 

Conditions of Equilibrium of a Rigid Body acted upon by Paral- 
lel Forces.—If all the forces acting at different points of a rigid 
body are parallel, we have then for the necessary and sufficient 
conditions of static equilibrium: 


cos d = 


78 STATICS—PARALLEL FORCES. ~ [CHAP, II. 


1st. The algebraic sum of the forces must be zero, or 
SP =0,0 3 i See eee ee 


When this condition only is complied with, there is no resultant. 
force, or any one of the forces is equal and opposite to the resultant. 
of all the others, but does not necessarily act in the same straight 
line with it. We have then molar equilibrium. f 

2d. The algebraic sum of the moments of the forces with refer- 

ence to any two co-ordinate planes, paral- 

lel to the forces, must be zero. 
That is, if we take the common direc- 
tion of the forces parallel to the axis of Y, 
and take the origin O as the centre of 
moments, we have the resultant moment 

x M,= 0, or 

SHG = Oe > he) er 


When this condition only is complied 
with, there is no rotation about the origin 
O, or about any point in the axis OY. 

The resultant then coincides with the axis OY. If this resultant 
is not also zero, there can be no static equilibrium. If it is zero, 
then the 1st condition is also fulfilled, and we have the algebraic 
sum of the moments of all the forces about every point in space, 
equal to zero. 

In order, then, that there may be static equilibrium, both con- 
ditions (1) and (2) must be satisfied. 

Cor. 1. If equilibrium, molar or static, exists for any one direc- 
tion of the parallel forces, it will exist whatever the common direc- 
tion, provided the magnitudes and points of application of the 
parallel forces are unchanged. 

Cor. 2. If the parallel forces are co-planar, let their common 
plane be the plane of XY, and let their common direction be paral- 
lel to the axis of Y. 

Then we have for the conditions of equilibrium 


Po Ped ee A oe O pc GIN 
SES = 055 sate Gahan aes ory 


_ If the first condition alone is satisfied, we have molar equilib- 
rium. 

If the second alone is fulfilled, the resultant coincides with the 
cits) Olt WY, 

If both are fulfilled, we have the moment about every point in 
the plane zero, and hence static equilibrium. 


EXAMPLES. 


(1) Show that the centre of mass of the perimeter of a triangle 
cannot coincide with the centre of mass of the triangular area, ex- 
cept in the case of an equilateral triangle. 


(2) A. mass P at rest on an inclined plane is attached to one end 
of a string which passes over a pulley at the top of the plane and 
supports at the other end amass @. The pressure of the plane upon. 
Pis normal to the plane. Show that when Q is moved vertically 
the centre of mass of P and Q will neither rise nor fall. is 
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Ans. Let @ be the angle of the plane with the horizontal. Let the string 
make the angle @ with the plane. a 

The weight of P is the attraction of the earth for P. 
The tension of the string is the same as the weight of 
@. Since Pis at rest, the tension of the string Q, the 
weight P and the normal pressure JY are in equilibrium 
and concur at the centre of mass @. Let J be the length 
of the string, and z the length of that portion of it, Ce, 
between the body and the pulley, and y that portion of it, cQ, between the 
pulley and the body @. Then w+ y = J, no matter where the body Pis on 
the plane. The distance of the centre of mass of Pand Q below the pulley is 


then 
Px sin (a + B) + Qy 
Bae @ A 


where the (+) sign for # is taken when £ is above and the (—) sign when /, 
as in the figure, is below the parallel to the plane through C. 

But since P is at rest, the component of its weight parallel to Ce must be: 
equal and opposite to the tension of the string Q@. Hence Psin (a + £) = Q, 
and the distance of the centre of mass of P and @ below the pulley is 
Qe+y_ Qi 

vg Se dae 

(3) Three masses of 2, 3, 4 ounces respectively le in a straight 
line. The distance between the first and second is 10 inches, between 
the second and third 5 inches. Find the centre of mass. 

Ans. At the centre of mass of the middle mass. 

(4) Four masses of 1, 2, 3, 4 pounds are placed in order at equat 
distances one inch apart on a rod. Neglecting the rod, find the 
point at which they will balance. 

Ans.. At the centre of mass of the third mass, 

(5) At the corners of a square, taken in order, are placed masses: 
1, 3, 5, 7. Find the centre of mass. 

Ans. If s is the length of a side of the square, the distance of the centre of 


which is independent of the position of Q. 


mass from the side (1, 7) is 4 and from the side (5, 7) c 


(6) From a fixed horizontal rod are suspended a given number 
of equal masses by strings, the sum of the lengths of which is given. 
Find the distance of the centre of mass from the rod. 

Ans. If m is the number of masses and / the whole length of string used, 


‘ : ae) 
the required distance is a 


(7) Two masses support each other on two smooth inclined planes. 
by means of a fine string passing over the common vertex of the 
planes. If the masses are moved, show that the centre of mass. 
moves tn a horizontal line. 

(8) A solid right cone stands on a plane inclined at an angle 
of 30° to the horizon and is prevented from sliding. Find the 
height of the cone in terms of the radius of the base, in order that 
it may be on the point of overturning. 


Ans. 47 4/3. 


(9) A circular table weighing w lbs. has three equal legs at equt- 
distant points on its circumference. The table is placed on a level 
oor. Neglecting the legs, find the smallest weight which, placed. 
anywhere on the table, will just bring it to the point of overturning. 


Ans. w lbs. 
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(10) If the table has four legs at equidistant points, find the least 
weight that will upset it. 

Ans. 2.4w. 

(11) The centre of mass of a ladder weighing 50 lbs. is 12 ft. from 
one end, which is fixed. What force must a man apply at a dis- 
tance of 6 ft. from this end to raise the ladder ? 

Ans. 100 Ibs. 


(12) Two parallel forces, acting in the same direction, are 17 and 
33 lbs. respectively, and their points of application A, B ares ft. 
apart. Hind the resultant and its intersection C with the line AB. 
' Ans. Fy = 50 lbs. parallel to the forces 
A C= "5-28 tt. ee O= eae tte 


(13) Find the resultant and the point C when the forces in the 
preceding example act in opposite directions. 
Ans. #y = 16 lbs. in the direction of the larger force | 


POM Meanie, EKO Fes tea ite 


(14) Two parallel forces F, F2 of 12.5 and 25 lbs. act in the same 
direction upon two points. The resultant acts at a distance of 4 ft. 
from F.. What is the distance between the forces ? 

Ans. 6 ft. 


(15) Resolve a force F;-= 52 lbs. into two parallel forces acting 
in the same direction, F: and F.: (a) when the distances from F; are 
2 and 3 ft.; (b) when 1 = 20 lbs. at a distance of 2 ft. 

Ans, (@) F, = 31.2 lbs., My = 20.8 lbs. ; 

(6) fF, = 82 lbs. at a distance from Ff’ of 1.25 ft. 

(16) Resolve a force F = 20 lbs. into two parallel forces Fi, F2, 
one of which, F1, acts opposite to F.: (a) when the forces are distant 
from FF, 8 and 8 ft.; (b) when F% is 30 lbs. and distant from F’, 6 ft. 

Ans, (@) #7, = 12 lbs., # = 32 lbs. 

(0) #, = 50 lbs. at a distance of 3.6 ft. 

(17) A beam of length lis supported at its ends. Parallel forces 
1, Fs, Fs act upon it at right angles to its length, dividing the beam 
into the segments b, c,d and e. Hind the pressures R: and R: at the 
supports at the left and right ends, neglecting the weight of the beam. 

es RCS: ae 14+ Fe, G9 + ee ++ Fb 

(18) A table is supported by three legs at the points A, B, C. 
A load Fis placed upon the table at the point F. Find the press- 
ures on the legs. 

Ans, Let the upward pressures on the legs be F,, F., F3. Then 

Boop hy = 0. ee 

Let 7: be the distance of # from the line AQ, and h, the 
distance of B. Then, taking moments about AC, 

En. —— Fryhe = 0. ts a . * . 0 (2) 

Let m3 be the distance of # from the line AB, and hg the 
distance of @, Then, taking moments about AB, 


Fins — isle = 0. : . A 5 . A (3) 
From these three equations we have 
Fy, = he: 3 ies ’ i Thy 
Iie hs hy 


where 7, is the distance of # from BC, and h, the distance of A. 


CHAP, II. | EXAMPLES, 81 


If the sides of the triangle ABC are a, b,c, and the angles BFC, CFA, 
AFB are a, , y, and the distances of F from A, Band Care p, gand7, we have 


_ Fin _ ee RF gr sin cx 
Bae ee ee rail ~ grsin a+ prsin 6+ pqsiny’ 
gine 


F, 


In the same way we can find 7, and Ff. If there are four legs, we have 
four unknown quantities and only three equations of condition, The problem 
is then indeterminate. 


(19) Find the resultant for a system of parallel co-planar forces 
given by 
F,=+ 88lbs, m=+25ft., y: = +18 ft; 


Fe A 0 he ey a 10 eg eT 
i —— BDives v3 =+15 & Ys = — 27 MG 
Pa- 2 me—8 yale 
Firat LATO Gm a tele O83 crmty Secwee Om 


Ans. 7; = +66 lbs, 2=+ 77.15 ft., y = — 36.82 ft. 

If the forces are parallel to the axis of Y, Mz = + 5091.9 lb.-ft. 

If the forces are parallel to the axis of X, Mz = -+ 2480.12 lb -ft. 

If we look along the line representative of the moment towards the origin, 
the rotation is seen counter-clockwise. 


(20) Find the resultant for the parallel-force system given by 


Hf, =-- 60 lbs). ar = 0; Yi 0} a = (ip 

ie SEY 8 tt = Se ii a eel “EERE ah iting 
Ho 00) V5 fs = +2 “ Ys = +3 “ 23 = +4 “ 
He Loe Cp SO oO Yee ae eg Sr 
eet) et ge) Oc eee cet Ome 


Ans. Fy = +90 Ibs, 2=+22ft., y=+38ft, 2=-+ 3} ft. 
If the forces are parallel to the axis of Y, we have 


Mz = + 315 lb.-ft., Mz = + 240 1b.-ft., Mh = 396 lb.-ft. 
The line representative making the angles with the axes of X, Y, Z given by 


315 1 240) 
cosd =F a0 cose = 0, cost = -F 2963 
or 
d = 822° 41’ 41", e= 90", Ff = 52° 41' 41”, 


If we look along the line representative towards the origin, the rotation is 
seen counter-clockwise. 


CHAPTER III. 


STATICS—NON-CONCURRING FORCES IN GENERAL. 


COMPOSITION AND RESOLUTION OF FORCES AND COUPLES. CENTRAL AXIS OF 
A FORCE SYSTEM. CONDITIONS OF EQUILIBRIUM OF A RIGID BODY. 
ANALYTICAL DETERMINATION OF RESULTANT FORCE AND COUPLE FOR 
ANY NUMBER OF NON-CONCURRING FORCES IN SPACE. EQUIVALENT 
WRENCH. THE INVARIANT. COMPOSITION AND RESOLUTION OF 
WRENCHES. 


In the preceding Chapter we have considered non-concurring 
forces when they are parallel, We shall now consider non-concur- 
ring forces in general, whatever their direction. 

Composition and Resolution of Forces and Couples.—Let a 
force AB = + Fact at any point A of a rigid body. 

If at any other point O of the body we introduce two equal and 
opposite forces, Ob = + Fand Oa = 
— F, each equal in magnitude to AB 
and parallel to it, the motion of the 
body is obviously unaffected by such 
introduction. We have then the 
force AB = + F acting upon the 
body at A, reduced to an equal and parallel force Ob = + F, acting 
at any point O we please, and a couple consisting of AB and Oa. 
The moment of this couple is the same for every point in its plane 
and equal to /’p, where p is the perpendicular distance between the 
forces AB and Ob (page 72). The action of this couple is to cause 
angular acceleration of the body about an axis perpendicular to its 
plane (page 72). 

Since the motion of the point O is not affected by the introduc- 
tion of the equal and opposite forces Ob and Oa, the axis of rotation 
passes through O. 'The motion of the body is therefore that of the 
point O at any instant, combined with rotation about the axis. 
through O, perpendicular to the plane of the couple. 

Hence (compare page 189, Vol. I, Kinematics), A force F acting 
at any point of a rigid body can be resolved into an equal and 
parallel force at any point O of the body at a distance p from the 
line of direction of F, and a couple whose moment is Fp, whose 
plane is that of the forces, and whose axis of rotation passes through 
the point O perpendicular to this plane. 

Conversely, The resultant of a force F acting at any point O of 
a rigid body and a couple whose moment is Fp and whose axis of 
rotation passes through the point O at right angles to the plane of 
the couple, 1s an equal and parallel force acting at a distance p in 
the plane of the couple. 

_ Cor. 1, Any number of forces acting at different points of a 
rigid body in different directions can then be reduced to a system 
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of concurring forces acting at any given point of the body, and a 
number of couples whose line representatives pass through that 
point. The forces can be reduced to a single resultant (page 58), 
and the couples can be reduced to a single resultant (page 73). 
Hence any number of forces acting at different points of a rigid 
body in different directions can be reduced in general to a single 
force & acting at that point and a couple whose line representative 
passes through that point. The couple will vary with the point 
chosen. The force is the same no matter what point is chosen. 
Cor. 2. This resultant force R and couple whose moment is Rp 
can again be reduced to a single resultant equal and parallel force 
F at the distance p in the plane of the couple. 
If this single resultant force R passes through the centre of mass, 
every point of the body has the same acceleration f in the same 
direction and the motion of the body is one of translation (page 


75). The single resultant force is then R = fm, or es See 


where =m is the mass of the body. 

If this resultant force R does not pass through the centre of 
mass, it can be reduced to an equal and parallel force R = f=m 
which does, and a couple whose plane is that of the forces and 
whose axis of rotation passes through the centre of mass. This 
couple then does not affect the acceleration of the centre of mass, 
which is therefore in both cases in the same direction and equal 


Therefore, when a rigid body is acted upon by any number of 
forces applied at different points and acting in different directions, 
that is, whatever the motion of the body may be, the motion of the 
centre of mass is precisely the same as if the body were replaced by 
a particle of equal mass at the centre of mass, and all the forces 
were transferred to this particle without change in direction or 
magnitude. 

Central Axis of a Force System.—Any number of forces acting 
at different points of a rigid body in different directions may be 
reduced to a single force and a couple whose axis is in the line of 
action of the force. 

Let OR be the line representative of the force R, and OM the 
line representative of the couple M, passing 
through O, to which, as we have seen, any 
number of forces acting upon a rigid body 
may be reduced. Resolve OM into the com- 
ponents ON at right angles to OR, and OC 
along OR. The couple represented by ON can 
be replaced by the equal parallel and opposite _*, 
forces — R at O and + RF at a point O., the 
distance OO: being perpendicular to the plane of ON and OR and 


equal to a Then — Rand + Rat O balance, and the system is 


reduced to R at O. and the couple represented by OC, whose axis 
is parallel to R (compare page 191, Vol. I, Kinematics of a Rigid 
System). The couple represented by OC causes rotation of the 
body about the axis OC with a certain angular acceleration «, and 
therefore O: has the acceleration of translation OO. . a. 

But (page 190, Vol. I, Kinematics of a Rigid System) an angular 
acceleration « of a rigid system about any axis can be resolved into 
an equal angular acceleration about a parallel axis at any distance 
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OO, and an acceleration of translation OO..« in a direction at 
right angles to the plane of the axis. The axis through O can 
then be shifted to O:. The entire system of forces reduces then 
to the resultant force R at O. and a couple whose axis is in the line 


When this reduction is made, the line of action of the force is 
called the central axis of the force system, or Pointsot’s central axis. 
(Compare page 191, Vol. I, Kinematics of a Rigid System.) 

Sir R. S. Ball has given the name wrench to the resultant force 
and couple to which a given system of forces may be reduced when 
the line of action of the resultant force is the central axis. 

Cor. 1. Since OM is always greater than OC, it is evident that 
the magnitude of the resultant couple is less when its direction is 
that of the central axis than when it has any other direction. 

Cor. 2. If gis the angle between R and WM, then denoting ON 
by N, and OC by C, 


N Msing 
00: = p=—p_p- C= Moos &, . 
and this value of C gives the least value of the resultant moment. 
This is called Pointsot’s moment. 

Conditions of Equilibrium of a Rigid Body.—We have proved 
in the preceding Article that any forces acting on a rigid body can 
be reduced to a single resultant force R and a couple whose axis is 
parallel to that force or whose plane is at right angles to it. 

In order, then, that static equilibrium may exist, R must be zero 
and the moment of the couple must be zero. Or, as we have stated 

R (page 77), all the forces must evidently reduce 

B to two equal and opposite forces acting in the 

same straight line. Hence, the algebraic sum 

of the moments of all the forces about every 

A point in space must be zero. Any one of the 

forces, then, must be equal and opposite to the 

resultant of all the others and act in the same straight line with it. 

If any one of the forces is equal and opposite to the resultant of all 

the others, but does not act in the same line with it, we have molar 
equilibrium (page 58). 

We have then two necessary and sufficient conditions for static 
equilibrium :* 

1st. The algebraic sum of the components of all the forces in each 
of any three rectangular directions must be zero. 

If the forces #1, H., Fs, ete., make the angles (a1, f:, 71), 
(@2, (2, %2), etc., with the co-ordinate axes, then we must have 


v= 1 cos a1 + F2 cos a2 + etc. = SF cos a=0; 
Fy = Fi cos 61 + F2 cos 62 + ete. = SFicos6@=0; +. . () 
Ff, = F: cos v1 + F. cos yz + ete. = SF cos y = 0. 


When these equations only are complied with, there is no re- 
sultant force and any one of the forces is equal and opposite to the 
resultant of all the others, but does not necessarily act in the same 
line with it. We have then molar equilibrium. 

2d. The algebraic sum of the component moments in each of any 
three given planes at right angles must be zero. 


* Compare page 199, Vol. I, Kinematics of a Rigid System. 
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Tf (@1, Yi, 21), (a2, Yr, Z), etc., are the co-ordinates of the points 
as application of the forces #1, F2, etc., Y 
en 


Mz = =F y cos y — SFz cos 6 = 0; | Fos NG 
\ 


nee Feos w 


My = =F2z cos a — SFx cosy =0; } (2) Me 
Mz = =F xcos 6 — SFy cos a =0. 


_ The figure shows the direction of posi- 
tive rotation in each plane and of positive 
components #’ cos a, Ff’ cos 4, F' cos y. 

When these equations only are satis- 
fied, there is no rotation about the origin O. The resultant then 
passes through O. 

If this resultant is not also zero, there can be no static equilib- 
rium. If it is zero, then the 1st condition is also satisfied and we 
have the algebraic sum of the moments of all the forces about every 
point in space equal to zero 

In order, then, that there may be static equilibrium, both condi- 
tions (1) and (2) must be fulfilled. 

Cor. 1. If the forces are all co-planar, let XY be their plane. 
Then z=0, cos y =0, and the general conditions of static equilib- 
rium become 


ote at ea (1) 
Fy = =F cos 6 = 0; 
Ms COR — 22 COS dea On en sen en ee) 


That is, 

ist. The algebraic sum of the components of the forces in each of 
any two rectangular directions in the plane of the forces must be 
zero. 

2d. The algebraic sum of the moments of the forces about any 
point in this plane must be zero. 

If the first condition only is satisfied, we have molar equilib- 
rium. 

If the second only is satisfied, there is no rotation about the axis 
OZ. The resultant then coincides with this axis. 

When this resultant is also zero, we have the algebraic sum of 
the moments of the forces about every point in the plane zero; both 
conditions are satisfied and there is static equilibrium. 

Cor. 2. If three non-concurring forces acting at different points 
of a rigid body are in equilibrium, their lines of direction produced 
must intersect in a common point and the forces must be co-planar. 

For the resultant of any two must pass through their point of 
intersection and lie in their plane The third force must be equal 
and opposite to this resultant and act in the same straight line. _ 

Cor. 3. If the forces are parallel, take their common direction 
parallel to the axis of Y. Then cos a=0, cos y=0, cos 6=1, 
F,=0, fF, =0, Fy= =f, and we have 


ll Aes pe Siar eel aA amor Ce sin, oa OY) 
Se Se ee a aes ee ee ae ae 


That is, 
1st. The algebraic sum of the forces must be zero, 
2d. The algebraic sum of the moments of the forces with reference 
to any two co-ordinate planes parallel to the forces must be zero. 
These are the same conditions given on page 78. 
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If the first condition only is satisfied, we have molar equilib- 
rium. If the second condition only is satisfied, the resultant 
passes through the origin and coincides with the axis of x. 

Cor. 4. If the forces are parallel and co-planar, let their common 
plane be the plane of XY, and-let them all be parallel to the axis of 
Y. Then we have : 


SF=0;-. - rr 


LSPo-= 020 2 on le Bee ee 
That is, 7 

1st. The algebraic sum of the forces must be zero. 

2d. The algebraic sum of the moments of the forces about any 
point in their plane must be zero. 

Analytical Determination of Resultant Force and Couple for Any 
Number of Non-concurring Forces in Space.—(Compare page 197, 
Vol. I, Kinematics of a Rigid System.) Let any number of forces 
F,, F:, Fs, ete., acting at different points of a rigid body be given 
by (1, Ys, 21), (H2, Yx, 22), ete., the origin being taken at some point 
of the rigid body. Let /: make with the co-ordinate axes of X, Y, Z 
the angles (a1, (1, v1) respectively; /., the angles (a2, G2, v2), etc. 
ae we have for the algebraic sum of the components parallel to 

€ axes 


Fy = F:icos a + F2cosa. +... = SF cosa; ) 
Fy = F cos #1 + Fs cos fo + ... = SF' cos 6; Lae cand) 
eB; con SET eon ee 


Resultant Force.—If the resultant F; makes the angles a, b, ¢ 
with the axes, we have ; 


F,cosa=F,, Frcosb=Fy, F,cosc = Fz, 


and hence the direction cosines are given by 


Fy F, viy 
cos a BR cos ram cos ¢ 7 (2) 


Squaring and adding, since cos’a@ + cos? b + cos?e = 1, 


Fe= (Fo fp 


The magnitude and direction of the resultant force are thus 
determined. 

anaes are precisely the same equations as for concurring forces, 

page 60. 

Resultant Couple.—We can resolve each force, F., F2, ete. ( page 

Y 82), into an equal and parallel force 

acting at the origin O, and a couple 

causing a moment about O. Each 


Feos /3 | Feos (3 \-b couple can be resolved into component 
couples in the planes XY, YZ, ZX. 
if Feosa Taking, then, positive rotation as 


indicated by the figure in each plane, 
we have for the component moments 
in each plane about each axis (compare 
page 198, Vol. I, Kinematics of a Rigid 
System): 
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about axis of X 
ie plane: YZ. (Me = 2Fy cos y — =F zcos 6; 


—S 


about axis of Y 
iplene oe (My, = SFzcosa—SFxcosy;}: - @ 


about axis of Z 
ipiene Mz = =F x cos 6 — SFy cos a. 


The moment of the resultant couple is then given by 
Mie Me MP Me oa ee a) 
and its direction cosines are given by 


M M, M; 
- d es) oe = Se — ae . . . 
cos M,’ cose UM’ cos f i, (6) 


The axis passing through the origin is thus known in direction. 
The line representative coincides with this axis and is given in 
magnitude by (5). Looking along the line representative towards 
the origin, the direction of rotation is seen counter-clockwise. 

: The magnitude and direction of the resultant couple are thus 
csnown. 

We have thus reduced the forces acting upon the body to a re- 
sultant force F; acting at any point of the body taken as the origin 
O and a couple whose moment is M,, The resultant force F is the 
same in magnitude and direction whatever point be taken. The 
moment M, depends upon the point. 

If r is the lever-arm of the resultant with reference to the origin 
O, we have 
_ Mt 

FP," 


Conditions of Equilibrium.—If the body is in static equilibrium, 
we must have 


Hie 0: Hi 10s 0. and also Mz = 0, M, =0, We = 


We see from (8) that the first condition is fulfilled when /’, = 0, 
or the resultant force is zero. Therefore all the forces must reduce 
to two equal and opposite forces, or any one of the forces must be 
equal and opposite in direction to the resultant of all the others. 

We see from (5) that the second condition is fulfilled when 
M,. = 0, that is, the two equal and opposite forces must act in the 
same line. 

We have then for the equations of condition for equilibrium, 
from (1), 


Hop WV) OL ET 


SF cosa — 0; 
SWoos6=0; $2 + + # © ee ww @) 
EHECOS 709) 


and from (4), 
SFycos y — SFz cos 6=0; | 


=>Fzcosa—=Fxcosy = 0; 
>Fx cos 6 —SFy cosa=0. J 
If equations (8) only are fulfilled, the two opposite resultant 


forces pass through the origin O, but unless (7) is also fulfilled they 
are aot equal. onipace page 199, Vol. I, Kinematics of a Rigid 


TSO ee 
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System.) If (7) only is fulfilled, we have molar equilibrium (page 
58). These are the same equations as on page 85. 

Condition that there shall be a Single Resultant Force only.—If 
all the forces intersect at a single point, the moment at that point. 
is zero, and all the forces acting upon the rigid body reduce then 
to a single resultant force at this point. 

There is, however, one case in which the forces may not all 
intersect at a single point, and yet we may have a single resultant 
force. In this case all the forces must reduce to three, any two of 
which intersect, while the other, although it does not pass through 
their point of intersection, yet intersects their resultant. 

Thus let the resultant forces parallel to the plane XY, F’; and F,, 
intersect in a point A. We can then take them as acting at any 
point in the line of their resultant AC. Now suppose that the 

resultant force Fz parallel to the axis 

OZ intersects this resultant AC at B. 

Then we can take all three as acting 

at B, and thus have a single resultant 

force passing through B. 

Let a, y, 2 be the co-ordinates of 

the point B. Then considering F,, Fy , 
x , acting at this point, we have 

Mx = Fy = Fyz; 

If we multiply the first of these by /, the second by F,, and 
the third by F and add, we have (compare page 200, Vol. I, Kine- 
matics of a Rigid System) 

F'yMy Sia FyMy =F F.LM: = 0. . . . . . . (9) 

Equation (9) gives the condition which must be satisfied in order 
that all the forces may reduce to a single resultant. 

We have evidently for the projection of the line of this resultant 
on the co-ordinate planes 

By M; Fy M, F, M, 
yy =—a — — = 2g -— ee fe eee 
Oe Fa Ey our ma cee ig ee 

Co-planar Forces.—If the forces are all co-planar, take their plane. 

as the plane of Xa Then Bi 0, COs —_ 0, and, from equations (cli) 


Fy = Fi cos % + F. 008 a2 +...=SF cosa: 
Fy = F. cos fi + Ff. c0s fi: +... = SF'cos p; 
ioe 


and from equations (4), 
Mz=0, My=0, Mz = SFxcos p— Fy cos a. 


We see, then, that equation (9) is satisfied. Wh 
eae ere they reduce to a solid peat ae ed 
e equation of this resultant, if i 
taste nt, if the plane of the forces is the 


The magnitude of the resultant is 
IB = VF? + Fy}. 
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The resultant moment is Mz; and if r is the lever-arm of the 
resultant with reference to the origin, 


Parallel Forces.*—If the forces are all parallel, we have a, WO), ge 
constant for all the forces. Hence from (1) and (2) 


Fy, = cos eSF = F, cos a; | 
fy = cos B2F = F, cos b, 


5 gS a (CKO) 
FF, = cos y2F' = F; cos ¢. j 
The resultant #; must have the common direction of the par-: 
allei forces, or 


Cia, VO b. Cae and a High 


That is, the resultant F’, is equal to the algebraic sum of the forces 
and is parallel to them. 

If we transfer the origin to any other point of the body whose 
co-ordinates are x, y’, z, we have from (4), by putting y—y, 
“x —x,2-—2z2 in place of y, x, z, and taking a, 6, 7 constant, 


My, = cos y2F({y—y’) — cos BX F(z — 2’) = cos y[2Fy—-y'=F]— cos A[S Fz —2/=F); ] 
My, = cos a2 F(z —2')— cos y2 R(x —x') = cos al 2 Fz ~—2/2F']— cos y[2Fe— 2/SF]; }, (11) 
MM, = cos B2F(x—a")— cos a2 My —y’) = cos B[2Fx—2'=F]- cos a[SFy— y’SF]. \ 


If we substitute (11) and (10) in equation (9), we see that equa- 
tion (9) is satisfied. All the forces reduce then to a single resultant 
force. The point of application of this force is given by the values 
of a’, y, 2 which make Mz, M,, Mz zero. Hence the co-ordinates 


of the point of application of the resultant force are 
=a ee aly az 
si eae tee ZF 


This point is the centre of parallel forces (page 73). 

Equivalent Wrench. —(Compare page 201, Vol. I, Kinematics of a 
Rigid System.) We have seen (pages 838, 86) that all the forces act- 
ing upon arigid body may be reduced to a resultant force F’, acting 
at any point of the body taken as the origin and a couple M, causing 
rotation about an axis through that point. The resultant force 

7, is the same in magnitude and direction no matter what point is 
taken. The couple M, varies with the point. We have also seen 
(page 83) that this force and couple can be reduced to the resultant 
force F, at a certain point and a resultant couple c, whose axis is 
in the line of direction of F;. The name wrench is given .to this 
resultant force and couple; the axis is the central axis; the mag- 
nitude of the resultant force F’ is called the intensity of the 


wrench; the ratio of the moment c, to the force Ff, or ae 18 


c= Z= (12) 


B 
evidently a linear magnitude and is called the pitch. It is the 
lever-arm of the couple which gives the moment c, when the forces 


of the couple are equal to F’,. 
A single force may thus be regarded as a wrench of zero pitch, 


a couple alone as a wrench of infinite pitch. 


* Compare page 200, Vol. I, Kinematics of a Rigid System. 
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(1) The resultant force along the central axis is given by (3) 
i= V Fx? + FF de Jae. 


(2) The direction-cosines of the central axis are given by (2) 


Fx Fy Fy 
=== 6=—, osc=—. 
COs @ ia cos F. Cc FP. 


(3) The moment at every point resolved in a direction parallel 
to the central axis must be the same and equal to that in the direc- 
tion of the central axis. Let c, be the resultant moment along the 
central axis and let its components along the co-ordinate axes be 
Cx, Cy, Cz. E 

Take any point for which Fy, Fy, Fz and Mz, M,, Mz are given 
as the origin, and let the co-ordinates of any point of the central 
axis be (a, y", 2). Then the components mz, my, mz of the 
moment at the origin due to the couple in the plane at right angles 
to the central axis are from equations (4), page 87, 


Me = Fzy" — Fy2"; l 


ty = Fre!’ — Ft"; (13) 
Mz = Fya"’ — Fry’. 
We have then 
My =Ca + Mz, My=cy+ my, Mz = ¢z+™z, 
or 
On = Whe = Mae, Cy= My, —™My, Cz= M, —— 1107 ine (14) 
Hence 


Cr = (Mz —mz) cos a +.(My — my) cos b + (Mz — mz) cos c. 


Inserting the values of the direction-cosines of the central axis, 
we obtain 


Cy Fy = (My — Mx) Px + (My — my) Fy + (Mz — mz) Fz. 
But since max + my,Fy + mz; = 0, this becomes 
Cry = FaMx + FyMy + FzeMz.. . . . . . (15) 
We also have from (14) 
Cr COS A = Cy = Mz — mz, cy cos b = My — my, cr cosc=Mz—mz. (16) 
Hence from (13), inserting the values of the direction-cosines, 
Cr Met Py2"—Fy" — M,+ Fe'—FPe2" Met Fey" — Fyx" 
B. Fe a Fy = F; anne 
Equations (17) give the equation of the central axis. 
From (15) we have 
Cr F’yMy + Fy My + FM; ; 
F-  7F oe ee 
This we have called the pitch (compare page 202, Vol. I, Kine- 


matics of a Rigid System). It is the lever-arm of the couple which 
gives the moment c, when the forces of the couple are equal to F,. 
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If we insert (17) in (16) and reduce, we have for the equation of 
the central axis 


1 («" _ Fy see wig (y ea 


Fy Ff i Fy Jee 
ee wee) 
a al Ga es Fy My = Fy Mx 
me Fy? 


Therefore the central axis passes through a point whose co- 
ordinates are* 


a Fy Mz — FzMy hig F',M; — FxMz aie Fy My — ByMx 
gle ’ Fy ) F? 
If we substitute these values of a”, y", 2” in (18) and (16), we 
have 
Mz = c; cos a — F(z" cos b— y" cosc), Fy = F; cosa; 
My = c; cos 6 — F(a" cos ec — 2 cosa), Fy=F,cosb; +. (21) 
Mz = cr cos c — Fi(y” cos a — & cos b), Fz = Fr cosa, } 


(20) 


When, therefore, Mz, M,, Mz, Fr, Fy, Fz are given for any point 
of the body, we can find the equivalent wrench, that is, the result- . 
ant force F’, the direction of the central axis, and from (20) its 
position with reference to that point as an origin. We have also 
the couple c, in the direction of the axis from (18). 

On the other hand, if the position (x’, y’, 2’) of the central axis 
is given, together with ¢, and F’,, we can find M;, M,, Mz and Fy, 
F,, I, for the origin. The quantities f,, Fy, Fz and Mz, M,, Mz 
are called the components of the wrench. The wrench is known 
when these six quantities are known. 

The Invariant.—(Compare page 203, Vol. I, Kinematics of a Rigid 
System.) From (15) we see that the quantity 


Fy My ae FyMy = F'zM: 


is always equal to F’c,, and is therefore invariable no matter what 
point is taken and whatever the values of Fy, Fy, Fz, that is, 
whatever the direction of the axes. This quantity is therefore 
ealled the Invariant of the components. Since Fis also invariable 
whatever the direction of the axes, it may also be called the inva- 
riant of the couple. 

If the invariant is zero, it follows that either /’ is zero or ¢c; is 
zero. The condition 


Ey Mz + Ey My + FM; =0 


is therefore the condition that there is no resultant force. or rota- 
tion only, or that there is no rotation and therefore a single result- 
ant force only (see equation (9) ). 

Composition and Resolution of Wrenches.—(Compare page 203, Vol. 
I, Kinematics of a Rigid System.) Iftwowrenches are given, then by - 
(21) we can find the six components of each wrench. Adding these 
two and two, we have the six components of the resultant wrench. 
Then by equations (2), (3), (15) and (20) the resultant wrench may 
be found. 


* Tf the perpendicular from the origin to the central axis is p, then v”, y’’, 
2’ are the projections of p upon the axes of XZ 
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Conversely, we may resolve any given wrench into two 
wrenches in an infinite number of ways. Since a wrench is given 
by six components at any point, we have in the two wrenches 
twelve quantities at our disposal. Six of these are required to 
make the two wrenches equivalent to the given wrench. We may 
therefore in general satisfy six other conditions at pleasure. __ 

Thus we may choose the axis of one wrench to be any given 
straight line we please. 

Special Cases.— All cases are included by the general formulas 
(1) to (21) of the preceding Article. 

(a) For concurring forces in space, take the origin as the point 
of concurrence. Then Mz; =0, My=0, Mz=0. If the concurring 
forces are in equilibrium, we have also F;=0, Fy=0, Fz =0. 

(b) For concurring co-planar forces, take the origin as the point 
of concurrence. Then M;=0, My=0, Mz =0, and #,=0, z=0. \ 

(c) For non-coneurring. co-planar forces, take XY as the plane. 
Then z ==) By — 0, Nip = 0, M, = 0. 

(d) If one point of the body is fixed, take that point as origin. 
Then since there can be no translation, fF, = 0, Fy =0,f'z = 0. 

(e) If an axis parallel to X is fixed, there can only be translation 
along this axis and rotation about it. Hence fy, =0, Fz = 0, My=0, 
M; = 0. 

(f) If two points are fixed, there can be no translation, but only 
rotation. If we take the axis of X through the points, we have 
ii 10) er) Ik ==) M, = 0, ME = 0; 

(g) If one point is always in the plane XY, the body can have 
no translation parallel to z. Hence F’; =0. 

(h) If three points not in the same straight line are confined to 
the plane XY, we have rotation about Z only and no translation 
along Z. Hence FF; = 0, Mz =0, My = 0. 

_ (@ If two axes parallel to X are fixed, we can only have transla- 
He parallel to x, Hence Hy,=0, Fz,=0, and Mz=0, M,=0, 
z= 0. 

(j) If the forces are all parallel to Y, there is translation paral- 
lel to Y only, and rotation only about Z and X. Hence Fz=0, 
FF, = 0, Fy == ()) . 


EXAMPLES. 


(1) Let a rigid body be acted upon by the co-planar forces 
i = 00 1bs:,, Ho == 30) losin He ==) 10) lbseeie 90 bs ae = e20uibse 
acting at the points given by 
@=--+ oft, y=+10ft; w=+ Oft., yw = + 12 ft; 
@ = 17 ft, 4 = 14h; o, = + 20 fh, ys = 2 188 
iy = 1918 fh, of ee En 
Let the forces make angles with the axes of X and Y, given by 
@ = 70°, 6: = 20°; a, = 60°, 6s = 150° a, = 120°, 6, = 30°; 
07 150°, on = 120°; (663 = 90°, Bs = Om 
Find the resultant, ete. (Compare Ex. (13), Vol. I, page 207.) 
Me Ans. We have (page 86) for the components parallel to the axes of XY and 


Fc = 50 cos 70° + 30 cos 60° — 70 cos 60° — 90 cos 30° = — 80.842 lbs. ; 


Fy = 50 cos 20° — 80 cos 80° + 120 + 70 cos 30° — 90 cos 60° = + 156.626 lbs. ; 
Fz = 0. : 
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The resultant is given in magnitude by 
Fy = ¥ Fe? + Fy = 176.259 lbs., 

and its direction-cosines by 
ri . = Fry pie 80.842 
~ Fi 176.259 ” 
Fy _ + 156.626 
Te EG.259 
We have from equation (4), page 87, 

= Fr cos 8 = + 50 cos 20° x 5 — 30 cos 80° X 9 + 70 cos 80° 

* 17 — 90 cos 60° & 20 + 120 x 15 = + 1931.670 Ib.-ft.; 


= Fy cos e = + 50 cos 70° & 10 + 30 cos 60° xX 12 — 70 cos 60° 
x 14 — 90 cos 80° ~ 18 = — 1152.245 lb.-ft. 


Mz=0, My=0, Mz = Fx cos 6 — SFy cos a = + 3083.915 1b,-ft. 
Since, then, equation (9), page 88, 
BrMz + FyMy + FzMz = 0, 


is satisfied, the forces reduce to a single resultant force, 
The moment of this resultant force relative to the origin is 


UM; = ¥ Mx? od My + MY = Mz = + 3083.915 1b.-ft. 
Its lever-arm is 


Ge Kehossvalales aifsy ahs 


cos 6 = OV MOE —e) eel Oa lee 


Mr _ 3088.915 
Vie ea ANG OBO: Fh) ait, 


The equation of the line of direction of the resultant (page 88) is 


Py Mz 
Vi FFs = — 1.95a + 38.14. 


The co-ordinates of the point of application of the resultant are given from 
equations (12), page 89: 7 l 


2Fereos 6 _ + 1931.67 


oe au ee 
eT eh eh 
Fy cosva — 1152.245 _ rane 
or, fea ee 6 Ge 


(2) Find the resultant, etc., for the force system acting ona rigid 
body given by 
F,= 50lbs.; a, =60°, 6, =40°, y: acute; 
Hib Uh) te a = 65°, f.=45°, yp» obtuse; 


Fr= 90“ Gi 10>, Sse 00 Gun py peacuie: 

F, = 120 “ a, = (Dp pd — OD ne palo puuces 
i —.0; Yi.) By a= 0 

y= 1 ft., Yo = +4 ft., a= +7 ft; 
eID as gen) e eapetenes 

Pai eats Ye=+6 “ &=+9 “ 


(Compare Ex. (15), Vol. I, page 208.) 
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Ans. We find the angles y by the formula, Vol. I, page 12, 
cos? y = — cos (a+ 3) cos (a — f). 
Then from page 86 we have : 
Fr = + 116.423 lbs., Fy = 4+ 214.480 lbs., Fz = — 51.057 lbs. 
Therefore the resultant is 
F, = (Fe + Fy + FZ = + 249.825 lbs., 
and its direction-cosines are given by 


Fe Fy 
cosa = —— cos b = —— cos ¢ = —— 
Fi,’ Fi,’ F;’ 


or 


a@ = 62° 9' 48", 1b = 80°39’ 20”, « = 101° 49’. 
We also have for the moments from equation (4), page 87, 
Mz = — 1838.604, My = + 928.947, Mz = — 86.908 lb.-ft. 
The resultant moment about the origin is 
M, = ¥ Mi? + My? + M2 = + 2061.789 1b. -ft., 


and the direction-cosines of its line representative are given by 


My _ My _ Mz 
cos d = M’ POKES GERI 


or 
Gi 15340 40 We = 63514 92 et ab. 


Looking along this line representative towards the origin, the direction of 
rotation is seen counter-clock wise. 

The equations of the projection of the resultant on the co-ordinate planes 
are 

y = 1.885¢ + 0.746, & = — 2.2824 18.19, 2 = — 0.238y — 8.57. 
We see that 
PxMy + Fy My — FEM; 

does not in this case equal zero. Hence, page 88, the forces do not reduce to 
asingle resultant force, but to a resultant force along the central axis and a 
couple whose axis is the central axis. 

The resultant force along the central axis is, as already found, F;- = 249.325. 
lbs., and its angles with the co-ordinate axes are as already found, 

The co-ordinates of the central axis are given by equation (20), page 91, 
_ ByMz — FzMy » — HzMa —- Be Mz 
x FF, — Tis 


= + 8.08 ft, 


ast 


= + 0.468 ft., y 
ies Fy My — FyMx 
FY? 
The resultant couple ¢, is given by equation (15), page 90, 
re BeMz +- FyMy + FeMz 
F 
The direction cosines of its line representative are the same as for the re- 


sultant ¥;, and looking along this line representative towards the origin the 
rotation is seen counter-clock wise. 


The components of ¢, are given by equation (16), page 90, 


= + 1.673 ft., 


= — 41.624 lb.-ft. 


Cx = Cr cos a = — 19.481 1b.-ft., cy = ¢-cosb = — 35.806 Ib.-ft., 
Cz = cy cosc = + 8.5288 lb.-ft. 
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(3) In the preceding example find what the co-ordinates x1, ys, 
: of the force F's = 120 lbs. must be in order that all the forces may 
reduce to a single resultant. (Compare Ex. 16, page 209, Vol. I.) 

Ans. We evidently have Fr. Fy, Fz, Fy and the angles a, b, ¢ unchanged, 
since changing the point of application of F, without changing its direction or 
magnitude has no effect on the magnitude of the resultant or its direction. 

We have then 


Mz = — 659.571 — 93.262y, — 68.8292; 
My = + 369.629 + 31.0592, + 98.2622,; }- +--+. - (1) 
Mz = — 107.036 + 68.8292, — 31.059y5. 


We have as the equation of condition for a single resultant, equation (9), 
page 88, 


Py My + Fy My + Fz Mz => 0, 
116.423 Mz + 214.48 My — 51.0571, = 0, 


or 


or 


My + 1.842, —0.4886¢@z=0. . .... . (2) 
From (1) we obtain 
(Mz + 659.571)31.059 + (My — 369.629)68.829 = (Mz + 107.036)93.262, 


or 


My + 2.216My, — 3.0083Mz = + 481.084. . . . . . (8) 
From (2) and (3) we obtain 
0.874.My — 2.564Mz = + 481.084. 


If we retain for My its value in the preceding example, -+ 928.947 lb.-ft... 
we shall have 
Mz =—_ 52.108 1b.-ft., 


My = — 1783.95 as 
If we substitute these values in (1), we obtain 
93.262y4 + 68.8292, = + 1074.4; 
31.0592, + 93.262a, = + 559.308; 
68.8292, — 31.059y, = + 54.984. 


Hence 
Z, = — 0.338382, + 5.997; 
Ys = — 0.7882, + 11 820. 


If then we assume z, = 0, we have 
ay =+5.997, ys = +11.520. 
(4) Using the values of the preceding example, find the point of 
application of the resultant. (Compare Ex. 17, Vol. I, page 210.) 
Ans. We have 
Fr = + 116.423 Ibs, Fy = + 214.480 Ibs., Fz = — 51.057 ]bs., 
F, = + 249.325 Ibs.; 
a = 62° 9’ 48”, b= 30° 39’ 20”, c=101° 49’; 
Me = — 1733.975 lb.-ft., My = -+ 928.947 Ib.-ft., Mz = — 52.108 lb.-ft., 
i M; = + 1967.828 lb.-ft. ; 
Coles ci Olle OPO 3G 6 fe Ol leoes 


4 
sea 


eel 
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The co-ordinates x, y, 2 of the point of application of the resultant are 
given (page 89) by 
— 1733.975 = Fy — Fye = — 51.057y — 214.4802; 
+ 928.947 = Foe — Fea = + 116.4232 + 51.0572; 
— 62.108 = Fye— Fry = 214.480 — 116.423y. 
Hence we obtain 
@ = — 2.28022 + 18.194, 
y = — 4.20082 + 33.961. 
If we assume z = 0, we have then 


z= +18.194ft., y= + 33.961 ft. 


If we introduce, then, a fifth force, #; = + 249 325 lbs., whose direction 
makes with the axes the angles 


5 = LINE S012 ee Ss 1405 20040 ka eel 


acting at a point whose co-ordinates are z = + 18,194 ft. and y = 33.961 ft., 
2 = 0, we have a system of forces in equilibrium. 


(5) Find the resultant, ete., for the parallel-force system given by 


ii, == =. WOM SsEe Gh = W. Yu 0% a= 0; 
Ff, =+ 4 9 t — +1 ft., Y2 = +2 ft, 4 = +3 ft; 
R=- 9 wate wa4t8" wot4« 


a) “ec %=+3 * Yy=+4 « @=+5 ce 
Fe= +200 “© wm=t4 yo=+5“ 2 =+6« 
Ans. #; = Ff = -+ 90 lbs.; 


= 2B0p a an - 2k 
amp = + 23 ft., By pean a F = -+ 3h ft. 


(6) A rigid body is acted upon by two forces Ff: = 40 Ibs. and 
Ff’, = 30 lbs. applied at points whose co-ordinates are #:=2 ft., 
Yi =3 ft., 2: =0, and x. = 0, y2=0, 2. =0, and making angles with 
the axes given by a =0°, fi= 90°, vy. = 90°, and az = 90°, 62 = 90°, 
yx. =0. Find the equivalent wrench. 


Y Ans. (page 89). We haye the components 
A of the wrench 
Oe 
x, Fze=-+40lbs., Fy=0, Fz; =-+ 80 lbs.; 
‘N 
plier, Fey Mx = 0, My=0, Mz = — 120 lb.-ft. 
OK, Abel The resultant force is #7; = 50 lbs., and its 
FAO p : direction-cosines are 
a AON at se aa) 
ee SE COSA = —-, COs D0 Coste 0” 
Zz a = 30" 525 (O90 eos 


The central axis coincides with ¥; and makes the same angles with the 
axes, It passes through the point whose co-ordinates are 


C= 0) 9 =U 9eite — 0 Oyen) 


CHAP. III.] © EXAMPLES—NON-CONCURRING FORCES. 97 


The moment of the couple whose axis coincides with the central axis is 
Cr = — 72 lb.-ft. 


The minus sign indicates that the line representative acts opposite to Fy, 
that is, its components in the direction of the axes are 


ce = — 57.6 lb.-ft., cy=0, cz = — 120 lb.-ft. 


Its line representative acts then in the opposite direction from #; and 
makes angles with the axes given by 


Gi NA SAS. Ol G0 se at 260 210 


Looking along this line representative towards the origin, rotation is seen 
counter-clock wise. 
The moment c; can be replaced by the two equal and opposite forces P, P 
; ; : 72 
acting at O, and O as shown in the figure, each equal to ee rE 37.5 Ibs. 
If O is the centre of mass, then since the motion of the centre of mass is 
the same as if the entire mass of the body were concentrated at the centre of 
mass and all the forces acted at that point (page 83), the motion of O is the 
same as if #;- acted upon the entire mass M concentrated at O. The accelera- 


tion of O is then f = e The motion of the body is then a motion of trans- 


lation due to #; acting at the centre of mass and an angular acceleration a, 
due to the moment ¢,, or the two equal opposite forces P, P acting at 0; and 
O about an axis through O coinciding with the direction of F;. 


/ 
If we divide c,; by #, we obtain alee ie = 1.44 ft. That is, we can re- 


Fr ~ 50 ; 
place the moment ¢, by two equal and opposite forces 7, H; acting at 0; 
and 02. The distance 0,0, is then the pitch. 


(7) All the forces acting upon a rigid body reduce to a resultant 
force F;; = 10 lbs. acting at a given point and a couple whose moment 
is M,. =8 lb.-ft. causing rotation about an axis through the point, 
which makes an angle of 45° with the direction of F'. Find the 
equivalent wrench. 

Ans. Take the direction of # as the axis of X, and the plane of #; and 
the axis as the plane of XZ, and the point as 
origin. Then the components of the equi- 
valent wrench are 


Hig 10) lbs), a Hy, = 0) Fz— 03 


jp oe aay pe 
V2 


My 7 0, 
8 
MM; ae eee lb.-ft. 
V2 
We have then for the intensity of the 
wrench Zz 


Fi = 10 Ibs., 
making the angles with the co-ordinate axes 
C=, b=, CS OO 


The central axis passes through the point 0, whose co-ordinates are 


8 
ee ee edt, = 00 et = 0, 
10 72 


and coincides with the direction of F;. 
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The moment of the couple whose axis coincides with the central axis is 


pity ee iF) a Py 
V2 


The (++) sign indicates that the line representative acts in the same direc~ 
tion as #7, that is, its components in the direction of the axes are 


8 
Ca = + —— lb.-ft., cy=0, c= 0. 
v2 
Its line representative acts then in the same direction as 7; and makes 
the same angles with the axes as #;. Looking along this line representative 


towards the origin, rotation is seen counter-clockwise. 
‘The moment c, can be replaced by two equal and opposite forces each equal 


to #; acting at a distance given by 
ry We 
LAO 
Since this distance is equal to y’ = OO,, the pitch is in this case 00,1. 


ft. 


CHAPTER IV. 


STATICS—NON-CONCURRING CO-PLANAR FORCES. 


CONDITIONS OF EQUILIBRIUM OF A RIGID BODY ACTED UPON BY NON-CON- 
CURRING CO-PLANAR FORCES. DETERMINATION OF THE REACTIONS OF 
A FRAMED STRUCTURE. DETERMINATION OF THE STRESSES IN A 
FRAMED STRUCTURE, SUPERFLUOUS MEMBERS. CRITERION FOR SUPER- 
FLUOUS MEMBERS. 


Conditions of Equilibrium of a Rigid Body Acted Upon by Non- 
concurring Co-planar Forces.—We have seen (page 84) that when 
a rigid body is acted upon by any number of non-concurring co- 
planar forces, the conditions of static equilibrium are two, viz.: 

Ist. The algebraic sum of the components of the forces in each of 
any two rectangular directions in the plane of the forces must be 
zero. 

Hence if the forces 71, F:, etc., make the angles (a, f:), (a, 
fix), etc., with the co-ordinate axes, we must have 


F, coS a1 + Ff. COS a2 + Fs COSas+...=2K cosa=0; . (d) 
F, cos 6: + F2 cos 62 + F3 cos fs +... =2Fcosf=0. . (2) 


When. these equations are complied with there is no resultant 
force, and any one of the forces is equal and opposite to the result- 
ant of all the others, but does not necessarily act in the same 
straight line with it. We have then molar 
equilibrium (page 58), but not necessarily static 


Y 

equilibrium. 

In taking the algebraic sum, Sf cos a, or va. 

=F cos £, components acting in the directions - 
; lo) 


OX and OY are positive (+), in the opposite 
directions negative (—). Also angles with OX 
and OY are measured from OX and OY around towards the left. 
2d. The algebraic sum of the moments of the forces about any 
point in their plane must be zero. . 
Hence if p:, p2, ps, etc., are the perpendiculars from any given 
point in the plane upon the directions of the forces #1, F:, Fs, etc., 
then 


Fip: + Fopo+ Pips +... = =Fp=0. 4 io Cue REY 


When this condition is complied with, there is no rotation about 
the point selected. But there may be rotation about some other 
point. In order, then, that there may be static equilibrium, both of 
these conditions must be complied with. We have therefore three 
equations of condition. 

99 
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In taking the algebraic sum SF'p of the moments of the forces, 
rotation counter-clockwise is taken as positive (+), and clockwise 
as negative (—). ae 

Cor. If three co-planar forces act on a rigid body at different 
points, and the body is in equilibrium, the line representatives of 
these three forces, if produced, intersect in a common point. For 
the resultant of any two of them must pass through their point of 
intersection and be equal and opposite to the third and in the same 
straight line with it. 

Framed Structure—Stress, etc.—A framed or jointed structure 
or “truss” is a collection of straight members pinned or jointed 
together at the ends so as to make a rigid frame. : 

The simplest rigid frame is obviously a triangle, because that is 
the only figure whose shape cannot be altered without changing 
the length of the sides. All rigid frames must consist, therefore, 
of a combination of triangles. 

Any point where two or more members meet is called an apex 
of the frame. 

The force in any member which resists change of its length is 
called the stress in that member (page 7). If the stress resists 
elongation, it is called tensile stress. If it resists shortening, it is 
called compressive stress. Any member in tensile stress is called a 
tie; in compressive stress, a strut. A vertical strut is called a 
post. An inclined member generally is called a brace. 

Determination of the Reactions of a Framed Structure.—In 
general a framed structure rests upon supports. The pressures 
exerted by these supports are called the reactions of the supports. 
These reactions usually have to be 
determined. 

Thus if the co-planar forces F,, F2 , 
F'; act at the apices a, c, d of a rigid 
framed structure, and if Ri, R:, Rs 
are the unknown reactions or press- 
ures in the same plane exerted by the 
supports at the apices A, B, and e, 
then if there is equilibrium of the 
frame, the algebraic sum of all the ver- 
f tical components must be zero; the al- 
gebraic sum of all the horizontal components must be zero; the alge- 
braic sum of all the moments about any point in the plane of the 
frame must be zero. 

If a, a2, ws are the angles made by the forces F:, F., F's with 
the horizontal, and ai, a2, as the angles made by the reactions Ri, 
Ft; , Rs with the horizontal, we have then 


F; cos a, +2 cos a. +Fs cos &3 +R: cos a1 +R: cos d2+ Rs cosas=0. (1) 


In this equation components towards the right are positiv 
and towards the left een (—). 3 gee ak 
If 61, 62, 6s are the angles made by the forces F,, F:, Fs with 
the vertical, and b., b., bs the angles made by the reactions R, 
ft. , Rs with the vertical, we have ; 


F’; cos 61+F, cos B.+ F's cos 6s +R: cos b:+ R2 cos b2 + R; cos b3=0. (2) 


In this equation components upwards are positive (+), and 
downwards negative (—). 

Again, if we take any point, as for instance the point B,as a 
centre of moments, and let p:, p2, ps be the lever-arms of the forces 
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Ff, F:, Fs, and In, L;, Ls be the lever-arms of the reactions, we 
have, since in this case L, = 0, 


Rili + RsLs + Fp aF Fpo ap Psp = () ee es (33) 


Each moment in equation (8) must be taken with its proper sign 
(+) for counter-clockwise rotation, and (—) for clockwise rotation. 

If the directions of all the forces and reactions are known as 
well as their points of application, and if the forces 4, F., 7’; are 
also known, we have then three equations between three unknown 
quantities, Ri, R2, and R;, and can therefore determine them. If 
there are more than three reactions unknown, we cannot deter- 
mine them. There are then more unknown quantities than equa- 
tions of condition. 

If there are but two reactions, R: and R:, that is, if R; then is 
zero, we can determine A: and A: from the equations (1) and (2). 

We can also in such case determine A: directly from equation 
(3), and thus have, since R; = 0, 


ARili4+ Fip: + Fro + F’.ps ==) 


By taking moments about A, we can in the same way determine 
R, directly, when Rs = 0. ; 

Determination of the Stresses in a Framed Structure.—As soon 
as all the external forces acting upon a framed structure, including 
the reactions, are known we can proceed to find the stresses in the 
various members. We can make use of two methods. The first 
method is based upon the fact that the algebraic sum of vertical 
and horizontal components is zero. We call it the ‘‘method by 
resolution of forces.” The second method is based upon the fact 
that the algebraic sum of moments is zero. We call it the ‘‘ method 
by moments,” or the ‘‘ method by sections.” 

1. Method by Resolution of Forces.*—Since the frame is in equi- 
librium there must be equilibrium at every apex of the frame. 
Hence all the forces acting at any apex must form a system of con- 
curring forces in equilibrium. ial 

But the necessary and sufficient condition for equilibrium for a 
system of concurring forces is that the resultant shall be zero. 
That is, the algebraic sum of the horizontal components of all forces 
acting at an apex must be zero, and the alge- 
braic sum of all the vertical components 
must be zero. 

Take for instance the apex a of the pre- 
ceding figure (page 100). At this point we 
have acting the force /': and the stresses in 
the members Aa, ab, and ac. These four 
forces form a system of concurring forces in 
equilibrium. 

Hence if ai, a, as are the angles made 
by the members Aa, ab and ac with the 
horizontal, and a: the angle made by F 
with the horizontal, and we denote the 
stresses in the corresponding members by aA, ab, ac, we have 


F, cos a:+aAcosait+abcosa,+accosaa=0. . . (1) 


If Z:, 62, Bs are the angles made be the members Aa, ab, and ac 
with the vertical, and 0: the angle made by / with the vertical, 


* For corresponding graphic method see page 185, 


=) 
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and we denote the stresses in the corresponding members by aA, 
ab, ac, we have 


F, cos b:1 + aA cos 6: + ab cos f2 + ae Cos fs =0. «. « (2) 


Components towards the right or upwards are positive, towards 
the left or downwards negative. Angles are measured from the 
horizontal a and vertical aY around towards the left. 

Since we have thus two equations of condition, this method can 
be applied at any apex when all the forces except two are known. 

If more than two are unknown at any apex, it cannot be applied 
at that apex. ; ihe 

If the value of a stress as found by (1) and (2) comes out positive 
(+), it shows that the stress in the member is away from the apex 
or tensile. If it comes out negative, the stress is towards the apex 
or compressive. (See Example 2, page 104, for illustration.) 

2. Method by Moments, or the “ Method of Sections.” *—Suppose the 
frame completely divided into two parts by a section cutting any 
member the stress in which is desired. Then the stresses which 
existed in the members before they were cut must evidently hold 
in equilibrium the external forces acting upon each of the two parts 
into which the frame is divided. 

Thus if we wish to find the stress in any member ac (see figure, 
page 100), take a section cutting ac, be and be, thus completely divid- 
ing the frame into two portions, and consider the left- 
hand portion only. Then the stresses in ac, bc and 
be must hold in equilibrium the external forces Ai 
and /,. 

Place arrows on each of the cut pieces as in the 
figure, always pointing towards the section. Now 
if we take moments about the apex b, that is, if we 
take the point of moments at the point of intersection of the other 
members cut by the section, whose stresses are unknown, their 
moments relative to this point will be zero. We have then the 
algebraic sum of the moments of the external forces #1 and R: and 
the moment of the stress in ac, all with reference to b, equal to zero. 
ee denoting the stress in ac by ac and its lever-arm by p, we 

ave 


ac x p+ Smoments of external forces = 0. 


If then the external forces and their lever-arms are known and 
the lever-arm p of ac is known, we ean find the stress ae. 

The moments in the algebraic sum must be taken with their 
proper signs, (+) for rotation counter-clockwise, and (—) for rota- 
tion clockwise, and the moment of ac with the sign indicated by 
the rotation due to its arrow. Thus in our figure the moment of Ri 
is negative, of F: negative, and of ac negative. If the stress comes 
out positive, it indicates, as before, that it acts away from the apex 
of the cut member or is tensile. If negative, towards the apex or 
compression. (See Example 2, page 104, for illustration.) 

This method is general and can always be applied when all the 
cut members whose stresses are unknown, except the one whose 
stress is desired, meet in a point. 

Thus if two of the cut pieces are parallel, their intersection is at 
an infinite distance. 

Then if we wish to find the stress in cb, we take a section cutting 
ab, be and cd. The intersection of ab and cd is at an infinite dis- 


* For corresponding graphic method see page 148. 
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tance. We therefore have the lever-arm for cb, © cos 6, where f is 
the angle of cb with the vertical. Hence 


fio —Fi0—F,0 +cbx wcosf=0, 
or 
cb = — (Ri — Ff. — F.) sec fp. 


_ The algebraic sum of the external forces (Ri — F': — F:) is called 
in this case the shearing force. For horizontal chords and vertical 
forces we have, then, the stress in any brace equal to the shear 
multiplied by the secant of the angle which the brace makes with the 


vertical. This shear should always be taken as acting at the end c 
of the brace belonging to the left-hand portion. If, then, it is posi- 
tive, or if A, is greater than F, + F., it acts upward at ¢c and hence 
gives compression in cb. Therefore we have the minus sign in the 
equation above for the value of the stress in cb. (See Example 4, 
page 106.) 

Superfluous Members.—In general the external forces acting upon 
a rigid frame are always known or must first be found. The stresses 
in the members are required. Since every apex of the frame is in 
equilibrium, we have at every apex a system of concurring forces 
in equilibrium. 

We have then two equations of condition in order that the re- 
sultant shall be zero, viz., 


= Pecos — 0; 
> LHL COst a) a0 


or the algebraic sums of the horizontal and vertical components 
must be zero. 

If, then, all the forces acting at any apex except two are known, 
these two can be found. But if at every apex there are more than 
two forces which are necessarily unknown, the problem is indeter- 
minate, and the frame has superfluous members. 

Criterion for Superfluous Members.—The simplest rigid frame is 
a triangle, because that is the only figure whose shape cannot 
change without changing the length of its sides. All rigid frames 
must consist therefore of a combination of triangles. 

Any one member of the frame fixes the position of two apices, 
one at each end. Every other apex after the first two requires two 
members to fix its position. If then, », is the number of apices, 
2(m — 2) will be the number of members lacking one. Let m be the 
number of members. Then, if there are no superfluous members, 
we must have 

m = 2n — 2) + 1 = 2n — 3. 


Tf m is less than 2n — 3, there are not members enough. 
n is greater than 272 — 3, there are superfluous members. 
mis g , 
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EXAMPLES. 


(1) In the cases of the three frames represented by Figs. 1, 2, 3, 
each supporting a weight F at the apex, show that in the first case 
there are not enough members and the frame is not rigid; in the 
second case the frame is rigid ; in the third case there is a superflu- 
ous member. 

Ans. From our criterion, m = 2n — 3, page 108, we have the number of 

apices in the first casen = 6. Hence 

I \ if the number of members should be 

m=9. But the number of mem- 


Fig. 1. Fig. 2. Fic. 3. bers is only 8, or less than the num- 
ber necessary. 

In the second case 7 = 6 and m 

_ should be 9, and the number of 


members is 9. 
In the third case n = 6 and m should be 9, but the number of members is 
10, or greater than the number necessary. 


(2) A rigid frame ABC, consisting of two rafters AB and AC 
and a horizontal tie BC, supports a load F at the apex A. If the 
angles made by the rafters with the horizontal are a and ce at B 
and O, find the stresses S:, S:, Ss in the rafters AB, AC and the 
tie BC, for equilibrium; also the pressures Ri and Rs of the sup- 
ports. The weight of rafters and tie neglected. 

Ans. Let the pressures or reactions of the 
support be R, and R, at B and C, Fig. 1, and 
the stresses be S, , S, and S; in the rafters AB 
and A(and the tie BC. 

lst Method: By Resolution of Forces.— 
(Page 101.) The forces acting at each apex 
must constitute a system of forces in equilib- 5 7 
rium. : i 

Let us take first the apex A asorigin, Fig. 2. Fi Figs 1. 

We have here the force #' and the two stresses 

S, and S2, constituting a system of concurring forces. 
in equilibrium. Therefore the algebraic sum of the 
horizontal forces must be zero and the algebraic sum 
of the vertical forces must be zero. Hence giving 
the proper signs to # and the sines and cosines of 
the angles a, and @ (page 102), we have 


=. 51) COS Gates 008, gr 0 ee rs 
Sy Bik Cy) Sais aia 70 a 


From (1) and (2) we obtain 


F' cos a; 


Wisin: (ay ae ae oye (8) 


F cos @2 
sin (@, + a.) 


Si = So = 
In equations (3) the (—) sign denotes direction towards the origin A as. 
indicated in Fig. (1). A negative result then denotes compression. % 
At the apex B we have the stresses S, and S; and the reaction R, in equi- 
librium, At the apex C we have S:, 8; and R, in equilibrium, Hence for 
the algebraic sum of the horizontal components at Bwe have, taking the 


origin at B, 
Ss + S, cos (Oa) ES 0, 
and for the algebraic sum of the horizontal components at ( we have taking 
the origin at C, : 
— Ss — 82 cos a = 0. 


‘ 
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From both equations we have, from (38), 

Ff cos a, cos a 

sin (a 0 a y" Es, 
1 2 


The positive result denotes direction away from the origin in each case, or 
tension, as Shown in Fig, 1. 


At the apex B we have for the algebraic sum of the vertical components 


8; = — 8; cos.a@, = — §, cos ay = + 


; F' cos @. sina 
S, sina, + Ri = 0, or Bie alert ea 6 o 6 (@y 
At the apex C we have 

Sq Sins fea == 0; or Ry = = 


F'cos Q sin ay 


sin (1 -f @) * 5 a o @& 


The positive result denotes upward direction for A, and R,. 
In all formulas the acute values of the angles are to be used, 


2d Method: By Moments.—Let the horizontal 
distances of # from B and Ube c and d. 

Let the length of the rafters be a and 0. 

Then we have 


> 
< 
7 


f I 
@cos a =, 0c0OsS@,=—d, bsin a, =o sin ai. 


E 


Qo) 

Since all the forces acting on the frame are in ® Sr ee ee aa c 
equilibrium we have the algebraic sum of the a 
horizontal and vertical external forces zero. “1 R 
Hence 

fh, + Rk, —- F=0. 
Also taking moments about C, we have 
_ Fd _ Feoosazsin ay. 


= THOASG) A= Gl =), oe hy = e+d sin (a, + a)’ 


and taking moments about B, we have 


Ri(¢e+ d)— Fe=90, or hy = 


Fe F cos & Sin @ 
etd sin (ai + a)" 


If we conceive a section through AB and BO, we have as on page 102, 
taking moments about C, 


— S(c+d)sna,—Re+d=90, or & =— 


a F cos Q 
Syhnyeay 9) ranean eay) 


The minus sign denotes compression. If in the same way we cut AC and 
OB and take moments about B, we have 


Fe F' cos a 


— &. sj _ = . S, = — ; =, * 
ge emer) OLE (c= d) sin a, sin (a + @.) 


Again, cut AB and BO and take moments about A, and we have 


fir _ ~F' 0s a cos we, 
tan a  ‘sin’(ay =i@5) © 


. yo 
Shaina =e =, Oe sh = 


(83) A roof-truss has a span of 50 ft. and a centre height of 12.5 

\ ft. Hach rafter is divided into 

d four equal panels, and the lower 

horizontal tie is divided into six 

equal panels. The bracing is as 

shown tm the figure. Find the 

e ie g stresses in the members by two 

| } methods, for a weight of 800 lbs. 
Fy > at each upper apex. 
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Ans. Ri = R, = + 2800 lbs. 
Stress in Aa = — 6260 Ibs., ab = — 5818 lbs., be = — 4696 lbs., 
cd = — 8577 lbs., Ae = + 5600 Ibs., ef = + 4802 Ibs., 
fg = + 4008 lbs., ae = — 720 lbs, eb =+ 1720 Ibs, 
bf = — 1081 lbs., fe =-+ 920 lbs., eg = — 1448 lbs., 
gd = + 2401 lbs. (See Example (1), page 140.) 
(4) A bridge-truss 1 ft. long is divided into five equal panels in 
€ = We F r the lower chord and four equal panels in 
ba s | | | the upper chord. The depth is constant © 


and equal to d; the panel length is p. 
The bracing is isosceles as shown in the 


A B figure. Find the stresses for a load F lbs. 
R 4) at each wpper apex. 
7 : Ans. R, = Rp = + 2.57; 
15Rip — F 2.5Rip — 3F; 
Aa= foe ab= a, OC = et ee, 
Rip 2 Fp 
On D) 2 DY I 
ade= — Di pees ’ = = 2iip —§ 2Fp. 


d ad 
Ad=—Risecf, ae=—(Ri—F)secf, bf =—(Rhi — 2F) sec f, 
da=-+ R, sec 6, eb =+ (hi — F)sec f, 


where 3 is the angle made by the braces with the vertical. 


(5) A weight of 6 lbs. hangs on the arm of a safety-valve at a 
distance of 18 inches from the fulcrum. The valve-spindle is at- 
tached at 1 inch from the fulerum. Disregarding friction and the 
weight of the arm, find the steam pressure for equilibrium. 

Ans. 108 lbs. 


(6) In a wheel and axle the radius of the axle is r, and of the 
wheel R. A weight Y hangs by a rope wound about the axle. Find 
the force P acting tangent to the wheel in order to hold Y suspended, 
disregarding friction. 


INS, J ue. 
R 


(7) A shopkeeper has correct weights but an untrue balance, one 
arm of which is a and the other b. He serves out to each of two 
customers, as indicated by his balance, W lbs. of a commodity, using 
Jirst one scale-pan and then the other for the commodity. Does he 
gain or lose 2 


Ans. Loses W ies ay lbs. 
ab 


(8) The arms of a balance are unequal, and one of the scales 7. 
loaded. A body, the true weight of which is P lbs., Te ellen 
pies ue is oie ete to weigh W lbs., and when placed in the 
other scale to weigh W' lbs. Find the ratio of ti ‘ 
weight with which the scale is loaded. BERANE: 


. . > W— JP 2 a (poe Ww ve 
Ans. Ratio of arms = ea weight required = i 
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(9) A square and a rectangle of uniform thickness and density 
are joined in one plane at a common side. Find the length of the 
rectangle in order that the two may balance about that side, the 
density of the rectangle being one half of that of the square. 


Ans. The length of the rectangle = a diagonal of the square. 


(10) The inscribed circle being cut out of a right-angled triangle, 
the sides of which are 3, 4, 5, find the centre of mass of the remainder. 
Ans. Take side 3 as axis of Y, and side 4. as axisof Y. Then 


(11) A cubical box half filled with water is placed upon a rect- 
angular board, so that the edges of its base are parallel to those of 
the board. If the board is slowly inclined to the horizon about an 
edge, and the box is prevented from sliding, at what angle will the 
box just tend to overturn 2 

Ans. 45°. 


(12) Let the forces + 4, —7, + 8, — 3 lbs. act perpendicularly to a 
straight line at points A, B, Cand D, so that AB=5 ft., BC =4 ft., 
CD=2ft. Find the resultant and its point of application E. 

NSE ON SEW ie 


(13) Let three forces which, if concurring, would be in equilibrium 
act each in the side of a triangle which represents them in magnitude 
and direction. If not concurring, show that they are equivalent to 
a couple whose moment is proportional to the area of the triangle. 


(14) Three forces act at the middle points of the sides of « rigid 
triangular plate in its plane, each force being perpendicular and 
proportional to the side on which it acts. If the forces are all in- 
ward or outward, show that the resultant is zero. 


(15) A system of any number of co-planar forces being represented 
in magnitude and direction by the sides of a closed polygon taken 
the same way round, show that the sum of their moments about any 
point in their plane is constant and independent of the position of 
the point. 


(16) Forces of 10, 20, 30 and 40 pounds act on a rigid body at A, 
B, C, D, the four corners of a square whose side is 2 ft. and in its 
plane. Their inclinations to AB, BC, CD, DA are 45°, 90°, 30°, 60° 
respectively. Show that the resultant is a force of 35.65 lbs., and 
that its line of action is distant 3.03 ft. from C. 


(17) Parallel forces in the same direction, and of the magnitudes 
10, 15, 20, 25 lbs., act at points A, B, C, D respectively of a straight 
rod, the distances AB, BC, CD being 2, 3, 4 ft. respectively. Find 
the distance of the point of application from A. 

Ans. 5.07 feet. 


(18) Two parallel forces in opposite directions of 20 and 5 lbs. act 
at points A and B of a rigid body 4 ft. apart. Find the distances 
from A and B of the point in which their resultant line of action 
cuts AB. 

Ans. 14 and 54 ft. 


(19) The numerical measures of the magnitude of a force which 
acts upon a point in a given direction, and of the co-ordinates of the 
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oint in the plane of the force, are denoted by a, b, c; but it is not 
A iy which is which. Find the centre of all the forces which may 
be represented. 
— —_ ab-+be+ ca 
INS, = = Peres SIG e : 


(20) Forces 1, — 3, —5, 7 act on a rigid rod at points A, B, C, D, 
whose distances are such that AB =3, BC=2, CD=2. Find the 
resultant. 

Ans. A couple whose moment is 15 units. 


(21) Three equal and co-directional forces (Ff) act at three corners 
of a square (side = a) perpendicularly to the square. Find the 
magnitude of the force which, applied at the other corner of the 
square, would with the given forces constitute a couple, and the 
moment of the couple. 

Ans. 87; 2aF 2. 

(22) ABC is a triangle right-angled at B. At A a force Fis 
applied in the plane of the triangle perpendicular to AC; at Ca 
force 2F in the same direction ; at B a force 3F in the opposite di- 
rection. Find the moment of the resulting couple. 

Ang, PAB? — 2B0") 

ns. Pawan (et to 5 


(23) Two forces Pand Q act at the ends A and B of a straight 
lever AB without mass. To find the position of the fulerum in order 
that equilibrium may be produced, the inclination of P and Q with 
AB being a and fp. 

Ans, Let AB=c, and 2, y the distances of the fulerum from A and B re- 
spectively. Then 

fash Qe sin 6 Pe sin a 
~ Psina+ Qsin ~’ Y= Psin a+ Psin jor 

(24) A rod CD, without mass, moving about a smooth hinge at C, 
presses at D against a wall inclined at an angle « with the horizon, 
and has a weight W suspended at its centre. Find the inclination 6 
of the rod to the horizon in order that the pressure at D may be 


1 
5 W. 


iss (i) = aa. 

(25) Two weights P and Q are suspended from the extremities of 
a lever without mass, in the form of a circular are, which rests with 
its convexity downwards upon a horizontal plane. If 2a is the 
central angle of the are and § the central angle from the point of 
attachment of P to the point of tangency with the horizontal plane, 
find 9 for equilibrium. 

P—Q 
ns. tan 4 PLOQ tan @, 

(26) The arms of a balance are unequal, and a substance placed 
successively in each scale appears to weigh P and @Q lbs. Show 
that the lengths of the arms, disregarding the mass of the balance, 
areas VP to VQ. 


(27) If weights Pand YQ, P being the greater, balance on a lever 
ACB without mass, about a fulerum at C, and the weights are inter- 
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changed, show that the additional weight required at A for equilib- 
rium will be 
Pe A 


Q 
(28) It is found that a body weighs P when suspended at the end 
A of a balance without mass, and Q when suspended at B. Show 
that the fulcrum ought to be shifted towards A a distance equal to 


VP-VQ AB 
VP+7Q #? 

(29) The length of a false balance-beam is 3 ft. A body in one 
scale weighs 4 lbs.; in the other, 6 lbs. 4 oz. Find the true weight of 
the body and the lengths of the lever-arms. 

Ans. True weight = 5 lbs.; lengths of arms, 1 ft. 4 in. and 1 ft, 8 in. 

(30) Three uniform rods AB, BC, CD, rigidly connected so as to 
form three sides of a square, rest upon a fulcrum at A. Suppose 


the weight of each rod to act at its centre. Find the inclination 6 of 
AB with the horizon. 


4 

Ans. tan 6 = 3° 

(31) AB, CD, DE are three equal uniform rods, rigidly connected 
at right angles, B being the middle point of CD. Suppose the weight 
of each rod to act at its centre, and the system to hang from a ful- 
crumat A. Find the inclination 6 of AB to the horizon for equi- 
librium. 

Ans. tan 6 = 6. 


CHAPTER V. 


EQUILIBRIUM OF A PERFECTLY FLEXIBLE 
INEXTENSIBLE STRING. 


GENERAL EQUATIONS OF EQUILIBRIUM. EXTERNAL FORCES VERTICAL, CON- 
TINUOUS CURVE, LOAD UNIFORMLY DISTRIBUTED OVER THE HORIZONTAL. 
CATENARY. CATENARY OF UNIFORM STRENGTH. LOAD PROPORTIONAL TO 
THE AREA BETWEEN THE STRING AND HORIZONTAL. STRING ACTED 
UPON BY A CENTRAL FORCE. 


Equilibrium of a Perfectly Flexible Inextensible String.—If a 
perfectly flexible inextensible string is fixed at two points and 
acted upon by forces applied at any given points in any directions, 
we may consider the string, when in its position of equilibrium, as. 
a rigid body. : ; ; . 

The resultant force at any point must then act in a direction 
tangent to the string at that point; for otherwise there would be a 
normal component, which, as the string is perfectly flexible, would 
act to change the position of equilibrium of that point. 

We shall consider only co-planar forces. 

General Equations of Equilibrium.—Let a perfectly flexible in- 
extensible string be fixed at the two points A and. B and be acted 

upon by external forces in its. 
y plane. It is required to de- 
termine the tension T of the 
string at any point P, and the 
position of any point P for 
equilibrium, disregarding the 

- weight of the string. 

The string when in equi- 
librium will evidently take 
the form of a polygon, if the 
forces are applied at points 
or are ‘‘discontinuous”; the 
tension in any segment, as 


on be, being the resultant of the 
tension in the preceding segment ab and the force F, at b. 


Take the origin of co ordinates at the lowest point O of the string, 
and let the co-ordinates of any point P of the string be a and y. 
Let the external forces acting upon the portion OP of the string be 
Ff, Fs, etc.; the co-ordinates of their points of application a, b, etc., 


be given by (a1, y:), (a2, y»); etc.; and their angles with the axes of 
Xand Y be given by (a, 6:1), (a2, (2), ete. 


110 


CHAP. V.] STATICS —NON-CONCURRING CO-PLANAR FORCES. Ly 


Then the algebraic sum of the horizontal and vertical components. 
of the external forces between O and P is 
0 


Fz = F008 a1 + Fi cosas +... = F'cos a; ee ea a (O)) 


Fy = F, cos f + F008 6: +... = 5" Feos £. Sie. ER 


Also the algebraic sum of the moments of all the external forces 
between O and Pwith reference to O, or the moment about the 
axis of Z, is 


1 >) Fe cos 6 — > TEMG 9 op Bn oo 
ve 


In taking the algebraic sums, components to the right or upward 
are positive, to the left or downwards negative. Also rotation 
counter-clockwise is positive, and clockwise negative. 

Let the tension at the point P be T, making the angles a and # 
with the axes of X and Y, and let the horizontal tension at the 
lowest point O be H. 

If the portion of the string from O to P is in equilibrium, we can 
treat it as rigid, and we have then the algebraic sum of the hori- 
zontal and vertical components of all the forces acting upon it equal 
to zero; also the algebraic sum of the moments of all the forces 
acting upon it, with reference to any point as O, equal to zero. 

Hence the conditions for equilibrium are 


—H+Fr+ Tcosa = 0; | 
Hy Cos 8 = 0% Wie eral ore meumromen (ED 
Mz + Txcos f — Ty cosa = 0. i 


We have also 
COS: a -- COs) = 1. 


We have then four equations between the four qnantities H, T, 
«and #, and can therefore find them for any given x and y. Ecua- 
tions (4) are general and apply whether the forces are discontinuous. 
or applied continuously along the string. 

External Forces Vertical.—If all the external forces acting upon 


the string are vertical, we have Fr=0 and Fy==>pF. Hence 
from equations (4) of the preceding Article, 


T'GOsiaa— ls 
T cos 8 =— SPF. 


That is, for a perfectly flexible inextensible string in equilibrium 
under the action of vertical external forces, whether the forces are 
applied continuously along the string or discontinuously : 

1st. The horizontal component of the tension at any point is con- 
stant and equal to the horizontal tension at the lowest point. 

2d. The vertical component of the tension at any point is equal 
to the algebraic sum of all the forces between that point and the 
lowest point. f 

Continuous Curve—Tangential and Normal Components.—If the 
forces are applied continuously along the string, then the shape of 
the string when in equilibrium will be a continuous curve instead 


of a polygon. 
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Let ab =ds be the length of an indefinitely small portion 
of the curve. Let the resultant force in any direction ‘continu- 
ously applied over ds be F, so that the 
force per unit of length is - Let the 
tension of the string at a be T;, tangent 
to the curve at a, and the tension at 6 be 
T., tangent to the curve at b. Let the 
very small angle between these tangents 
be dé, and let the force / make the angl 
¢@ with the tangent at a. 

Then since for equilibrium we may 
consider ab as rigid, the three co-planar 
forces T;, T: and F are in equilibrium and must intersect at a 
common point ¢ (page 85). 

We can consider them, then, as three forces concurring at c and 
in equilibrium. If then we resolve these forces along the tangent 
at a, we have 


T, cos d6 + F cos @¢ — T1=0. 


When ab =ds is indefinitely small, the points a and b come 
together, d§ becomes zero, and cos dé=1. Hence 
ily T.—T, dT 
ae = Ga (1) 


That is, the tangential component of the external force per unit 
of length at any point is equal to the variation of tension per unit 
of length at that point. 

Again, resolving the forces along the normal at a, we have 


T, sin dé — F' sin d = 0. 


If p is the radius of curvature, we have bd =psindé. When ds 
is indefinitely small, we can take bd =ds=ab. Hence sin dé = = 


Substituting this, we have, when the points a and b come tapethes 


foe 
moa 2 


That is, the normal component of the external force per unit of 
length at any point is equal to the tension at that point divided by 
the ae of curvature at that point. 

OR. the external force per unit of length at ever i 
the string is normal to the string, @ = 90°, aaa! from as 
T2— T: =0 or Ti: = T, at every point. That is, the tension is con- 
stant throughout the string. This is the case when the string is 
stretched over any smooth surface whose pressure on the string at 
every point is normal, and acted upon by no forces except the nor- 
mal pressure of the surface and two equal terminal tensions. In 


fe 
such case u = —, or the normal pressure of the surface per unit of 
length at any point is inversely proportional to the radius of 


curvature at that point. That is, uo = T= ion i 
fe ee p the constant tension in 
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Load Uniformly Distributed over the Horizontal Projection of 
the String.—This is approximately the case of the ordinary suspen- 
sion bridge. 

Let the mass of the unit load or load per unit of horizontal pro- 
jection be constant and equal to 
w in gravitation units (page 6) 
or wg in absolute units. Let A 
be the horizontal tension at the 4, 
lowest point O, and T be the 
tension at any point P of the 
string, both in gravitation units. 

Equation of the Curve.—Let x 
and y be the co-ordinates of any 
point P of the string, the origin 
being taken at the lowest point O. Then we can consider any por- 
tion of the string OP when in equilibrium as rigid and acted upon 
by the forces H, T, and the entire load wx between Oand P. The 
resultant force wa of the load between O and P acts at the centre 
of mass of the load, or, since the load is uniformly distributed, half 
way between O and P. If then we take moments about P, we 
have for the moment of the load with reference to P, 


\ 
| 
B 
| 
i 
I 
| 
! 
! 
| 


ee oe wae" 
2 2 


We have then for equilibrium 


wa? Leet 
7 a ae or Oe ome od Su ere Gb) 


The curve of the string is then a parabola whose axis is vertical 
a el . ; 
and whose parameter is ne If w is constant and the parameter is 


constant, H is constant. Hence, the tension at the lowest point is 
constant for all parabolas having the same parameter, when the 
load per unit of horizontal projection is constant, whatever may be 
the length of the curve. 

Tension at the Lowest Point.—To find the tension H at the lowest 
point, we have only to substitute in equation (1) the co-ordinates of 
some known point. Thus let a and y, be the co-ordinates of the 
end B. Then equation (1) gives 


_. WIy? 


Bie @) 


Or we may find this value of H directly by taking moments 
about B. Thus the resultant of the load between the lowest point 
Oand B is wa, and it acts at the centre of mass of the load, or, 
since the load is uniformly distributed, half way between the 
lowest point O and B. If then we take moments about B, the 


. Xn Wy ee 
moment of the load is wx» x oe ~. We have then for equilib- 
rium 

WHY. WH 
oe yy ee 0, OF Ha 
2 2Yo 


Slope of the Curve.—lor the slope or inclination a of the curve 
at any point with the horizontal, we have seen already, page 111, 
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that for vertical forces the horizontal component of the tension at. 
any point is constant and equal to H, and the vertical component 
is wx. We have then for the slope at any point P 


tana="Fe es ee ee es BO 


For the slope at the end B we have then 
tan a, 2 ai. ott a eee 
Xo 
Tension at Any Point.—For the tension 7 at any point P we have 
then ee 
= AF as 
T= Hy 1 + (2) ——W oC a A a MES 


For the tension at the end B we have 


WH 
2Yd 

[Solution of Preceding Case by Calculus.|—Let the unit load or 
load per unit of horizontal projection be constant and equal to w in grayi- 


tation units (page 6). 
Then referring to our general equations (4), page 111, we have in 


T, = Vie + Ayo hee ee 


ax dy 
—, cos 6 =—, wher 
ds’ dg ea ans 
ds is the length of an element of the curve and da, dy its horizontal and 
vertical projections. Therefore from equations (4), page 111, 


gravitation units Fy, = — wa, Fr=0, cos «= 


AE: Pia (hae 
ds 


dy 
—w“e+ T= 
ds : 
where H and 7’ are to be taken in gravitation units if w is taken in grayi- 
tation units. 
Eliminating 7, we obtain 


Hdy = wadx. 


Integrating, and taking the origin at the lowest point O, so that when 
«=0, y is also zero, we have 


wae 2H 
Ay=— or ae: Cpe te ell 


This is the equation of the curve as already found, page 113. 
If we substitute the co-ordinates of the end B, a, and Yo, in place of 
x and y, we have from (1), for the tension H at the lowest point, 


__ WH," 3 
= Sy ee 


For the slope or inclination a of the curve at any point we h 
differentiating (1), yP ave, by 
tan @ = ie es 

Gea > oe rr 
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The slope at the end B is then 
POU ep eg ee) Cele eee AS 


For the tension Z' at any point p we have 


d aa + ay a 
r= HE — Ve ——— =Hy/14 =H 9/14 (2) =H 00 « 0) 


a — ead 5, Veer + Ay. . . . . e . a 6 


[Load Uniformly Distributed over the String. |—The curve of equi- 
librium assumed under the action of gravity, by a perfectly flexible string 
of uniform normal section and density, when suspended from two points 
not in the same vertical, is called the catenary. In such case the load is 
the weight of the string and is uniformly distributed over the curve. If 
the unit load or weight of a 
unit length of the string is 
not constant, but varies con- 
tinuously according to any 
law, the curve of equilibrium 
is called a catenarian curve. 

Let #w be the mass of the 
unit load, or the load per unit 
of length of the string, .in 
gravitation units (page 6). 
Then if 6 is the uniform den- 
sity of the string, or the mass per unit of volume, A the constant area of 
normal section, and s the length of any portion of the string, the mass of 
that portion is ‘'6.As, and the mass per unit of length, or the load per unit 
of length in gravitation units, is 


ips==G OA oe tek Bin eae em Cle) 


In absolute units we have w = 64g. 
Referring to our general equations (4), page 111, we have in gravita- 
tion units #, = — ws, where s is the length of the string from the lowest 


ag d 
point 0 to any point P. We also have Fy = 0, cos a = os 6 = a 


where ds is the length of an element of the string and da, a its noeeennt 
and vertical projections. 
Hence from equations (4). page 111, 


ds 


dy dy 
me aaa 


where Hand 7 are to be taken in gravitation units if « is taken in gravi- 


tation units. : 
liminating 7, we have for the slope a at any point P 
dy w 
VAD Gee SoS one G ge 6 oe 8 
ake Jal @) 
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het: i= we; ore = af where ¢ is then the length of that portion of the 
W 


string whose weight is equal to the tension H at the lowest point C. Then 


Se ee 8 


Differentiating (3), substituting ds = / da* + dy’, and reducing, 
ee ec) 
Chas fire 
Integrating this, we have 


Plas, Pas dy / dy? 
i log nat| + Th at + const. 


If we take the axis of Y passing through the lowest point 0, we have 
dy = 0, wherex=0. Therefore const. = 0 and 


dx 
Y = log nat| + 1 + ES eae tae + 1 + 2 (4) 
ey Tike dat digi | eee etn Cnn 


Or, if e = 2.718282 is the base of the Naperian system of logarithms, 


‘ MATE pi, ; 

ey Cy a Ss / aS 

Cc 4 il VSS — =e 4 — . . 

e ey + ag ac as ea (5) 
2 


da ax 
or ig haven ea may 
dt is dx |* 
Solving this equation, we have for the slope a at any point (see (3)) 


d 1 = = 
SOKA 2 c Sore, eo 
tan a = = 5 (¢ é vy at. . . . . . (6) 


) 


Integrating (6), we obtain 


x 
ie Seid 
y=5(e +e a + const. 
Now, taking the origin O (see figure) at a distance equal to CO =e 
below the lowest point C, we have y=c whenz=0. This gives const. = 0. 


The horizontal line OX at the distance ¢ = eis the lowest point C is 
w 


called the directrix. The distance OC =¢ = ff is called the parameter. 
w 
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We have then for the equation of the curve, taking the origin O at the 
distance CO=c = ¥, below the lowest point C, 


ee othe 
y=Sle +e a emi eky Brera hee: He AUG) 


The point O at the distance CO = c= e below the lowest point C is 


called the origin of the catenary, and equation (7) is the equation of the 
eatenary referred to this origin. 


We have from (6), 
id ene 
sat(é —c a SOR ok ot esa soatcdeen (8) 


Equation (8) gives the length of the curve from the lowest point C to 
any point P. 
From (7) and (8) we have 


pain mee te ater, fads cot) 
and differentiating (9), 


: ; 
$= yo = y 00s f. ave oe ne aed ety a tmmmetet oO 


Let PM and PT be the ordinate and tangent at P, and let fall the 
perpendicular MN on PT, Then 


HE Vie) COS) 0:18 ee erst. me tn my en eer (61 18) 
and since y* — 8° = c’, we have 
ABI fia es iawn, AA ea eet, tre igs (Ae) 


Hence, given the catenary, we can construct its origin and direction as 
follows : 

On the tangent at any point P measure off PN equal to the arc OP. 
At NV erect a perpendicular NM to the tangent meeting the ordinate of P 
in M. Then the horizontal line through M is the directrix. 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to H, and the 
vertical component is ws. Therefore the tension Z7'at any point is 


2 
P= V+ we =U 1 +5, St a RLS} 


: Vil 
But, from (9), ? + s*° =y’; therefore, since w= =: 


T= thy = wy. ean ee ec) cotncietme e UCLA) 


That is, the tension at any point of the catenary is equal to the weight 
of a portion of the string whose length is equal to the ordinate of that 
point. 


; a : : 
From page 112 we have w sin @ = ie where p is the radius of curva- 


ture. In the present case @ = 6 = angle made by vertical with the tan- 
gent at P. Substituting 7 = wy, we have 


psin p= pcosea—y. 
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We see then from the figure (page 115) that the length of the radius of 
curvature at any point is equal to the length of the normal between that 
point and the directrix. 


¢c 
We also see from the figure that y cos a=, or y = ae Therefore 
She 15 
a SSI gk Petts | 05 
0 cosa (15) 


We also have 
_ cos 8 
Peis 


8 
C= 3 tan Os Ole = 
c 


Hence from equation (3), after reduction, 


1 
a=stanflognatcot>6...-. .. . (16) 


The catenary possesses other interesting properties, among which are 
the following : 

The centre of mass of the catenary is lower than for any other curve of 
the same length joining the same two points. 

lf a common parabola is rolled on a straight line, its focus describes a 
catenary whose pacameter ¢ is equal to the focal distance of the parabola. 

If an indefinite number of strings (without weight) are hung from the 
catenary, so that their lower ends are in a horizontal line and then the 
catenary is drawn out into a straight line, the lower ends of the strings 
will be in the are of a parabola. 

[Catenary of Uniform Strength. |—If the area of the normal section 
of the string at every point is proportional to the tension at that point, the 
wnit tension, or tension per unit of area, 
will be the same at all points, and the 
curve assumed under the action of grav- 
ity by such a string of uniform density 
and perfectly flexible is called the cat- 
enary of uniform strength. 

Let Ao be the area of normal section 
of the string at its lowest point C, where 
the horizontal tension is H, and let ¢ be 
the constant unit tension, or tension per unit of area. Then 


HS tA Ea. Se eee 


“ The tension at any other point P, where the area of normal section is 
as 


Ds tA see at 2 bea ee ee 
Hence, from (1) and (2), 


4g 
Arp osc ee amon A = A=. a os a fice gs ES 


Let 6 be the uniform density of the string. Then the mass of an ele- 
ment of the string of length ds, or the weight in gravitation units (page 
6), is dAds. The weight in absolute units is }Ads x g. ; 

Referring to our general equations (4), page 111, we have for the 
weight in gravitation units of the string from the lowest point @ to any 


point P 
Ss 
0 
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We have also #7, = 0, cosa = cos 6 = 2. where ds is the length 
8 


of an element of the string, and dz, dy its horizontal and vertical compo- 
nents. Hence, from equations (4), page 111, 


dx 
— = (0; 
ds 


Ss 
— feds + 7d. — 9; 
0 ds 


where H and 7 are to be taken in gravitation units. 
Eliminating 7, we have 


— ef 


s 

5 
dy i, ae or al @) —84ds _ bas? 
ee ae, a oe 


AyT 


Inserting the value of A = 7H We have 


I 


fey 2, 
a( ay) A,ds 


dx da ~ 
Let ds? = da? + dy’, and let 
Oe irl ge apes By 
ie OS Sa Se (4) 


That is, ¢ is the length of a string of constant cross-section Av equal to 
the cross-section at the lowest point C, and the same uniform density 6 as 
the curve, whose weight is equal to the horizontal tension H at the lowest 


point, Then 
a dy\ _ ds? _ da’ + dy? 
dx}  cda eda 7 


or 


or 


Integrating this, we obtain 


tan”! (=) a + Const. 
dx @ 


Let the axis of Y pass through the lowest point O of the curve. Then, 
when a = 0, we have 


dy =0 and Const. =0. 
dz 


Hence 


1 y 
iaaca 2h tan area pat wee bee CO) 
dv c 
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Integrating again, we have 
a 
y = — clog nat cos Rae Const. , 


If we take the origin at the lowest point O, then, when # = 0, we have 
y =0and Const.=0. Hence 


y = —clog nat cos” = ¢ log nat sec = . Heo ds (GS 


Equation (6) is the equation of the catenary of uniform strength. 
From equation (5) we have 


x 
C= = 
@ 


and. da= der 
Cc 
If p is the radius of curvature, we have pda = ds, and hence 
ds ds q 


Se — iy ha eee se oneal 0, 
P. da , “da Earies She 


dx x 2 xz 
If we, integrate the equation Fg oT COON Oe ds = sec —dx, 
c 


we have, since, when 2 = 0, s= 0 and the Const. of integration is zero, 
3 =clogn tan (49° oa =): dP \ Soe ee LO 


Equation (8) gives the length of the curve from the lowest point C to 
any point P. 
From (8) we haye 


s Tye 
e =tan (15° + =) = e ’ 


Cc x 
cos — 
c 


where ¢ = 2.718282 is the base of the Naperian system of logarithms. 


If we substitute sin = = 4/1 —cos?= and reduce, we obtain 
¢ 
s s 
il lL aifee cas 
—, = seo =5(é +e °) . (9) 
Co. 


Substituting (9) in (7), we have 


s 


s 
PS Se 
p=Elé+e *). eC hte cones. 5 AKO) 


We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant ae equal to #, and the 
vertical component is therefore H tana = Htan~. We have then for the 

c 


tension at any point P 


i 
Tee ny14 @ 2 5y/iiae Nee(tT) 
¢ Cc 
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Let the two points of support A and B lie in a horizontal line AB. 
Then the curve will be symmetrical with respect 
to the lowest point C. Let the entire length of 
span AB be 2/, then the weight of the entire 
string W will be given by 


W = 2H tan d 
or, since, by equation (4), ¢ = 6 
W = 2H tan 2 Or ihe ug cot a 


The area of normal section at any point Pis then, from (2) and (11), 


fl! Sah Th Wile él x 
SS SS == ete ote t ‘ saat 
A —¢ see age: co 7 Bee - 


t 
Substituting the value of sec = from (9) and putting ¢ = 5? we have 


for the area of cross-section A at any point P at a distance measured along 
the curve from the lowest point C equal to s = CP, 


és és 
W 7 ay él 
A ee +e ) cot epee pees mero ae (2) 
From equation (12), if the points of support are on a horizontal, and 
the span A8#, the weight of the entire string, its density and the unit ten- 
sion are given, we can find the area of normal section at any point Pat a 
distance s along the curve from the lowest point C. 
[Load Proportional to the Area between the String and a Horizon- 
tal.|—Let the load on any portion of 
the string CP be proportional to the 
area OCPx between the curve and a. 
horizontal line OXY. Take the origin 
at O in the vertical through the lowest 
point ©, and let the distance OC = yo. 
x Let w be the mass, or weight in 
oO «£ gravitation units (page 6), of one unit 
of area of the load area between the curve and OY. 
Let H = we’, or 
Jel 
va a eC 3 . . . . ° . . . . . (1): 
that is, @ is the area of that portion of the load area whose weight is 
equal to the tension H at the lowest point C. 
Let the area OC Px be denoted by w. We have then for the load from 
C to any point P, 


S,<4.0 


av 
se eye |; Mets Ens oe 5D) 


Referring to our general equations (4), page 111, we have also #, = 0, 


dx dy 
cos a at cos £ Fr an 
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Eliminating 7’, we have 


Multiplying by 2dz, 
Qdud’u udu 


dx Cee 
Integrating, 
dw - wv 


xv du 
Now vu = i ydx. and du = yda, or aa y. Therefore, when w= 0, 


du. 
o* will be equal to yo = OC, and Const. = yo. Hence 


da 
aw ww du 
ap ue ee or ae 
a ahs Yor 
Integrating, - 
«%=c logn E TA - ae ye | + Const. 
When w= 0, we have a = 0, and Const. = — ¢ logn yo. Hence 
oS en ey ee ee 
- g at Pye Pes ator 8 


Or, if e = 2.718282 is the base of the Naperian system of logarithms, 


x ————S 
ie U Oe 
(Bos es 
ayeen TR Gey oe 


Solving this for w, we obtain 


cy z a 
— —_— Jo 
area =u =H (o° —¢ 34 5 a el ee OD 
: du uw 
Also, since y= 7 = ae tye; RT ae, eke oa A) 
x x 
— US Ce a neo 
yaleler te ihe ° ° ° ° e ° ry (8) 
We have from (8) also 
d WG ( a = 
tan d= “Hee — : 
Ce ae? 2 \° : e Sete ee 
U dy 


For the tension 7'at any point P, since Fy = H— = H-= 
C 


4 72 5) p72 dy* 
C= Rpt P= HY 14+ 4 =Hsea. . . . (10) 
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The length ¢ is the parameter of the curve. From (6) we have 


= i 
jy ie +1, and “= Y. ae 

Yo CYo Yo 
Therefore, from (4), 
z—€ logn (E+ eae), 5 ee oo (GB 


and hence 


C= Se ee eg RD 


String Acted on by Central Force —When the lines of action of the 
forces applied to the elements of the string all pass through the same point, 
the force acting on the string is said to be 
central, and this point is the centre of 
force. 

Let P be any point of the curve, and 
take the centre of force O as the origin, and 
let the radius vector OP =7 make the angle 
6 with the axis of Y Then we have 


cos 9 = =, sing =*. ee (Cl) 


Let the force # upon the element ds at 
any point P make the angle @ with the tan- 
gent at P, and let the tangent make the angle a with the axis of 2. Then 

dx oo OM. 


cos a= —,,  SInia— Soe Me) 75 AS pa eee (ce 
ds ds’ ” 


. oe ede y dy.) 
cos @ = cos (a — §) = cos a cos 4 + sin a sin 8 = 7 fetta 
; J MOU) (okt Tae 
sin @ = sin (a — §) = sin & cos § — cos a sin 6 = — = — = —— : | 


If p is the perpendicular OJ let fall from O on the tangent at P, and p 
is the radius of curvature of the curve at P, we have, page 88, Vol. I, Kine- 
matics, 


rdr 
= ——, 4 
ie (4) 
Now from equation (1), page 112, if # is the force upon the element 


ds, we haye . 
T, — T; =dT = — F'cos 9g, 


or, substituting the value of cos @ from (8), 
vi 
= — —~—(ed dy). 
ve mee pe auey) 
But 2? + y?=7", hence ada + ydy = rdr, and therefore 


aT =~ Far, Mey ee ee 
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From equation (2), page 112, we have 


Gi OP 
or, substituting the value of sin @ from (8), 
T_ FF (dy _ dt 
p rds\"ds “ds }" 
But ee — fie =asina—ycosa=p. Therefore 
ds ds > 


F 
fi yey 6 MO te c-O OO Oo (6) 
ds 


Substituting the value of = from (5), we obtain 


ee Trav 
pp 
Substituting the value of p from (4), we obtain 
aT dp 
va 
If we integrate tuis and let 7 = 7, when p = pi, we haye 
ithe COORG on te A (7) 


Hence we see that the moment of the tension with respect to the centre 
of force is constant, or the tension varies inversely as the perpendicular p 
on the tangent from the centre of force.* 
Eliminating 7 between (7) and (6) and putting for p its value from (4), 
we have 
Ch) athe dit 


p T pi * dg 


or integrating, 
1 Ghp Tal 
- => | a>, Secale c cbasite) 
p Gh 1pi ds 
the limits of the integral being given by the conditions of the problem. If 
the force is away from the centre, or repulsive, Fis positive ; if towards. 
the centre, or attractive, # is negative. 
From (8), when Fis given, the equation to the curve is to be found, or, 
if the curve is given, #F may be found. 
; are from (7) and (5) the tension at any point of the curve may be 
ound, 
From equation (46), page 88, Vol. I, Kinematics, we have 
rd? 1 1 dr? 
Nee . — . 
a d? me 76?” or p? nay 7? va 7*dG?’ 


or if we denote : by w, 
ples. ha dw 
i de * 
Equation (9) will be found useful in reductions. 


i ee) 


ie Compare with page 85, Vol. I, Kinematics, where we see that for a particle: 
moving with central acceleration the moment of the velocity is constant. : 


o 
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[Central Force Inversely as the Square of the Distance.|—As an 
application of the preceding Article, let us suppose the force # upon an 
element ds of the string to be repulsive and to 
vary inversely as the square of the distance from 
the centre of force. 

Let 5 be the density of the string or the mass 
of a unit of volume. Then the mass of an ele- 
ment of length ds whose area of normal’section 
is A is dAds. Let the central acceleration of 
one unit of mass at a known distance of 7” from 
the centre be a’. Then the acceleration a at any distance 7 is given by 


a 7 a'r’? 
Pe = ole p 5 


The force # upon an element ds at the distance 7 is 


ar? 
F=+ 
7 


-: dAds, 


2 


where the (+) sign is to be taken for repulsive force and the (—) sign for 
attractive force. Let the density 6 and area A of normal section be 
constant, and let 

(Pie CW ERO MG once. de eet ey oe 0. XD) 


where the constant « is evidently numerically equal to the force on the 
mass of one unit of length of the string at a distance unity. 
Then if the force is repulsive, we have 
F a 
Se ee A ee me oO a oo 
ds “3 ie @) 
From equation (5), page 123, 


Integrating, 
When the initial value of 7 is 7, let the corresponding value of 7’ be 


T;. Then Const. = 71 — =) and we have * 


1 1 
r= T.+1(~—<=).. cpeeta re |. oeies eltuis (3) 
From equation (8), page 124, 
op IEE pete | ere 
p =f Vipk key 7 fi iy 7 


where we denote the moment 711 by mu. 
Integrating, 


i ae e + Const. 


jp Ws GD 


* Notice the analogy with the velocity as given on page 145, Vol. I, Kine- 
matics, of a particle acted upon by an attractive force varying inversely as the 
square of the distance, viz., 


- 
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il fl 
= 7 = —_ d 
Let p =p: when7 =7;. Then Const iE an 
AEN als-z) tas eee 
FO fii” NIP 
If we put for the sake of simplicity or 
en and ee =—CK, . . . .- (5) 
mi Pi M171 
equation (4) becomes 
1 
= =) — CK 
Pp 


or if we denote : by wu, 


A) pee eee 
Pp 


We have then from equation (9), page 124, 


1 du? 
a et Ap C(u — k)*. 
Hence 
due 2 2 972 22 
iG = (8 == 1)? = 2k CK, % 1c) ey: 


The integral of this equation will give the equation of the curve of 
equilibrium. 
We have evidently three cases: when @ > 1; when @=1; whene’< 1. 
Case 1: When c’ is Greater than Unity.—Letc’ be greater than unity. 
Then let 
C=1== ne 
and we have from equation (6), after reduction, 
du 
/ CK\? Ae 
n u— — 
( ei n* 
From equation (8) we have d7’'= udu. But we have seen, page 112, 
that when d7' = 0, the force is normal to the curve of the string. That 
value of w in equation (8) which makes du = 0 


will then give an apse A, that is, a point where 
the string is perpendicular to the force. Let this. 


Of) — 


(8) 


value of 2 be % = —s 
To 


From equation (8), putting ee = 0, we obtain 
1 CK 
Uo = pe = Fae (1 + ¢). . ° . e . ° . (9) 


For any value of w less than this, equation (8) becomes imaginary. All 
values of u must therefore be greater than uo, that is, w increases or 
diminishes each way from the apse. We have then dw positive in equa- 
tion (8). 
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Integrating equation (8), we obtain 
1 2 ND ARCS aaa 
6 = — logn eA oy eae | ee + Const. 
n nv wv ie 


Le 6 = @ when @ = wm = =u + ¢). Then Const. = ¢— : logn 
n 


CK 
fide 


If e = 2.718282 is the base of the Naperian system of logarithms, we 


have 
CK uo — CK CHE? GS 
et Seto Ef gyre ae 
n nv a n* 


Squaring and reducing, we have 


n(8 — >) — 08 — >), 
U (« + : ae 


CK 
— Cc 

2 3 Ee ee me LO) 
Equation (10) is the polar equation of the curve of equilibrium. 

The values of ¢ and « are given by equations (5) and (1). 

If we measure § from the initial radius vector 7 through the apse, we 


have @=0, and wu:=w. Therefore, from (9), 
i at +¢), or K= wy 
i j cd ace 


Substituting this value of « in (10), we obtain 


u ° 10 en) > — nO 
wa 4 ue |: Coren (1 1) 
AE hes m1 2 
M1 


Equation (11) is the polar equation of the curve of equilibrium when 
the angle § is measured from the initial radius vector 7: through the apse. 


We have u = - m= a and the value of /¢ is given by equation (1). 
rT Hank 


Case 2: When @c’ is Equal to Unity. — When c=1, we have 
¢=+iore=—1. Whenc= +1, we have n? =c —1=0, and from 
equation (11), w=, or r=. The centre of equilibrium when c= 
4+ 1 is therefore a circle. 

When ¢c = — 1, we have also n? = @ —1 =0, and, from equation (11), 


0 : : ; : 
uw = 5 or indeterminate. In this case we have, from equation (7), 


Gi ee ee EE) 


Putting “2 = 0, we have for the value of w at the apse 


kK 
Uo = 9° 
For any value of w greater than this equation (12) is imaginary. All 
values of 2 must then be less than 2%, or 2 diminishes each way from the 
apse. Hence dw is negative. 
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Integrating (12), we have 
aye 2 Conse, 
kK 


Let 6 = @ when U = Uo = _ Then Const. = @, and 


ae ors 2 or u= 51 —6— $}. 


Hence 
2, 
K 
ra eee eT Ge ic -1 LO 
Equation (18) is the polar equation of the curve of equilibrium when 
e=—1. The value of « is given by (5). 


If we measure § from the initial radius vector 7: through the apse, we 


9 


1 2 ae ; 
have @ =0, andw= > on OL evens Substituting this value of k, 
1 1 


we have 
Tr 


= et oe ee 
1—¢6 


(14) 
Equation (14) is the polar equation of the curve of equilibrium when 
¢= — 1, when the angle 4 is measured from the initial value of 7 through 
the apse. 
Case 3: When @ is Less than Unity.—Let c? <1 and put 1 —e’ = 7. 
Then from equation (7), after reduction, we have 


— du 
ds = ee =r eeG> atin) Cis) 


CK? Ces 
UU yi wes (w de 


du 
Putting zo = 0, we have for the value of w at the apse 


CK 
Uo = —-(1 — 0). 
Vv ) 


Any value of w greater than wo gives equation (15) imaginary. All 
values of « must then be less than wo, or w diminishes each way from the 
apse. Hence we take dw negative in equation (15). Integrating, we have 

CK 
-1 


6 == ¢o0s 


Vv 
ne RO ONS i: 
n CK 


v 
Let 9= @ when w= wo. Then Const. = ¢, and 


el ie nu 
Orie) eae (c+ om) 


cK 
or 
2, 
C08 26 — 6) =e 
cK 
Hence 


SeeCK 
u=— —s[e — cos n@— Py]. . - + (16) 
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Equation (16) is the polar equation of the curve of equilibrium. 
The value of « is given by (5). 
If we measure 4 from the initial radius vector 7, through the apse, we 
have ¢ = 0 a ve gat 
oo) ) and wi= wo Ch30), “OR ~o= Eee, 
Substituting this value of « in equation (16), we have, if we put 


L . . . 
€¢=— =, where uw is given by equation (1), 
1 
Ty =—“_(& + cos ns), srr im Ere ack 6 EL) 
1 Me \IMNi - 
My, 


Equation (17) differs from the focal polar equation of a conic only in 
haying the angle § multiplied by a number 7 less than unity. 


EXAMPLES. 


(1) An endless flexible string of untform linear density but with- 
out weight is moving so that the velocity of each element has a con- 
stant magnitude v and a direction always tangential to the string. 
Show that the tension is the same at every point of the string, and 
Jind tt. 

Ans. Since the tangential velocity is constant, there is no tangential accel- 
eration and hence no tangential force. 

Therefore from equation (1), page 112, 7, — 7, = 0, or there is no variation 
in tension, 

If a is the radius of curvature at any point, then the normal acceleration of 


that point is fn = = (page 53, Vol. I, Kinematics). 
If 6 is the linear density, or the mass per unit of length, then the normal 


6 
force per unit of length is 6fn = oa From equation (2), page 112, we have 


then 
2 
or eye OLNe L007, 
po =p 
where 7’ is given in poundals. In gravitation units (page 6), 
pee 
g 


where g is the acceleration of gravity. 


(2) An endless flexible circular string of radius r and of uniform 
linear density 5, but without weight, rotates in its own plane about 
its centre with the angular velocity ». Find its tension. 


Ans. The tangential velocity 7@ is constant, and hence there is no tangential 
force. Therefore, just as in the preceding example, there is no variation in 
tension. 

The normal acceleration is fn = 7w* (page 76, Vol. I, Kinematics). 

If 6 is the mass per unit of length. then the normal force per unit of length 
is dre, From equation (2), page 112, we have then 


fh 
éra’ =—, or P= 67°o?, 
, 
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where 7’ is given in poundals, In gravitation units (page 6), 
F 69? 


ae ? 


where g is the acceleration of gravity. 

(3) A body weighing 7 lbs. is suspended from a fixed point by @ 
uniform string, 12 inches long, weighing 18 oz. Find the stress in 
the string at its middle point and at its upper and lower ends. 

Ans. 72, lbs., 84 1bs., 7 lbs., in gravitation units; or, taking g = 82, 242. 
poundals, 260 poundals, 224 poundals. 


(4) Show that the horizontal component of the tension at any 
point of a uniform flexible string hanging in equilibrium from two 
fixed points is equal to the tension at the lowest point, and that the 
vertical component is equal to the weight of the portion of the string 
between the given point and the lowest pornt. 

Ans. See page 111. 


(5) Show that at any point of a uniform flexible string which is 
hanging in equilibriwn with two points fixed, tts inclination to the 
horizon is the angle whose tangent is the ratio of the weight of the 
portion of the string between the given point and the lowest point to 
the tension at the lowest point. 

Ans. See page 116. ; 


(6) In the preceding example, show that the square of the tension. 
at any point is equal to the sum of the squares of the weight of the 
portion of the string between the given point and the lowest point, 
and of the tension at the lowest point. 

Ans. See page 117. 


(7) A telegraph wire, weighing 400 lbs. per mile, is stretched be- 
tween two points in the same horizontal line at a distance of 100 yds. 
with a horizontal tension of 400 lbs. Find the deflection of the lowest 
point of the wire below the fixed points, neglecting stretch and sup- 
posing the wire perfectly flexible. 

5 ae From equation (6), page 116, ¢= 150 ft., c = 5280 ft., deflection = 
pil 3am, 


(8) A uniform wire weighs w lbs. per foot and is just able to stand 
a stress of P pounds. It is hung between two points in the same 
horizontal line, distant d ft., so as to be on the point of breaking. 
Obtain an equation to determine the half length s, the wire being 
supposed to be perfectly flexible and inextensible. 


Ans. From page 117 we have P? = H?+ w’s?. Hence H=  P? — we?. 
HH YP—ws 


d i 
Also ¢ = ss = pauls 3° Therefore, from equation (8), 
ae dw 
/P— ws? 2 V P2— ws? 2P? — ws? 
$= — e ee i 


(9) A string 202 ft. long, which weighs 1 Ib. for every 10 ft., is 
hung between two points in the same horizontal line distant 200 je: 
Obtain an equation to determine the tension H at the lowest point in 
gravitation units. 


Ans. We have s = 101 ft., w = a bt; c= 100M af =) LO: 
w 
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From equation (8), page 117, 


eee 
i osH\eF— 7) 


Solving this equation by a series of approximations, we find H to be about 
40 lbs., provided the string is perfectly flexible and inextensible. 


(10) Find the law of variation of the mass per unit of length at 
‘each point of a string acted on by gravity in order that 1t may hang 
in the form of a semi-circle whose diameter is horizontal. 

Ans. Let AS = 27 be the horizontal diameter and O the centre of the semi- 
circle. Let P be any point of the curve, and the 
angle POC=a. Let the co-ordinates of P be z i O.. 6 


and y. mmx YZ S 
cme dy Aa 
Then cos a= en See Pp 
8 


8 
We have from equations (4), page 111, 


dx 
ipl =% 


Ss dy 
=e) dds + Ts = 0} 


where 6 is the linear density or mass per unit of length, and Hand 7 are in 
gravitation units. 
Dividing the second by the first, we have 


or 
ay _ ods 
da? dx 
But the equation of the curve is 2°-+ 4? =7". Hence 
dy 
Cp are EY FS Ya et 
dro da? y ¥ 
Therefore 
dds 7 7? dx 
dx y Fue a ds 
But ge = cos a, and qos =— Hence 
iam saat aad dae te 
if; 
Ol. a 


That is, the mass per unit of length varies inversely as the square of the 
distance of the point below the horizontal diameter. 


(11) A telegraph line is constructed of wire which weighs 7.3 lbs. 
per 100 feet. The distance between the posts is 150 feet and the wire 
sags 1 foot in the middle. Show that it is screwed up to a tension of 
about 820 lbs. : 


(12) Find the law of variation of the mass per unit of length in 
order that a string may hang under the action of gravity in a 
parabola. 
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Ans. From page 118, the load per unit of horizontal projection is constant 
and equal to «w, The load per unit of length is then proportional to the tangent 
of the slope, or apc w tan @, 

But tan a is proportional to the horizontal projection of the length. Hence 
the mass per unit of length is proportional to the horizontal projection of the 
unit of length. 


(13) Show that the area of normal section at any point in the 
catenary of uniform strength is proportional to the radius of cur- 
vature. 


Ans. From page 121, we see that A is proportional to see . From page 
120, equation (7), we see that sec 5 is proportional to the radius of curvature. 


(14) A uniform inextensible string assumes the form of a circle 
under the action of a repulsive force emanating from a point on its 
circumference. Hind the law of force. 


Ans. From page 124, Tp = Const. = c, or T= . But if 7 is the radius 


F vector of any point P, »=7cos8. Hence 7 = pasate 
7 cos § 
From page 112, Rae cos §, where # is the radius 
of the circle. Hence oe 2 Le. COS Ol Aaa But Reosé 
ds 7 cos 
ep andeeso ee y H Pe 0 h 
aaa =9 Re ence Go ya? oF the force 


varies inversely as the cube of the distance. 


CHAPTER VI. 


GRAPHICAL STATICS—CO-PLANAR FORCES. 


CONCURRING CO-PLANAR FORCES. APPLICATION TO FRAMED STRUCTURES. 
APPARENT INDETERMINATION, NON-CONCURRING FORCES. EQUILIBRIUM 
POLYGON. GRAPHIC CONSTRUCTION FOR CENTRE OF PARALLEL FORCES. 
PROPERTIES OF EQUILIBRIUM POLYGON. APPLICATION TO PARALLEL 
FORCES. 


\ 

Graphical Statics—While the solution of statical problems by 
computation and analytical methods is sometimes tedious and 
involved, they may often be solved with comparative ease and 
sufficient accuracy by graphic construction. 

The solution of statical problems by graphic methods gives rise 
to graphical statics. We shall consider only co-planar forces. 

Concurring Co-planar Forces. — Let any number of co-planar 
forces FG. ha) Hs) Hs, .eUc:, 
given in magnitude and direc- 
tion, act at a point A, Wig. 1. 

In Fig. 2, from any point 0, 
lay off to scale the line repre- 
sentative of #1 from 0 to 1, 
then the line representative of 
F, from 1 to 2, then the line 
representative of ’; from 2 to 3, then the line representative of F: 
from 3 to 4,and soon. The polygon 012384 thus obtained we call 
the force polygon. 

Tf all these forces are in equilibrium, the algebraic sum of their 
horizontal and vertical components must be zero. But when this 
is the case, evidently 4 and 0, in Fig. 2, must coincide, or the force 
polygon must close. We have then the following principle : 

Tf any number of concurring forces are in equilibrium, the force 
polygon is closed. If the force polygon is not closed, the line 0 4 
necessary to make it close gives the magnitude and direction of the 
resultant R. If we consider this resultant acting at the point of 
application A in the direction from 4 to 0, obtained by following 
round the polygon in the direction of the forces, it will hold the 
forces at A in equilibrium. If taken as acting in the opposite direc- 
tion at A, it will replace the forces. 

Cor. 1. The order in which the forces are laid off in the force 
polygon is immaterial. Thus in Fig. 2, if we had laid off 01, then 
the line representative of F’; from 1 to 3’, and then the line repre- 
sentative of Ff, we should arrive at 3 just as before. By a similar 
change of two and two we can have any order we please. 

133 
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Cor. 2. Any line in the force polygon, as 0 2, 03, or 13, is the re- 
sultant of the forces on either side. Thus 02 is the resultant of /: 
and F’:, and, acting in the direction from 2 to 0, holds #: and /’; in 
equilibrium and replaces #:, Fs and R. 

Cor. 8. If the forces are all parallel, the force polygon becomes 


, 0 a straight line. Thus in Fig. 1, if the parallel 
ts forces 1, F., F;:, F:, etc., act at the point A, 
A we have the force polygon Fig. 2, 01234, and 
A the closing line 40 is as before, the resultant R 
aed: e and equal to the algebraic sum of the forces. 
| 2 If taken as acting from 4 to 0, it will. hold 
Z Fic.2. the forces at A in equilibrium. In the opposite 
Fa 4 direction it will replace the forces. 
e Notation for Framed Structures. — Let the 
figure represent a roof-truss composed of two 
rafters, a horizontal tie-rod and intermediate | 


braces consisting of struts and ties. 

The notation which we adopt in order to designate any number 
of a framed structure, or any force acting upon the structure, is as 
follows: 

We place a letter in each of the triangular spaces into which 
the frame is divided by the members, and also a letter between any 
two forces. Any number or force is then denoted by the letter on 
each side of it. Thus in the figure AB de- : 
notes the force #1, BC denotes the force 

",, CD denotes the force /;, DH denotes ' 
the upward pressure of the right-hand 
support f:, HA denotes the upward pres- 
sure of the left-hand support R:. Also Aa, 
Bb, Cd, De denote the portions of the 
rafters which have these letters on each 
side. The portions into which the lower 
tie is divided are in the same way Ha, Ec, He. The braces are 
ab, be, ced, de. 

The student should carefully adhere to this notation for the 
frame whenever using the graphic method. 

Character of the Stresses.—The determination of the kind of 
stress in a member of a frame, whether tension or compression, is 
as important as the determination of the magnitude of the stress. 

In the preceding figure, suppose we know the upward pressure 
at the left support R: or HA, and we wish to find the stresses in 
the members Ha and Aa, Fig. 1, which meet at the lower left-hand 


lk [ ae 


Fic. 1, E 
2 Fic. 2. 


apex. If these stressesand R, are in equilibrium, they will make a 
closed polygon. If then we lay off HA in Fig. 2, upwards, equal 
to Fi, and then from A and EF draw lines parallel to Aa and Ea 
in Fig. 1, and produce them till they intersect at a, Fig. 2, evi- 
dently the lines Aa and Ea in Fig. 2, taken to the same scale as 
HA, will give the magnitude of the stresses in Ha and Aa in Fig. 1. 
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Thus, lines in the force polygon which have letters at each end 
give the stresses in those members of the frame denoted by the same 
letters at the sides. 

Now as to the character of these stresses, the directions Aa and 
ak in Fig. 2, obtained by following round in the known direction 
of R,, are the directions for equilibrium (page 133). 

Since we are considering the concurring forces acting at the left- 
hand apex, transfer these directions to Fig. 1, and we see that Aa 
acts towards the apex we are considering and thus resists compres- 
sion, and aH acts away from it and therefore resists tension. The 
stress in Aq is therefore compressive (—) and in aH tensile (+). 

In general, then, if we take any apex of the frame in Fig. 1, and 
consider the concurring forces acting at that apex as a system of 
concurring forces In equilibrium, we have the following rule: 

Follow round the force polygon in Fig. 2 in the direction in- 
dicated by any one of these forces already known, and transfer the 
directions thus obtained for the stresses to the apex in Fig. 1 under 
consideration. If the stress in any member is thus found acting 
away from the apex, it is tension (+); if towards the apex, it is 
compression (—). 

Application of Preceding Principles to a Frame. — Let Fig. 1 
be a frame consisting of two rafters, a horizontal tie-rod and brac- 
ing as shown, carefully drawn to a scale of a certain number of 
feet to aninch. ‘This we ¢all the frame diagram. 


A 

Fy | Fa d 
B 
a E 
Cc 

Str E b 
Ft. to an Inch, Lbs. to an Inch. 'D 

R Fie. 1; Re ‘Fic. 2, 


Let the forces F., F2, F'; act at the upper apices, and let the 
reactions or upward pressures of the supports be A: and R,. 
Notate the frame and these forces as directed, so that #1: = AB, 
Ff, = BC, F:= CD, f, = DE, R. = HA, while the members are Aa, 
Bb, Cd, De, Ee, Hc, Ea, ab, bc, cd, de. 

The outer forces acting upon the frame cause stresses in the 
members. These outer forces must first be all known, or if any are 
unknown, they must first be found. 

Lay off these outer forces AB, BC, CD, DE, HA in Fig. 2toa 
scale of a certain number of pounds to an inch. Each force in Fig. 
2, having letters at its ends, is egual and parallel to those forces in 
Fig. 1 which have the same letters at the sides. 

The polygon formed by AB, BC, CD, DE, EA (in this case a 
straight line, Cor. 3, page 134) we have called the force polygon. 

If the frame is in equilibrium, this polygon must always close, 
that is, the outer forces acting upon the frame must be in equilib- 
rium. If it does not close, these outer forces are not in equilibrium 
and the frame will move. That is, the frame itself, so far as its 
motion as a whole is considered, may be treated as a point (page 
83). 

Having thus drawn and notated the frame Fig. 1 and_ con- 
structed the force polygon Fig. 2, we can find the stresses in the 
members. ‘The forces and stresses at each apex must be in equilib- 
rium, and therefore form a closed polygon. 
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Thus consider first the left-hand apex, Fig. 1. At this point we 
have the reaction HA and the stresses in Aa and Ha, constituting 
a system of concurring forces in equilibrium. But we already 
have HA laid off in Fig. 2. If then we draw Aa and Ha in Vig. 2 
parallel to Aa and Ea in Fig. 1, and produce to intersection a, the 
polygon is closed and we have in Fig. 2 the stresses in Aa and Ha, 
to the same scale employed in laying off HA. Since HA acts _up- 
wards, if we follow round from # to A and A toa, and a to E, in 
Fig. 2, and transfer the directions thus obtained for Aa and aH to 
the left-hand apex in Fig. 1, we have the stress in Aa towards this 
apex or compression (—), and the stress in a# away from the apex 
and therefore tension (+). : 

(Lhe student should follow with his own sketch and mark each 
stress with its proper sign as he finds it.] ; 

Let us now pass to the next upper apex, at /., Fig. 1. Here we 
have # or A# and the stresses in Aa, ab and Bb in equilibrium. 
But we already have the stresses in Aa and AB laid off in Fig. 2. 

If then we draw from a and B in Fig. 2 lines parallel to ab and 
Bb in Wig. 1, and produce to intersection b, the polygon is closed 
and we have in Fig. 2 the stresses in ad and Bb. Since AB is 
known to act downward, we follow round in Hig. 2, from A to B, 
B to b, b to a, and a to A, and transfer the directions thus obtained 
to the apex at #,, Fig. 1, under consideration. We thus obtain the 
stress in Bb towards the apex or compression, the stress in ba to- 
wards the apex or compression, and the stress in aA towards the 
apex or compression, just as already found. 

Note that in the first case, when we were considering the apex 
at &:, we found the stress in aA acting towards that apex. Now 
when we consider the apex at #: we find the stress in aA acting 
towards that apex—in both cases, then, compression. 

Let us now consider the second lower apex, Fig. 1. We have 
here no outer force, but the stresses in Ha, ab, be and cH must be 
in equilibrium and therefore form a closed polygon. But in Fig. 
2 we have already found the stressesin Ha and ab. If then we draw 
from 6 a line parallel to bc in Fig. 1, and produce it to intersection 
ec with Ha, the polygon closes, and we have in Fig. 2 the stresses 
in be and cH. We have already found aH to be tension. It must 
therefore act away from the apex we are considering. We there- 
fore follow round in Fig. 2, from E to a, a to b, b to ec, and cto Z, 
and transfer the directions thus found to the corresponding mem- 
bers in Fig. 1. We thus obtain the stress in Ha tension and the 
stress in ab compression as already found, and the stress in be 
tension and in cH tension. 

Let us now consider the top apex. We have here the force 
fF, = BC, and the stresses in Bb, bc, cd and dC, in equilibrium. 
But in Fig. 2 we have already laid off BC, and we have found the 
stresses in Bb and be. If then we draw from ¢ and C lines parallel 
to ed and Cd in Fig. 1, and produce to intersection d, the polygon 
closes and we have in Fig. 2 the stresses in cd and Cd. Since BC! 
acts downwards, we follow round from B to C, C to d, d toe, c to b, 
and 6 to B. Transferring these directions to the corresponding: 
members in Fig. 1, we obtain the stress in Cd compression and in 
de tension, while the stress in cb is tension and in 6B compression. 
as already found. 


We can thus go to each apex and find the stresses in every 
member. 


The lines in Fig. 2 which thus give the stresses in the members 
constitute the stress diagram. Hach stress having letters at its 


’ 
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ends in Fig. 2 is parallel to that member in Fig. 1 which has the 
same letters at its sides. 

Apparent Indetermination of Stresses.—It sometimes happens 
that a frame has no superfluous members and yet in applying the 
graphic method we are unable to find any apex at which all the 
forces but two are known. In such ease the difficulty may be 
overcome by taking out one or more of the members and replacing 
them by another member, and then applying the method until we 
find the stress in some member which is not affected by the change. 
Or we may find the stress in this member by the method of sec- 
tions (page 102). Having found this stress, we can replace the 
members taken out and find the actual stresses. 
_ Thus let Fig. 1 be a frame* acted upon by the forces £1, F:, 
F;, Fs, etc., and the reactions or upward pressures of the supports 


ly Qe 


Notate the frame and the forces by letters on each side as di- 
rected (page 134). 

Then lay off to scale the outer forces in Fig. 2, thus forming the 
force polygon ABCD... HIA. This polygon is a straight line in 
this case, because all the forces are parallel, and it must close, that 
is, the outer forces are in equilibrium. 

We can now proceed to find the stresses as follows: 

Consider first the left-hand apex, Fig. 1. At this point we have. 
the reaction JA and the stresses in Aa and Ja constituting a sys- 
tem of concurring forces in equilibrium. But we already have [A 
laid off in Fig. 2. If then we draw Aa and Jain Fig. 2 parallel to 
Ja and Aain Fig. 1, and produce to intersection a, the polygon is 
closed and we have in Fig. 2 the stresses in Aa and Ja to the same 
scale employed in laying off the forces. Since JA acts upwards, 
we follow round from J to A, A toa, and a to TZ, in Fig. 2, and 
transfer the directions thus obtained for Aa and al to the corre- 
sponding members in fig. 1. 

We have then the stress in Aa towards the apex we are con- 
sidering or compression (—), and the stress in af away from that 
apex or tension (+). 

Considering now the next upper apex, we have here the force 
AB known, the stress in Aa already found, and the stresses in ab 
and Bb unknown. If then in Fig. 2 we draw ab and Bb, thus clos- 
ing the polygon, we obtain the stresses in ab and Bb, 


* Disregard for the present the dotted member in Fig. 1, 


138 GRAPHICAL STATICS—CO-PLANAR FORCES. [CHAP. VI. 


Since AB acts down, we follow round in Fig. 2 from A to B, B 
to b, b to a, and a back to A, and transfer the directions thus ob- 
tained to the corresponding members in Fig. 1. We have then the 
stress in Bb towards the apex we are considering or compression 
(—), the stress in ba towards that apex or compression (6 =); and the 
stress in aA also towards that apex or compression (—), Just as we 
have already found it. 

Note that when we were considering the apex at Ri, we found 
the stress in aA acting towards that apex. Now when we consider 
the apex at F, we find the stress in aA acting towards that apex. 
In both cases, then, compression. 

We can now consider the next lower apex, where we have the 
stresses in Ja, ab, be and cI in equilibrium. We already know la 
and ab, and if we draw in Fig. 2 bc and cJ, we obtain the stresses, 
in be tension (+), and in c/ tension. 

Thus far there has been no difficulty in the application of the 
graphic method. But now we cannot consider the next upper or 
lower apex, because at each we have more than two unknown 
forces. If we should start at the right-end, we should soon come to 
the same difficulty on the right side. Apparently we can go no 
‘farther. 

The number of members is 27 (we disregard the dotted member 
in Fig. 1). The number of apices is 15. We have then, applying 
the criterion for superfluous members (page 1038), m = 2n — 3. There 
are then no superfluous members. 

If now we remove the two members de and ef and replace them 
by the dotted member ef, where e’ takes the place in the new nota- 
tion of the two letters e and d, we have still a rigid frame with no 
superfluous members. For the number of members is now m = 25 
and the number of apices is 7 =14. We have then m = 2n — 38. 

But this change has evidently not affected the stress in the member 
Ig. Wecan therefore now carry on the diagram until we find the 
stress in lg, or we may compute the stress in J/g directly by the 
method of sections (page 102). 

Thus if we now consider the apex at F., Fig. 1, we have at this 
point the stresses in the members Bb, bce, ce’ and e’C, and the force 
BC, allin equilibrium. We know BC, Bb and be, and if we draw 
in Fig. 2 ce’ and eC, we obtain the stresses in eC compression and 
in ce’ compression. 

We can then pass to the apex at F, Fig. 1, where we know all 
the forces except the stresses in Df and fe’. We draw then Df and 
fe in Fig. 2, and obtain the stresses in Df compression and in fe’ 
tension. 

We can now pass to the next lower apex, where we have the 
stresses in Ic, ce’ and e’f, and can therefore find fg and Ig. We 
eae then fg and Jg in Fig. 2, and obtain the stresses in fg and Ig 

ension. 

_ We have thus found the stress in the member Jg, and since this 
is unchanged by the removal of the members de and e7', we can now 
replace those members and remove e’f. 

We can now consider the second lower apex and find the 
stresses in cd and dg, and can then pass to the apex at F; and find 
the stresses in ef and Df, and so on. We can thus find the stress in 
every member of the frame, and there is no real indeterminateness. 

Remarks upon the Method.—The method just illustrated we 
may call the ‘‘ graphic method by resolution of forces.’ The stu- 
dent will note that he must always know all but two of the forces 
concurring at any apex before he can consider that apex. 
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It is evident that if the frame is completely divided into two 
portions by cutting the members, the stresses which existed in 
the cut members before the section was made must hold in 
equilibrium the outer forces acting upon each portion of the frame 
(page 102). 

‘This is at once made evident by Fig. 2, page 137. 

Thus suppose a section cutting the members Bb, be and cH, Fig. 
1, and thus dividing the frame into two portions. We see from 
Fig. 2 that the stresses in the cut pieces make a closed polygon 
with HA and AB, the outer forces on the left-hand portion, or 
with BC, CD and DE, the outer forces on the right-hand portion. 

If we solve the triangles in Fig. 2, page 137, we obtain algebraic 
expressions for the stresses identical with those obtained by the 
*‘algebraic method by resolution of forces” (page 101). 

Thus since the algebraic sum of the horizontal and vertical 
components of the forces acting at each apex must be zero, we 


R ; 
have + Rk: + Aa cos «=0, or Aa = — re where « is the angle 
OS & 


of the rafter with the vertical. We get the same result at once 
from Fig. 2 by solving the triangle AaH. In the same way we 
have at once, from Fig. 2, ab = — #, cos £, where £ is the angle of 
ab with the vertical. 

We see also from Fig. 2, page 137, other relations. Thus we see 
that the stress in ab will be the least possible when it is perpendicu- 
lar to the rafter. We also see at a glance how the stress in any 
member is affected by a change of inclination of the member. 

Finally, the application of the method is equally simple no 
matter how irregular the frame may be. 

If the frame is symmetrical with respect to the centre, and the 
forces Ff, F; in Fig. 2 (page 137) are equal, it is evident that the 
stresses in each half will be the same. 

Choice of Scales, etc.—In general the larger the frame is drawn 
in Fig. 1, the better, as it then gives more accurately the direction 
of the members composing it. 

The force polygon Fig. 2, on the other hand, should be taken to 
no larger scale than consistent with scaling off the forces to the de- 
gree of accuracy required, so as to avoid the intersection of very 
long lines, where a slight deviation from true direction multiples 
the error. If an error of one twenty-fifth of an inch is considered 
the allowable limit, the scale should be so chosen that one twenty- 
fifth of an inch shall represent a small number of pounds, within 
the degree of accuracy required. 

The stress polygon Fig. 2 should be completely finished and the 
signs for tension (+) and compression (—) placed on the frame for 
each member as its stress is found, to avoid confusion, before the 
stresses are taken off toscale. A good scale, dividers, straight-edge, 
triangle, and hard fine-pointed pencil are all the tools required. The 
work should be done with care, all lines drawn light, points of 
intersection accurately located and the frame properly notated to 
correspond with the force polygon. Care should be exercised to 
secure perfect parallelism in the lines of the frame and stress 
polygon. Some practice is necessary in order to obtain close results. 
Tt should be remembered that careful habits of manipulation, 
while they tend to give constantly-increased skill and more ac- 
curate results, affect very slightly the rapidity and ease with 
which these results are obtained. 
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EXAMPLES. 


(1) A roof-truss has a span of 50 feet and rise of 12.5 feet. Hach 
rafter is divided into four equal panels, and the lower horizontal tie 
into sic equal panels. The bracing is as shown im the figure. A 
weight of 800 lbs. is sustained at each upper apex. Find the 
stresses. 

Ans. Draw the frame in Fig. 1 to a scale of, say, 12 feet to an inch, and 
notate it, ‘Then construct the force polygon ABCDEFGHLA, Fig. 2. 

Note that R, or HJ and A, or IA are 
equal and each 2800 lbs. The force poly- 
gon then closes as it should. We can take 
the scale of Fig. 2 as 3200 lbs. to an inch. 
Then an error of 5 of an inch will be 
about 128 lbs. 

We can then find the stresses as shown 
in Fig. 2. 

Aa Bb Ca Df Ia 
— 6280 — 5816 — 4700 — 3580 + 5624 

te Te ab be cad 
+ 4832 + 4024 — 720 + 720 — 1060 

de ef JG 
+ 928 — 1452 + 2400 lbs, 

The accurate results (Ex. (8), page 542) 
as found by computation are 
— 6260 — 5813 — 4696 — 3577 + 5600 
+ 4802 + 4003 — 720 + 720 — 1081 
+ 920 — 1443 + 2401 lbs. 


It will be seen that the greatest error is only 30 lbs. The above results 
were actually obtained from the diagram, using the scales given. 

(2) Sketch the stress diagram for a roof-truss as shown in the 
following Fig. 1, equal forces acting at every upper and lower apex. 

Ans. The student should note that the reactions D# and GA are each equal 
to half the sum of the downward forces or 24 forces. 


ad 


OD SOs 


Fig. 2. 


We lay off then in Fig. 2 AB, BC, CD downwards. Then DE upwards 
equal to 23 forces. Then HF, FG downwards. Then GA upwards equal to 
23 forces, and closing the force polygon. : 

The stresses can now be found as always. 

(3) We give in the following figures a number of frames with 
their stress diagrams.* For the sake of generality, the outer forces 
and reactions are often taken inclined as well as vertical. 


*The student should sketch the stress diag ms f i Tinea 
; s Ss grams for himself in each case, put- 
ting down as he goes along the sign (—) and (++) for compression and ce 
upon each member of the frame as soon as he finds it. 


141 


EXAMPLES, 


CHAP. VI.] 


Fig. 3. 


Fig. 2. 


Fig. 1. 


Fig. 6. 


Fig. 5. 


Fig. 


Fig. 9. 


Fig. 8. 


Fig. de 
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Fig. 14. 
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Fig. 27. 


Fig. 28. 


Non-concurring Forces——Let the co-planar forces Fi, F:, Fs, 
F,, etc., act at the points A:, A:, As, A: of any rigid body, Fig. 1. 
If we lay off the forces to scale 
in Wig. 2, we have as before the 
¥S; force polygon 01234, and the clos- 
ing line 04 gives as before the re- 
sultant. If this resultant acts in 
the direction 40 upon the rigid 
body, it will hold the given forces 
in equilibrium. If it acts in the di- 
rection 0 4, it will replace the given 
forces. 

We thus know the magnitude 
and direction of the resultant. But 
its position in the plane of the forces 
in Fig. 1 is as yet unknown. 

In order to determine this, 
choose any point O in Fig. 2, and 
draw the lines OO and O4. This 
point O we call the pole of the force 
polygon. Now since every line in 
the force polygon represents a 
force, by thus choosing a pole O and drawing lines O0, O04 to the 
extremities of the resultant 0 4. we have resolved the resultant into 
the two forces represented by O0 and O4. ‘This is evident from the 
fact that these two lines make a closed polygon with 04, and hence 
taken as acting from 4 to O and O to 0, as shown by the arrows, 
hold the forces #1, #2, Fs, Fs in equilibrium, or replace the result- 
ant 40 (page 133). As the pole O is taken anywhere we please, we 


BY 
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can thus resolve the resultant 40 for equilibrium into forces in any 
two directions we wish. 

Let us then consider the resultant 40 for equilibrium, replaced 
by the two forces 40 and O0. Anywhere in the plane of the forces 
in Fig. 1 draw a line s parallel to OO and produce it till it meets 
4’; , produced if necessary, at a. 

If then we take s. and F, Fig. 1, as acting at a, their resultant 
will pass through a and be parallel to s: in the force polygon Fig. 
2, because s: in the force polygon is the resultant of #1 and so, since 
it closes the polygon for those forces. ‘through a in Fig. 1, then, 
draw a line parallel to s: and produce it to intersection 6 with F:, 
produced if necessary. The line s, in the force polygon is the re- 
sultant of s:and #:. Parallel to this line then draw s. through 8, 
Hig. 1, and produce to intersection c with #3, produced if neces- 
sary. ‘The line s; in the force polygon is the resutlant of s. and F. 
Parallel to this line then draw s; through c, Fig. 1, and produce to 
intersection d with F., produced if necessary. Finally through @ in 
Fig. 1 draw a line s; parallel to s; in the force polygon. 

We thus find for any assumed position of s. in the plane of the 
forces in Fig. 1 the proper corresponding position of s:. Since now 
Scand s; are components of the resultant in proper position and 
each may be considered as acting at any point in its line of direc- 
tion, we have only to prolong them, and their intersection gives a 
point e on the line of direction of the resultant. 

We prolong so. and s; then in Fig. 1 to intersection e. The line 
of direction of the resultant passes through e. Acting in the direc- 
tion from 4 to 0, it will hold the forces in equilibrium. We thus 
know the magnitude, direction and position of the resultant for 
equilibrium. 

Position of Pole and of s, Indifferent.—The method is evidently 
general no matter where in the plane of the forces in Fig. 1 we 
take s, as acting, and no matter where we take the pole in Vig. 2. 

Pole, Equilibrium Polygon, Rays, Closing Line.—The point O we 
call the pole in the force polygon. It may be taken where we 
please. The polygon abcd in Fig. 1 we call the equilibrium polygon, 
and ab, be, cd, etc., are its segments. In the present case it is evi- 
dently the shape a string would take if suspended at any two points 
as A and B, in Fig. 1, on sand si. The stresses in the segments 
would be tensile. These stresses are given by the lines O0, O1, O2, 
in the force polygon, and we call these lines rays. In general 
forces may act up as well as down, in which case some of the seg- 
ments would sustain compressive stresses and our equilibrium 
polygon would contain struts as well as ties. 

Let us take any two points, as A and B, upon the end segments 
s and si, Fig. 1, and suppose them fixed. The force so acting at 
A we shall then have to replace by two forces, one parallel to the 
resultant and one in the direction AB. So also for s,at B. The 
sum of the two components parallel to the resultant must be equal 
and opposite to the resultant, and the component in the direction 
AB must be resisted by a strut or compression member AB. This 
resolution we make at once by drawing through O in the force 
polygon a line OL parallel to AB. The line AB we call the closing 
line. Thus we see from Fig. 2 that the sum of the components 42 
and LO equals the resultant ‘ Ste 

In any case, then, we can fix any two points of the equilibrium 
polygon as A, B, by drawing the closing line AB. A line OL 
through O parallel to AB, in the force polygon, gives the com- 
ponents into which s and s are resolved. 
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We can then consider the entire polygon AabedB, with its clos- 
ing line AB, as a frame in equilibrium with the given forces, and 
can apply to it the principles of page 135. ; : 

Thus take the apex A. Here we have the reaction Ri = LO in 
equilibrium with the stresses in ABand Aa. Following round in 

z, the force polygon from L to 0, 
0 to O, and O to L, and trans- 
R \/  ferring these directions to the 


rr 2 
ae eae apex A, we find S. away from 
aie 2 Vs, A or tension, and OL towards. 


as NA or compression, just as on 
a b Net ~ Fa page 136. 

ra Sisepasessae So also at the other apex B 

- Fg we have R:= 4L in equilibrium 

Te with the stresses in ABand 


Bd. Following round in the 
force polygon from 4 to LZ, L 
to O, and O to 4, we find S, 
away from B or tension, and 
LO towards B or compression, 
as before. The components fi 
and R: act opposite to the re- 
sultant 04 which replaces the: 
forces, and equal to it in mag- 
nitude. The forces at A and 
B parallel to OL are equal and 
opposite. Hence the frame is. 
in equilibrium. 

Recapitulation.—Our method, then, is as follows : 

1st. Draw the force polygon by laying off the forces to scale one 
after the other, in any order. The line which closes this polygon 
gives the resultant in magnitude and direction. When it is taken 
as acting in the direction obtained by following round the force 
polygon in the direction of the forces, it will cause equilibrium. In 
the opposite direction it replaces the forces. 

2d. Choose a pole O, and draw the rays 80, 8:1, &, ete. 

38d. Draw the equilibrium polygon. 

4th. Wix any two points in the end segments of the equilibrium 
polygon by drawing the closing line of the equilibrium polygon 
between those two points. 

5th. A line drawn in the force polygon parallel to the closing 
line of the equilibrium polygon will divide the resultant into the 
two reactions at the ends. We thus have a frame the stresses in 
which can be found as on page 136. 

Graphic Construction for Centre of Parallel Co-planar Forces.— 
Let f., F:, Fs, etc., be parallel co-planar forces acting at the points 
A, A2, As, etc., of a rigid body. 

We construct the force polygon Fig. 2 by laying off the forces 
F,, F:, Fs, etc. The resultant is then the algebraic sum of the 
forces and parallel to them. 

Then choose a pole O and draw the rays s,, 81, $2, 83, ete. 

Anywhere in the plane of the forces, Fig. 1, we draw a line 
parallel to so to intersection a with #1; then ab parallel to s, to 
intersection b with F:; then be parallel to s: to intersection ¢ 
with F; then s; through ¢ parallel to ss in Fig. 2. 

The intersection d of s: and ss is a point on the resultant which. 
therefore has the direction and position dC. 
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Now suppose the forces F., F:, Fs, etc., all turned in the same 
direction through a_ right . 
angle. 

Draw the new equilibrium 
polygon s. @ b'c'ss', whose 
sides are respectively per- 
pendicular to those of the , 
first. ps 

The intersection d’ of sv 
and s;’ is a point on the re- 
sultant which therefore has 
eS direction and position 


y; 
oy 

4 
8 


7 


se oe ee ote 


A 


~The intersection C of the Fy 
two resultants gives the 
centre of force for the system 
(page 73). 
Cor. The same construc- 
tion evidently determines the 
centre of mass (page 75), if 
we divide a body into a con- 
venient number of portions, 
and take the weight of each 
portion, #1, #2, F:, ete, 
acting at the centre of mass 
of that portion. 3 
Properties of the Equilibrium Polygon.—The equilibrium polygon 
has many interesting properties. We shall call attention to only 
two. 
ist. As we have seen, the intersection of any two segments is a 
point in the resultant of the forces included between those segments. 
Thus in the preceding Wig. 1, the intersection d of s. and s; isa 
point on the resultant of #1, F. and I’; 
2d. Let sad, Fig. 1, be a portion of the equilibrium polygon, and 
~ Fig. 2 its corresponding force polygon. 
if Take any line fe in Fig. 1, parallel to 
we : F, and draw the perpendicular ed = a. 
| Fra. 1, Let de = y be the ordinate between so 


l and s:. 

Ly In the force polygon Fig. 2, draw the 
Ne perpendicular OH = H from the pole to 
sS, 01. This is called the pole distance of F. 

wR Then by similar triangles we have 


0 Me Bae Te Ek, oNe IMs Tahyp 


bec Fic. 2. But Fx is the moment of F with ref- 
tye Sy SS erence to any point on the line fe. 
yi e Hence, the moment of any force as F, 
with reference toany point, is equal to the 
ordinate through this point parallel to F;, included_ between the 
segments of the equilibrium polygon which meet at F,, multiplied 
by the pole distance of F. in the force polygon. 

Application to Parallel Forces.._The outer forces acting upon 
framed structures are generally weights and reactions of supports 
due to these weights. We have then in general to investigate a 
system of parallel forces, ; ; cs. 

Let 1, #:, #:, Fig. 1, be vertical forces acting upon a rigid body 
or frame. 
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Lay off the force polygon 0123, Fig. 2. Choose a pole O and 
draw the rays 80, $1, $2, Ss. , 
‘hen in the plane of the forces Fig. 1, draw s to meet F: at a: 
then s: through a to meet /; at 6; then s, through b to meet /; at 
E K 


ce; and finally s;. We thus have the equilibrium polygon s,abess. 
We see that the horizontal component of the stress in any segment 
is constant and equal to OH (page 111). | 

Drop verticals through A and B which meet the end segments 
Ss and s; in A’ and B’. If we fix the points A’, B’ by drawing the 
closing line A'B’, the reactions at A’, B will be the reactions at A 
and’ B of the frame. 

Therefore in Fig. 2, draw OL parallel to A’B and we have 
== her, and 817 — a. 

Draw the pole distance OH. Through the apex K of the frame 
drop the vertical Kkmn. Then, as just proved, OH (to scale of 
force) x kn (to scale of distance) = the moment of R:. Again, OH 
x mn =the moment of Fi. The resultant moment is then given 
by OH x (kn — nm) or OH x kin. 

That is, for parallel forces, the pole distance multiplied by the 
ordinate of the equilibrium polygon ati any point, parallel to the 
forces included between the closing line and the polygon, gives the 
resultant moment of all the forces on either side of the ordinate with 
reference to any point in that ordinate, 

If then we make a section cutting HK, CK and OD, and take 
the centre of moments at K, we have (page 102) stress in OD x 
lever-arm for CD = algebraic sum of moments of R: and F, with 
reference to K. But this algebraic sum we have ust seen is given 

: e x km 
by H x km. Hence stress in CD is equal to leverarin oo 

We can therefore find the moment graphically at any point by 
multiplying the ordinate to the equilibrium polygon at that point 
by the pole distance. 

A few examples will make the application of the preceding prin- 
ciples clear. 

Ex. 1. Let AB, Fig. 1, be a beam or rigid body or framed struc- 
ture subjected to two unequal weights #: and F: applied at any 
two given points. Required the reactions at the supports A and B, 
also the moment at any point of all the forces right or left of that 
s point, when equilibrium ex- 


ae Se ists. 
Poesy = Draw the force polygon 
wn 


Fig. 2, choose a pole O, and 
draw So, 81, $:, and the pole 
distance H. 

Construct the equilibrium 
polygon Fig. 1 by drawing a 
parallel to s. to intersection a 
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with F.; through a a parallel to si to intersection b with F,; 
through 6 a parallel to s:. Drop verticals from A and B and draw 
the closing hne A’B’. Parallel to A’B’ draw OL in Fig 2. 

Then LO and 2Z are the reactions at A and B; and since they act 
upwards, the supports must be below A and B. 

The moment at any point K is equal to the ordinate kn multi- 
pled by the pole distance H. 

Ex. 2. It is well to observe that the order in which the forces 
are taken makes no difference in the results, although the figure 
obtained may be very different. 


Thus take the same example as before, but number the forces in 
inverse order, Fig. 1. 

We form the force polygon as before, choose a pole and draw s, 
Si, Ss. Now parallel to s. we draw a line till it meets F: at a 
{note that s must always be produced to meet F1]; then from a 
a parallel tos: till it meets /, at 6; then from 6 a parallel to s:. 
Draw the closing line A’B. A parallel to it in Fig. 2 gives the 
reactions LO and 2L, as before. At apex 6 of the equilibrium poly- 
gon we find s, tension, since /: acts downward. At apex awe find 
8 tension, since #; is downward. Hence at A’, s acts away from 
A’, and following round in the force polygon we obtain LO acting 
upwards. At B’, s acts away, and hence 2L acts upwards also. 
The supports at A and B must then be below. 

As to the moments, the moment of the reaction at A with refer- 
ence to any point K is Hx km. The moment of F: is — H x np. 
The resultant moment is H x (Km—xp). The lower ordinates 
subtracted from the upper will give us the same figure as before. 

Whenever, then, we obtaina double figure as in the present case, 
it shows that we have taken the forces in inconvenient order. We 
have only to change the order to obtain the moments directly from 
the equilibrium polygon. 

Closing Line at Right Angles to the Forces—Choice of Pole 
Distance.—It makes no difference what inclination the closing line 
may have, because, as we have seen, the ordinate in the equilibrium 
polygon parallel to the resultant, multiplied by the pole distance, 
gives the resultant moment, with reference to any point on that 
ordinate, of all the forces right or left. 

We can, however, if we wish always cause the closing line to be 
at right angles to the parallel forces. We have only to find first 
by preliminary construction the reactions or the point L. If then 
we take a new pole anywhere in a line through this point at right 
angles to the forces, the closing line will be at right angles to the 
forces. 

As to choice of pole distance, we have only to so choose the 
position of the pole as to give good intersections for the polygon. 
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The multiplication may be directly performed by properly chang- 
ing the scale in the equilibrium polygon. ‘The ordinate to this new 
scale will then give the moment at once. Thus if our scale of 
length in Fig. 1, preceding, is five feet to an inch, and the pole dis- 
tance in the force polygon Fig. 2, measured to the scale of force 
adopted, is ten pounds, we have only to take fifty moment units to 
an inch as the scale for the ordinates and they will give the 
moments directly. 

Ex. 3. Let the single weight F; act at any point of the rigid 
body AB. Then the equilibrium polygon is AaB’. The vertical 
reactions at A and B are LO and 1L, both acting up, and hence the 
supports are below A and B. 


A Fig. 1, B 


_ We see at once that the moment is greatest at the weight and 
decreases to zero at each support. 
Ex. 4. Let /: act outside of the supports A and B. Observe in 


constructing the equilibrium polygon that so is always produced 
till it meets #1; also that the closing line A’B always unites the 
two pons vertically under the supports, upon the two end seg- 
ments. 

_ The reactions require special notice. Thus the reaction R: at B 
is the resultant of the stresses in a@B’ and B’A’, or 1L in the force 
polygon. The reaction RA: at A is the resultant of the stresses in 
A’a and A’B’, or LO in the force polygon. 

Since #1 acts downward at apex a, we have s: compression and 
8 tension. Therefore at apex A’ we take s acting away, and hence 
obtain LO acting down, or the support is above A. 

_ At apex B’ we take s: acting towards, and hence obtain 1LZ act- 
ing up, or the support is below B. 

Ex. 5. ONE DOWNWARD AND ONE UPWARD FORCE BETWEEN THE 
SupporTs.—Here we need only call special attention to the fact that 
as /’, acts up and is less than F1, s: in the force polygon Fig. 2 lies 
between so and s:. : 


Pe bs | 
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The reaction at A is the resultant of s,and Lor LO. The reaction 
at B is the resultant of s. and Lor L2. 
Since # is down at a, we have s» ten- 
sion, and since #2 is up at b, we have 
S: tension. At apex A’, then, so acts 
away, and hence Lis compression and 
LO acts upward and support at A is 
below. At apex B’, s: acts away, and 
Lis compression as before and 2L 
acts downward, or support at B is 
above. 

We see also that if 4: were less, 
so that 2 falls below ZL in the force 
polygon, the reaction at B would be 
upward also, and the support would then have to be below. The 
student should sketch the case for #2 greater than F). 

At the point K we see that the moment is zero. If ABisa 
beam, the point K is the ‘‘ point of inflection,’’ or the point at which 
the curve of deflection of the beam changes from concave to con- 
vex. ‘The beam would be concave upwards as far as K, and from 
there on convex upwards. 

Ex. 6. In the preceding case, let the forces be equal. Laying off 
the force polygon Fig. 2, the first force extends from 0 to 1, and 
r, the second from 1 back to 0. Choosing 


x Fie. [2 a pole O and drawing So, S:, S:, we find 

A g that s, and s. coincide. 
fais | Constructing the equilibrium poly- 
X/ ir, | 3 | gon and drawing the closing line A’B' 
Hee sees and its parallel L in the force polygon, 
|! | , we see that the reaction at A or the 
4 B' resultant of s, and L is LO, and the re- 


action at B or the resultant of s: and L 
is also LO. The reactions are therefore 
equal. Since s, and s. are both tension, 
we have reaction at A upward or sup- 
port below A, and reaction at B down- 


ward or support above B. 
This is in accord with the principle (page 73) that a couple can 
only be held in equilibrium by another couple. Morever, the re- 
sultant of s, and s2 in Fig. 2 is zero, and the point of application is 
at the intersection of s, and s. in Fig. 1, or at an infinite distance. 

That is, the resultant of a couple is zero at an infinite distance 
(page 73.) : 

At K the moment is zero as before, and we have a point of in- 
flection. 

Ex. 7. Two EQuaL WEIGHTS BEYOND THE SUPPORTS.—The figure 
needs no explanation, except to call attention , 
to the reactions. 

Thus the reaction at A is LO acting down. 
At B it is 2L acting up. 

The moment at any point, in all cases, is 
the ordinate multiplied by the pole distance 
H. The shaded areas then show how the 
moments vary. 

We repeat here that the order in which 
the forces are taken, in all cases, as also the 
position of the pole, is indifferent. The stu- 
dent will do well to work out cases to scale 
and satisfy himself that this is true. 


152 GRAPHICAL STATICS—CO-PLANAR FORCES. [CHAP. Vi. 


Ex. 8. Two EQUAL AND OPPOSITE FORCES BEYOND THE SUPPORTS. 
—Observe that so. is produced till it inter- 
sects Ff: ata in Fig. 1; then s: from a to 
b; then s, parallel to s, or s, in Fig. 2. ‘the 
closing line A’B is then drawn. A parallel 
to it in Fig. 2 gives L. 

The reaction at A is LO acting down, 
and at B, 0L acting up. 

Between B and fF the moment is con- 
stant. This is the graphic interpretation 
of the principle, page 72, that the moment 
of a couple is constant for any point in its 
plane. 

Ex. 9. A UNIFORMLY-DISTRIBUTED LOAD. 
—Let the load be uniformly distributed. 
We might consider it as a system of equal 
and equidistant weights very close together. ; 

Thus in Fig. 1 the load area, which is a rectangle of uniform 
density, whose height is the load per unit of length, and whose 
length is AB, may be divided into any A Fic. 1. F 
number of equal parts. The weight on 
each of these parts acts at its centre of | { { t { { { { ! 
mass. We can then lay off the force ji |- Ps 
polygon Fig. 2. Since the reactions at “Testa | ee eae 
A and B are equal, we take the polein '% % : 
a horizontal through the middle point of an ey 
the force line. The closing line A’ B’ will 
then be parallel to AB (p. 149). Wecan 
then draw 8), S:, S2, etc., and construct 
the equilibrium polygon. It is evident 
that the points a, b, c, d, etc., will enclose ‘ 
a curve tangent to ab, be, ed, etc., at the 
points midway between, that is, where 
the lines of division of the load area meet ; 
the sides of the equilibrium polygon. Me 

The ordinates to this curve, multiplied by the pole distance H,. 
give the moment at any point on the ordinates. 

It will be seen, however, that this method is deficient in accuracy, 
because the lines ab, be, ed, etc., are so short and there are so many 
of them. If, however, we can find what the curve A abcd, etc., is, 
we could draw the curve at once. 

Suppose we divide the load area into only two portions of lengths 
x and ¢— x, where 1 = AB, Fig. 3. The entire weight over the por- 
tion « can be considered as acting at 
the centre e: of the load area. The 
same holds good for the portion J — a. 
We thus have two forces fF: and FP». 

Taking the pole as before, so that 
the closing line A’B’ shall be parallel 
to AB, construct the equilibrium poly- 
gon A’abb’. The curve of moments 
will be tangent at A’, c and B’, as. 
shown by the curve. 

Now we see that, no matter where 
the load area is supposed to be divided, 
we shall always have for the distance 
Ci €2 between F and F; 


fey ea 4 x(t a w) rs 5 
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That is, no matter where the line of division is taken, the hori- 
zontal projection of the line ab of the equilibrium polygon is 
constant and equal to st But ab isa tangent to the curve required. 
But if from any point on the line A’d we draw a line ab limited by 
the line B’d, so that the horizontal projection is constant, the line 
ab will envelop a parabola. 

This may easily be proved as follows: Let the load per unit of length be p. 
va 
5 


The moment at any point distant x from the left support is then 


Then the entire load is p/ and the reaction at each end is 


Z x 
° y=Fe- Fy. 
But since F; is equal to pz, 
_ pl pa? 
ee on 8 


This is the equation of a parabola. At the centre 7 = 5 and we therefore 


= 

Cor. 1. We see, therefore, that when a string is suspended from 
two points A’, B’ and sustains a load uniformly distributed over 
the horizontal, the curve of equilibrium is a parabola (page 113). 

Also the horizontal component of the stress at any point, as is 
evident from the force polygon, is constant and equal to H. Also 
the vertical component of the stress at any point as c, Fig. 3, is 
R: — F,, or equal to the total load between the lowest point and the 
point considered (page 111). 

Cor. 2. We have the following construction for the equilibrium 
curve. Lay off a perpendicular eK at the 


centre e and make it equal by scale to a. 


have the centre ordinate 


Through A, K and B construct a parabola 
having its vertex at K. The ordinate to this 
parabola through any point will give the 
moment at that point. 


2 
The distance Kd is also equal to be- 
cause the moment of the reaction with reference to e igs 
ie foe 0 jak 


CN reer 
and pce a paral ely 


a 8 8 
Cor. 3. How we Draw a Parabola.—Since we know, then, the 
distance ed = F, we can always draw the lines Ad and Bd. If 


p then we divide Ad and Bd into any number of 
equal parts and number these parts along one 
line away from d and along the other towards 
d, we have only to draw lines joining any two 
points having the same number and these lines 


will all have the same horizontal projection 
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They will therefore enclose the parabola required. Tangent to 
these lines we may sketch the curve. 

A better method is to plot the ordinates to the curve from its 
equation, / 


Methods of Solution of Framed Structures.—In Chap. IV we 
have given and illustrated two methods of computation for framed 
structures : 

ist. By Resolution of Forces (page 101). 
2d. By Moments or the ‘‘ Method by Sections ” (page 102). 

In the present Chapter we have the corresponding graphic 

methods : 
ist. By Resolution of Forces (page 135). 
2d. By Moments (147). 


EXAMPLES. 


(1) A roof-truss has a span of 50 ft. and a centre height of 12.5 
ft. Each rafter is divided into four equal panels, and the lower 
horizontal tie is divided into six equal panels. The bracing is as 
shown in the figure. Find the stresses in the members, by the 
graphic method of moments, for a weight of 800 lbs. at each upper 
apex. 

Ans. We have computed the stresses (page 105, Ex. (8)) by the two 
methods resolution of forces and moments. We have also found the stresses 
by the graphic method of resolution of forces (page 140, Ex. (1)). 


= Don Snir OOo 


We can construct the force polygon Fig. 2, and then the equilibrium poly- 
gon Fig. 1. This, however, is not advisable for reasons already given. It 
will be more accurate to assume the pole distance as unity, thus discarding the 


onde polygon altogether, and construct points in a parabola from the equa- 
ion 


y Me 
y = Pn _— = 


a 


ves 
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In the present case the load per foot is, if we suppose half weights of 400 


at the ends, esd 


Ve 128 lbs. =p. Taking « a oo etc., we have 


= 
1 ar Sie ae 
8 , 8 B) 8 ? 8 , 
y = 17500 30000 37500 40000 Ib.-ft. 


Laying these off to any convenient scale, we determine very accurately the 
points a, 6, ec, d of the equilibrium polygon. ‘he other half of the polygon is 
precisely similar, 

The ordinates to this polygon will give, to the scale adopted, the moment, 
for any point of the truss, of the outer forces left or right. Thus the moment 
with reference to # of all forces right or left is km, Fig 1. We find by scale 
km = 216663 lb.-ft. In the same way for the next lower apex we find the 
moment 35000 lb.-ft. The moment at the next lower apex or centre of the span 
is 40000 Ib.-ft. 

Now by the method of sections (page 102) we have for any member 


Stress X lever-arm + = moments of outer forces = 0. 


The second term is given by the ordinates of the equilibrium polygon to 
scale. 

As regards the centre of moments for any member, we must observe the 
rule (page 102), viz: Cut the truss entirely through by a section cutting only 
three members the strains in which are unknown. For any one of these take 
the point of moments at the intersection of the other two. 

For the proper sign for the first member of the equation place an arrow on 
the cut member pointing away from the end belonging to the left-hand por- 
tion, and take the moment (++) or (—) according as the rotation indicated by 
this arrow is counter clockwise or clockwise. 

If the stress comes out positive, it indicates tension; if negative, compres- 
sion. ‘ 

Take for instance the first lower panel, Za. The centre of moments must 
be taken at the first upper apex. The moment for this point is given by the 
ordinate na of the equilibrium polygon, or — 17500 lb.-ft. We take the minus 
sign, because the rotation is clockwise. We have then 


La X 3.125 — 17500 = 0, or La = + 5600 lbs., 


where 3.125 ft. is the lever-arm of La. 
In similar manner we have 


: Le X 6.25 — 30000 = 0, or Le = + 4800 lbs., 


where 6.25 ft. is the lever-arm of Lc. 
For Le we have 


Le X 9.875 — 37500 = 0, or Le = + 4000 lbs., 


where 9.375 ft. is the lever-arm of Le. 

For the first upper panel Aa, take the centre of moments at k. The mo- 
ment for this point is given by the ordinate from k to the first line of the poly- 
gon produced. It is therefore larger than km, which gives the combined 
moment of the reaction and first weight. We find it by scale to be — 283334 
lb.-ft. 

We have then 


— Aa < 3,727 — 233838384 =0, or Aa = -+ 6260 Ibs., 
where 3.727 ft. is the lever-arm for Aa. 


In like manner for Bb we have centre of moments at k, and moment km = 
— 216663. Hence 


— Bb X 8.727 — 216663 = 0, or Bb = + 5813 lbs. 
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For Od we have 
— Od x 7.454 — 35000 = 0, or Cd = + 4691 lbs., 


where 7.454 ft. is the lever-arm for Cd. 
For Df we have 


— Df X 11.151 — 40000 = 0, or Df = + 8587 lbs. 


For all the braces the point of moments is at the left-hand end. Taking a 
section through Bb, ab and La, we have acting on the left-hand portion only 
' the weight AB and the reaction. The moment of the weight relative to the 
left end is the ordinate a/b’, or by scale — 5000 lb.-ft. The lever-arm for ab is. 


6.934 ft. Hence 
— ab < 6.984 — 5000=0, or ab=— 721 lbs. 


For bc we have 
+ be X 6.984 — 5000 =0, or be = + 721 Ibs. 


For cd the moment is a’b' + b’c’, or — 15000. We have then 
— cd X 13.869 — 15000 = 0, or cd = — 1081 lbs., 
and soon, All lever-arms can be scaled off the frame or must be computed. 


The present method is not to be recommended for the braces. In prolong- 
ing the sides ab, be, etc , of the equilibrium polygon, a slight variation in 
direction will make considerable error in the ordinate at the end. Also as the 
sides ab, be, etc., are short they do not give direction accurately enough. 

Of all our four methods, the graphic method by resolution of forces (page 
185) is the easiest of application to such cases. 

The more irregular the frame the more advantageous it is. 


_ (2) A bridge-girder, as shown in the figure, 10 feet deep, 80 feet long, 
eight equal panels in the lower chord and seven equal panels in the 
upper chord, has a load of 5 tons at each lower apex. Find the 
stresses by diagram and by moments. 


Ans. The panel length is 10 ft., sec @ = 1.117. By moments then 


Aa X 10 — 17.5 x 10 = 0, or Aa=+17.5 tons, 
Be X10 — 17.5 X15+5x5=0, Be = + 23.75 « 
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Ce x 10 — 17.5 x 254.5 (5 + 15) = 0, 


Dg X10 — 17.5 X 85 + 5(5 + 15 + 25) = 0, Dg = + 88.75 
— Ib x 10 — 17.5 x 10=0, Ib = — 17.5 
— Id x 10 — 17.5 x 20+5 x 10 =0, Id = — 30 

— If X 10 — 17.5 x 80 + 510 + 20) = 0, If = — 87.5 
— Ih x 10 — 17.5 X 40 + 5(10 + 204 30) =0, Zh = — 40 

Ta = — 17.5 X 1.117 = — 19.55, de = — 7.5 X 1.117 = — 8.88, 
ab = + 19.55, ef = + 8.38, 

be = —12.5X 1.117 = —18.96, fo = —2.5X 1.117 = — 2.79, 


cd = + 13.96, 


gh = + 2.79. 


ce 


ee 


“ 
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Oe = + 88.75 tons. 


CHAPTER VII. 
WORK. 


WORK INDEPENDENT OF PATH, UNiT OF WORK. VIRTUAL DISPLACEMENT. 
VIRTUAL WORK. PRINCIPLE OF VIRTUAL WORK. 


Work.—The product of a uniform force by the projection of the 
displacement of its point of application along the line of action of 
the force is called work. 

Thus let a uniform force, that is, a force constant in direction 


3 and magnitude, act at a point A., and let the 
displacement of the point of application be 

Me AiAs = Gh t 
15 iS A Let § be the angle /'A:A2 between the force 


and the displacement. Then the projection of 
the displacement A:A.,=d upon the line of the force F’is Ain = 
d cos 9, and we have for the work W, 


Wet. CORIN= = ee) i ee 


But F’cos 6 is the projection of the force F#’ upon the line of the 
displacement AiA2. 

Hence, work is the product of a constant force by the projection 
of the displacement of its point of application along the line of the 
force, or the product of the displacement by the projection of the 
force along the line of the displacement. 

If the projection of the displacement Ain along the force is in 
the direction of the force, the force is said to de work. In this case 
the angle 6 is acute and W in equation (1) is positive. 

If the projection of the displacement Ain along the force is op- 
posite in direction to the force, work is said to be done against the 
force. In this case the angle 4 is obtuse and W in equation (1) is 
negative. 

Cor. 1. If the displacement is at right angles to the constant. 
force, the work is zero. 

Cor. 2. The weight of a body is a force acting at the centre of 
mass (page 76). Hence the work done against gravity in raising a 


body of mass m through a distance s is W = — mgs, where mg is 
the weight in poundals and s the displacement of the centre of 
mass. In gravitation units (page 6), W = — ms. 


Cor. 8. The work done by gravity upon a body of mass m which 
falls through a distance s is W= + mgs, where mq is the weight in 
poundals and s the displacement of the centre of mass. In gravita- 
tion units, W = + ms. 

Work Independent of the Path—The definition for work given 
in the preceding Article evidently holds good no matter what the 


path, provided the force is uniform, that is, does not change in 
direction or magnitude. 
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Thus let the constant force Fact on the particle A which is dis- 
placed from A to B either along the line AB, or from 
A to Cand from C to B. F 

In the first case the work is # x Al. Inthesecond 
case the work is 


FxAm+Fx On=FfF x Al. Hea tels 


Tis 


So in general for any broken line between A and B. 
Since a curve is the limit of a polygon, the same holds A 
true for any curved path between A and B. 

Work when Force is Variable.—If the force is variable, we must. 
take the displacement indefinitely small, so that the force during 
— displacement may be considered as uniform. In such case we 

ave 


i acal Be pae ned PEE pd ck 1O) 


Unit of Work.—If [fF] is the unit of force and F the number of 
units of force, {[Z] the unit ot distance and s the number of units of 
distance in the direction of the force, [W] the unit of work and W 
the number of units of work, we have 


W(W)=f (Ff) x s[£}. 
We have then the numeric equation 
W= Hs, 


[W] =[F] x (2). 


The unit of work, then, is the work done by one unit of force 
when the displacement in the direction of the force is one unit of 
distance. 

The English absolute unit of work is then the foot-poundal, or a 
constant force of one poundal acting through one foot. 

The C.G.S absolute unit of work is a constant force of one’dyne 
acting through one centimeter. It is called anerg. A multiple of 
this, equal to 10000000 ergs or 10’ ergs, is used in electrical measure- 
ments and called a joule, after Dr. James Prescott Joule. 

In English gravitation units (page 6) the unit of work is the 
foot-pound. This is the unit commonly adopted in Engineering 
calculations. It is the work done in raising a mass of one pound 
through the vertical distance of one foot against gravity. It is 
therefore a variable amount of work, since the weight of one pound 
varies with the locality (page 6). 

Virtual Displacement—Virtual Work.—When the point of appli- 
cation of a force is actually displaced, the displacement is actual 
and the work done by or against the force is actual also. 

If Fis the force acting at any point and s is the actual displace- 
ment in the direction of the force of that point, then if #’ remains 
uniform, that is, constant in magnitude and direction during the 
displacement, then the actual work is F's. 

But in general, when the point of application of a force is dis- 
placed, the force does not remain uniform unless the displacement 
is taken indefinitely small. ; 

If F, then, is the force acting at any point and ds is an in- 
definitely small displacement in the direction of the force, we have 
in general the work given by Ids. 

Now an indefinitely small displacement of a point which does 


provided 
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t actually take place, but which is only imagined or supposed to 
take inca we ane distinguish by calling a virtual displacement, 
and we call the work done by or against a force by reason of the 
virtual displacement of its point of application the virtual work of 
the force. ; : : 

Virtual displacement unless otherwise specified is always to be 
taken as indefinitely small. It is always linear displacement, since 
a point has no size. 

EPracinig of Virtual Weer tiie ee , Hs, ete., be aon ae 

ring forces, that is, forces acting upon a particle at PL, 
pot OE ia) Seeded F and suppose this particle to re- 


Fi \ ceive a virtual displacement PD 

A in any direction. ; 
: si i 1 displacement is 

Fe ° F Since virtual disp 
Pp < 3 3 Se f as 
indefinitely small, the forces re 
ee = main unchanged in direction and 
Fy Fia. 1. Fla. 2. 


magnitude. : 

If we lay off the line representatives in Fig. 2, the resultant is 
given in magnitude and direction by the closing line OF; = R of 
the force polygon. 

Draw OD parallel and equal to PD, and let a, a2, as, etc., and 
6 be the angles made by #1, F., F, etc., and R with OD. 

Then we have by construction 


Roos § = £1 cos a1 + Fe cos a + F; cos as, etc. = SF cosa. 


That is, the component of the resultant R in the direction of the 
virtual displacement is equal to the algebraic sum of the compo- 
nents of the forces in that direction. 

If we multiply by the displacement PD = d, we have 


K.dcosé=f,.d cos a1+ F2.d cos a2+ F:.d cos as, etc. = SFd cos a. 


But since d is indefinitely small, so that the forces remain un- 
changed in magnitude and direction, we have by definition R. d 
cos 4 equal to the virtual work of the resultant, and /:.d cos a, 
F,.d cos a2, etc., equal to the virtual works of F:, F., etc. 

Hence, if a particle acted upon by any system of forces receive a 
virtual displacement in any direction whatever, the algebraic sum 
of the virtual works of the forces is equal to the virtual work of the 
resultant. 

If the forces #1, F:, Fs, etc., acting on the particle are in equi- 
librium, their resultant R is zero, and we have 


F,.d cos a. + F..d cos as + F:.d cos as, etc. = SFd cosa = 0. 


This is called the ‘‘ principle of virtual work”; a principle which 
includes all of statics and kinetics. We may state it as follows: 

If a particle in equilibrium under the action of any system of 
forces receive a virtual displacement in any direction whatever, the 
algebraic sum of the virtual works of the forces is equal to zero. 

Conversely, if the algebraic sum of the virtual works of a system 
of forces acting on a particle is zero for every virtual displacement 
whatever, the particle is in equilibrium. 

Cor. 1. If a system of particles is in equilibrium under the action 
of external and internal forces, and any number of particles of the 
system receive any virtual displacement whatever, then, since the 
algebraic sum of the virtual works of the forces acting on each par- 
ticle is zero, it follows that the algebraic sum of the virtual works 
of all the forces, external and internal, is zero. 


CHAP. VII. | EXAMPLES. 161 


The principle of virtual work applies then to any material system 
if all forces external and internal are considered. 

Cor. 2. If a system of particles in equilibrium under the action 
of external and internal forces receive any virtual displacement 
of translation whatever which dves not alter the configuration of 
the system, then no work is done by or against the internal forces, 
and the algebraic sum of the virtual works of the external forces 
alone is zero. 

The principle of virtual work applies then to the external forces 
acting upon any rigid body in equilibrium, if the body is regarded 
as a particle and the virtual displacement is one of translation. 

Cor. 3. If asystem of rigid bodies in equilibriuin under the action 
of external and internal forces receive any virtual displacement 
whatever which does not alter the configuration of the system, then 
no work is done by or against the internal forces, and the algebraic 
sum of the virtual works of the external forces alone is zero. 

The principle of virtual work applies then to the external forces 
acting upon any system of rigid bodies whose configuration does not 
change, if the rigid bodies are regarded as particles and their virtual 
displacements are translations. 


EXAMPLES. 


(1) A lever ACB with fulcrum at C ts acted upon by the co-planar 
forces Pand Q at the ends Aand B. Find the conditions for equi- 
librium, neglecting friction. (For rough lever see Ex. (17), page 
221.) 

Ans. Let R be the resultant acting at the fulcrum C. 

Take any point D in the plane of the 
forces. Let the lever be rotated counter- 
clockwise about an axisthrough D at right 
angles to the plane of the forces, through 
an indefinitely small angle of 6 radians, 
Then the virtual displacement of A is 
AD.6= As, making the angle sAP= a, 
with P. The virtual displacement of C is 
CD.6= 0s, making the angle sOR= a 
with the resultant R. The virtual dis- 
placement of B is BD. 6 = Bs, making the 
angle sBO = a, with the direction of Q. 

“Then by the principle of virtual work, having regard to the proper signs as 
- given by the figure, 


+P. Ascosa, — R. Cs cos a — Q. Bs cos a = 0, 


or a 
+ P.9.ADcosa,—R.69.CDcosa—Q.9.BDcos a, = 0, 


or i350 
+P.ADcosa,—R. CD cos a — Q. BD cos a, = 0. 


But if we drop from D the perpendiculars Dn, = p on P, Dn=r on Rf, and 
Dny =q on Q, we have AD cos a, = p, CDcosxa=r7, BD cos ay = q, and 


hence 


That is, the aleebraic sum of the moments of the forces about any point in their 
plane is zero (page 99). 
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Again, suppose the lever to be translated in any direction through an indef- 
initely small distance, so that the virtual displacement of every point is d, and. 
let the forces P, Q, R make the angles «;, @ and @ with the direction cf the. 
displacement. Then by the principle of virtual work we have 


Pd cos % + Qd cos a, + Rd cos a= 0, 


or 
P cosa, -- @) cosa, —- Rcos a —0; 


That is, the algebraic sum of the components of the forces in any direction is. 
zero (page 99), and their line representatives make a closed polygon. 

Again, since the algebraic sum of the moments about any point is zero, the 
three forces must intersect at a common point O (page 100). 

If we suppose the fulcrum @ to be fixed, we can have only rotation. We 
can then easily prove by the principle of virtual work that the necessary and 
sufficient condition of equilibrium for any body free to turn about a fixed axis. 
under the action of any number of forces is that the algebraic sum of the mo- 
ments of the external forces with reference to the fixed axis shall be zero, 

If we take the fulcrum Cas our point of moments we easily deduce, as on 
page 71, when the forces are parallel, 


R= Po. a= a0" 


Yj If the forces are not. parallel, let the force P make the: 
a-@% angle a, the force Q the angle a, the force # the angle a, 
with the lever, the acute values being taken. 
P Then since the line representatives form a closed polygon,, 
R we have 


Yee P:Q: sin (180 — a — a): sin(a— a), 


& 
Q or 


P _ sin acos a, + cos a sin @2 
Q@ sin a@ cos @, — cos @ sin @ 


We have also 
Rsin a = Psina, + Qsin az; 
P vos @ = P cos & — Q cos a; 
Psin a, + Qsin ay 
P cos a, — Q cos a,’ 


tan a = 


R= P?+ Q@ — 2PQ. cos (a + ay). 


(2; In a wheel and axle the radius of the wheel is a, an 
aale b. Find the conditions for equilibrium, neglecting PA 
and rigidity of the rope, when a mass P hung from the wheel just 
balances a mass Y hung from the axle. (For friction and rigidity 
see Ex. (18), page 222.) 


Ans. The external forces are Py and Qg. If we suppose P to recei i 
5 Lie ‘ Vv 5 
tual displacement s downward, then @ will receive the aed ee 


: b 
displacement ae upward, and by the principle of virtual 


work we have 
b 
Pgs — YW .-8= Oy Orin = Gp, 


or the algebraic sum of the moments of the external forces 
with reference to the fixed axis is zero. This is the sole con- 
dition for equilibrium for any body free to turn about a fixed 
axis acted upon by any number of forces. 


~~ e 
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In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitely small, since the forces do not vary with the displace- 
ment. 


(3) Four sailors, each exerting a force of 112 lbs., can just raise 
an anchor by means of a capstan whose radius is 1 foot 2 in. and 
whose spokes are 8 ft. long, measured from the axis. Find the 
weight of the anchor. 

Ans. 3072 lbs. 


(4) If the length of each of a pair of sculls be 8 ft. 6 in., and the 
distance from the hand to the rowlock be 2 ft. 3 in., find the force oi: 
the boat when the rower applies a force of 25 tbs. on each scull, as- 
suming that the blade does not move through the water. 

Ans. 68 Ibs. / 


(5) In the single movable pulley find the relation between the 
force Pand the mass QY for equilibrium, disregarding friction and 
rigidity of the rope. (For friction and rigidity see Ex. (19), page 
224.) 

Ans. The external forces are P and the weight of the mass Q, If we sup- 
pose a virtual displacement of Q downward equal to s, the 
corresponding virtual displacement of P will be 2s upward. 
We have then by the principle of virtual work, in gravita- 
tion units, 

Qs —2Ps =0, or Pe & 


5) 

Again, if 7'is the tension of the rope, we have, in gravi- 
tation units, 7== Pand 27= @. Hence P= 2 
In this example we see that it is not necessary to sup- 


pose the virtual displacement indefinitely small, because the forces do not 
vary with the displacement. 


(6) In the system of pulleys shown, find the relation between the 
force P and the mass Q for equilibrium, dis- 
regarding friction and rigidity of the ropes. 
(For friction and rigidity see Ex. (20), page 225.) 

Ans. The external forces are P and the weight of the 
mass Q. If we suppose a virtual displacement of Q down- 
ward equal to s, the displacement of the next pulley is 2s, 
of the next 4s, and so on. If there are n movable pulleys, 
then, each one of the mass m, we have by the principle of 
virtual work, in gravitation units, 


Qstm.stm.2+m.4s+...m.2"-18— P,2"3=0, 


pt ml te FO EB ote on 2M) 


? 


on 
or 
Q + (2" — 1)m 
ae on : 
If we disregard the mass m of the pulleys, 
Q 
R => on . 


In this example we see it is not necessary to suppose the virtual displace- 
ment indefinitely small, because the forces do not vary with the displacement. 
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Again, let the tensions of the ropes be PICT, oe eebenaweraave Lor 
equilibrium, in gravitation units, 


27, = +m; 

27 = 1+ mM; 

27; = T. + m; 

20 n = Tu-1 + M; 
eRe U8 


Multiplying the second equation by 2, the next by 2°, the next by 2%, etc., 
and the last by 2”-1 and adding, we have as before 


27P = Q+ m+ 2m + 2m + 2m... 1m. 


(7) In the system of pulleys shown, find the relation between P and 
Q for equilibrium, disregarding friction. (For friction and rigidity 
see Ex. (21), page 225.) 


Ans. The external forces are P and the weight of Q. If we suppose a vir- 
tual displacement of Q@ downward equal to s, each string 
coming from the lower block will be lengthened by s, and 
the virtual displacement of P upwards will be ns, where n 
is the number of strings coming from the lower block. We 
have then by the principle of virtual work, if m is the 


P mass of the lower block, 
(Q+ m)s —nsP = 0, 
or 
pe wae 


° 


nN 


In this example we see that it is not necessary to sup- 
pose the virtual displacement indefinitely small, because 
the forces do not vary with the displacement. 

Again, the tension in each string is the same and equal 

to P. Hence, if m is the number of strings coming from 
Q the lower block, nP = Q-+ m. 
(8) In the system of pulleys shown, find the rela- 
tion between P and Q for equilibrium, disregarding friction and 
rigidity of the ropes. (For friction and rigidity see Ex. (22), page 
226.) 


Ans. The external forces are Pand the weight of Q@. If we suppose a vir- 
tual displacement of Q@ downward equal tos, then the 
highest movable pulley will be raised a distance s, the 
next will be raised twice the height through which the 
highest is raised plus the distance through which @ de- 
scends, that is, through the distance 3s. 

In the same way any movable pulley will rise through 
the height s plus twice the distance through which the 
pulley next above rises. 

If the number of pulleys is m and the mass of each 
pulley is m, the distances through which each pulley is 
raised are respectively s, (2? — 1)s, (28 —1)s.. . (Q"-1 — 1)s. 
Also P will be moved vertically upwards a distance 
(2" —1)s. We have then by the principle of virtual work 
in gravitation units, 


Qs — m(2 — 1)s — m(2? — 1)s ~ m(28 — 1)s... — m(2"-1 — 1)s — (Qn — IPs == 03 
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Hence 
p- @—m@-1)+@-)+@-1... +01) 
Qn — 1 
or 
pa Qt mn — (a —1)m 
See 1 
if we neglect the mass of the pulleys, 

Rly sie A 
ou il 


In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitely small, because the forces do not vary with the dis- 
placement. 

Again, if n is the number of pulleys and 7,, 7, 73, etc., the tensions in 
the strings, then we have for equilibrium, in gravitation units, 


Da ES a aR, se a, oY eS eT) 
Pen OT pees eee noe ts at ts 
Ten Tl 1 ireoe ek a ieee aoe (a) 
HAW Nees ON grey Gree ee nl 1)" 
Deed pe hs Foensil nt, =) Ores 0) Ree Foe) 


Multiplying the second equation by 2”—1, the third by 2-2, the nth by 2, 
and adding, we have 


27 n = 2P + 2"-1m + 2"-2m +... Wm. 
Adding equations (2), (8), . . . (7) and employing equation (4), we have 
Q— P=AQ— Tr) + (n — A)m. 
Eliminating 7,, we have, as before, 
2r-1P = Q— (2 — 1)m — (2? — 1)m — (22 —1)m. . . — (Qe-1 — 1). 


(9) If we have three movable pulleys arranged as in Example (6), . 
their masses, beginning with the lowest, being 9, 3 and 1 Ib. respec- 
tively, find what force P will support a mass of 69 lbs. 


Ans, 11 lbs. . 


(10) If in the system of Example (7) there are nine pulleys and | 
each has a mass of one pound, find the force P to support a mass of 
85 lbs. 

Ans. 9 lbs. 


(11) If in the system of Example (8) the mass supported is 56 lbs., 
and each movable pulley, of which there are three, has a mass of 1 1b., 
find the horizontal distance of the centre of mass of Q from the centre 
of the fixed pulley when the diameters of all the pulleys are equal. 

Ans. Nine twenty-eighths the radius of the pulley. 


(12) In the differential pulley shown in the figure an endless chain 
passes over a fixed pulley A, then under a movable pulley to which 
the mass Y is attached, and then over another fixed pulley B, a little 
smaller but coaxial with A. The two pulleys A and B are in one 
piece and obliged to turn together through the same angle. The two 
ends of the chain are joined so as to form a loop. The force P is 
applied to the right-hand portion of the loop. To prevent the chain 
from slipping, there are cavities in the circumferences of the wpper 
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pulleys into which the links of the chain fit. Find the relation of P 
to Y for equilibrium, neglecting friction. (For friction see Ex. (23), 
page 227.) ee 


Ans. Let } be the radius of the pulley B, and a the radius of 
the pulley A. 

Let Q receive a virtual displacement vertically downwards 
equal to s. Then, since both A and B turn through the same 
angle 6, we have nav 


af —b9 Sie are 28 
ae Tee ~~ a—b’ 
and. P has the virtual displacement vertically upwards of 
ee 2a8 te 
_@Sy 


We have then by the principle of virtual work, in gravita- 
tion units, { 


Qas i VD) 
a a, Te 


In this example it is not necessary to suppose s indefinitely small, because 
the forces do not vary with the displacement. Again, let 7’ be the tension of 
the chain, Then if the pulley is in equilibrium, we have in gravitation units 


2 LO: 
“Taking moments about the axis of C, 
Ta — Tb — Pa=0. 


Hence 


Qs—T. 


(Pos O(a — 0) 


2a 
By taking a and 0 nearly equal we can have P as small as we please. 


(18) In the differential wheel and axle shown in the figure, we 
have two axles B and A of different radii, rigidly connected and 
turning about their common axis DE. The force P is applied at 
right angles to the axis at the extremity of the arm CD. The mass 
Q is attached to a pulley supported by a rope which is wrapped 
one way round B and the other way round C. Find the relation 
of P. to Q for equilibrium, neglecting friction. 

Ans, Let¢ be the arm CD, and 0 and a be the radii of Band A, Then, as 
in the preceding example, } 


P= Qa a b) 


By taking 6 and @ nearly equal we can 
have Pas small as we please. In the simple 
wheel and axle the same result can only be 
obtained by making ¢ inconveniently large or 
a@ inconveniently small. 


(14) The requisites of a good balance are as follows: 1 
should be ‘ true,” that is, when loaded with equal an the Kaine 
should be horizontal. 2d. It should be ‘‘ sensitive,” that is, when the 
masses differ by a small quantity the direction of the beam from the 
eee should pacien perceptible. 3d. It should be “ stable.” 

vat is, when moved from its position of equilibrium it shoul 
to wt quickly. Show how to secure these requirements. REE 
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Ans. Let the masses of the loads be Pand Q, and of the scale-pans 5, and 
S,. Let @ be the centre of mass of the bal- 
ance, not including the scale-pans, W_ its 
mass. Let (be the point of support, and let 
CG be perpendicular to the beam AB at D. 
Let 6 be any angle of the beam with the 
horizontal, and denote CD by h, C@ by &, 
and let AD =a, and BD=bD. 

Suppose the balance rotated through an 
indefinitely small angle d@ about D. Then 
the virtual displacement of A is As = ad6; of 
B, Bs = dds; of G, Gs = (h — &)do. 

We have then, by the principle of virtual work, 


(P + S:)ad§ cos 6 — (Q+ S2)bd6 cos 6+ Wh — k)dO sin 6 = 0. 
If we take moments about D, we have for equilibrium also, 
(P+ Si)a cos 6 — (Q-+ S2)b cos 6-+ W(h — k) sin 6 = 0. 
Hence 


— (Q-+ 82)b — (P+ Si)a 
tanifie Wh — &) 7 


ist. When the loads are equal, P = @ and S, = 8. In order, then, that 
the balance may be ‘‘true,” that is, 6 = 0 when the loads are equal, we must 
hayea@ = 0b. Thearms must therefore be equal. We have then for a true 
balance, when the masses of the scale-pans are equal, 


: _(Q= Pia 
a CLI BR Bone es ete coe El) 


We can easily test the truth of a balance by interchanging the loads which 
hold the beam horizontal. If the beam settles again into a horizontal position, 
since the loads are equal the balance is true. 

It is almost impossible to make a balance perfectly true. When, therefore, 
great accuracy is required, the method of double weighing is adopted, ‘This 
enables us to determine the exact mass, however untrue the balance. It con- 
sists in first making the beam horizontal with the body whose mass is required 
in one scale and sand or shot in the other. Then the body is replaced by 
known masses sufficient to keep the beam horizontal, 

2d, From equation (1) we see that if a true balance is to be ‘‘sensitive, ” 
that is, if 9 is to be large when Q — P is small, we must have h — k small 
with reference tow. That is, the distance GD of the centre of mass G from 
the beam must be small compared tothe length of arm, This requisite is 
then obtained by making @ large and bringing the centre of mass near the 
beam, 

3d. But we see from the figure that when 4 is large the moment Wk of W 
about the point of support Cis large and the balance will return more readily 
then when & is small, The condition of ‘ stability” then requires that the 
distance GD of the centre of mass G from the beam shall be large. he con- 
ditions of stability and sensitiveness are then at variance. 

In scientific measurements, where great accuracy is required, the third req- 
uisite is sacrificed to obtain the second, and time is required. For ordinary 
commercial purposes, where it is desirable to save time, the reverse is the case. 


(15) Show how to graduate the common steelyard. 


Ans. Let P be the movable weight, W the weight of beam and scale-pan 
acting at the centre of mass G, @ the weight to be 
determined at A, all in gravitation units. Let C be 
the point of suspension. Let 2 be the number of the 
graduation at 6, sothat @=nP. We have then 
for equilibrium 


nP Xx AC— Wx 0G —P x OB = 0. 
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If we put n = 0 inthis equation, we obtain the position O of the zero of 
the scale, ; 


= W 


: V — : 
or O is on the other side of Oto W at a distance us UG from it. Hence 


nPX AC=Px OB, or OB=nAC. 


The graduations are obtained, then, by marking off distances from O equal to: 


AO, 240, 3AG, etc. Intermediate graduations correspond to fractional values. 
of 7. 


(16) Show how to graduate the Danish steelyard. 


Ans, This steelyard consists of a beam AB terminating in a heavy ball B. 
From the end A hangs the scale-pan. The ful- 
crum (is moved until the weight of the mass in 
the scale-pan is balanced by that of the steelyard. 

Let Q be the mass at A, W the mass of steel- 
yard and scale-pan acting at the centre of mass @. 

Evidently the zero of graduation is at G, since 
the beam balances when the fulcrum is there, when there is no mass Q. 

We have Q = VW, and for equilibrium 


nW xX AC=W X CG = WAG — AC) 


Hence 


AG 
gS m+ 


AGTAGSAG 


The graduations then are at distances from A equal to “30 Bo ae 


(17) If the arms of a false balance are horizontal when there are 
no weights in the scale-pans and one arm is one ninth part longer 
than the other, and if in using it the substance to be weighed is put 
as often into one scale as into the other, show that the seller loses five 
ninths per cent on his transactions. 


(18) If a common steelyard is 18 inches long, .weighs 3 lbs. and is 
suspended at a point 3 inches from one extremity, what is the 
greatest mass which can be measured by a movable weight of 2 lbs.? 

Ans. 16 lbs, 


(19) If one arm of a common balance be longer than the other, 
show that the real weight of the body is the geometrical mean be- 
pees apparent weights as weighed first in one scale and then in 

he other. 


etc. 


_ (20) The arms of a false balance are unequal and one of the scales 
is loaded. A body whose true mass is P lbs. appears to weigh Q lbs. 
when placed in one scale and Q’ lbs. when placed in the other. 
Find the ratio of the arms and the weight with which the scale is 
loaded. 

aes OO ale 
ER ATAS P-Q- 


Ans 


CHAPTER VIII. 


CONSTRAINED EQUILIBRIUM—SMOOTH CURVE 
OR SURFACE. 


REACTION OF A CURVE OR SURFACE. REACTION OF A SMOOTH CURVE OR. 
SURFACE, EQUILIBRIUM OF A BODY ON A SMOOTH CURVE OR SURFACE. 
EQUILIBRIUM OF A BODY AT ANY POINT OF A SMOOTH CURVE OR. 
SURFACE. GENERAL EQUATIONS, 


Reaction of a Curve or Surface.—When a particle is in contact 
with a rigid material curve or surface, the force or pressure which 
the curve or surface exerts upon the particle is called the reaction 
of the curve or surface. 

If then we introduce this reaction as an additional force in com- 
bination with all the other forces acting upon the particle, we can 
remove the curve or surface and consider the particle by itself as 
acted upon by this reaction and all the other forces. 

Equilibrium of a Body on Any Curve or Surface. — Let a. 
rigid body AD# rest in equilibrium upon a rigid material curve of 
surface DE, smooth or rough, and touch it at 
many points P:, P2, Ps, etc. 

Let the reactions at these points be Ri, R., Rs, 
etc., and let the resultant reaction be A acting at 
the point P of the curve or surface. If all the 
reactions are pressures exerted by the curve or 
surface upon the body, this point P must evidently 
always lie within the line or surface of contact DE. 

Since all reactions are internal to the system composed of the 
body and curve or surface, they are internal forces or stresses (page 
7) and the resultant reaction R is the resultant stress. All other 
forces acting upon the body are external to the system, and we call 
them, therefore, external forces. 

Now if the body is in equilibrium on the curve or surface, the 
resultant R’ of all the external forces must be equal and opposite 
to the resultant reaction R and lie in the same straight line. Its 
line of direction must therefore pass through P. 

This point P, if the curve or surface resists by pressure only, 
must always lie within the line or surface of contact DE. 

If the base DH is a point, or the body touches the curve or sur- 
face at a single point only, the body is in equilibrium at this point, 
the line of direction of R’ must pass through this point and A’ must 
be equal and opposite to F at this point. 

If the line of direction of F’ falls outside the base DE the body 
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will rotate. If it intersects the curve or surface in the perimeter of 
the base, as at E, the body is said to be in limiting stability. 

If we consider all stresses but one as external forces, the body 
may be treated as a particle at the point of application of this one. 

Whenever, then, we speak of a body as ‘‘in equilibrium at any 
point of a curve or surface,” the point referred to may be any one of 
the points of contact with the curve or surface. The body may be 
treated as a particle of equal mass placed at this point. 

‘Reaction of a Smooth Curve or Surface.—When a particle is in 
equilibrium upon any curve or surface, the reaction must be equal 
and opposite to the resultant of all the external forces. j 
- Jf the curve or surface is perfectly smooth, it can offer no resist- 
ance to a tangential force acting upon the particle. 

The reaction and the resultant of all the external forces must 
then, for equilibrium, not only be equal and opposite, but must also 
be normal to the curve or surface. For if the resultant of all the 
external forces is not normal, it can be resolved into a normal and 
a tangential’ component. But the smooth curve or surface can 
offer no resistance to the tangential component. Hence for equi- 
librium the resultant of all the external forces must be normal and 
the equal and opposite reaction must also be normal. 

A smooth curve or surface, then, is one whose reaction is normal. 
It is incapable of offering resistance to motion in any other than a 
normal direction. 

Equilibrium of a Body on a Smooth Curve or Surface.—As we 
have just seen, whether the curve or surface be smooth or rough, 
we can treat the body as a particle of equal mass placed at any one 
of the points of contact with the curve or surface. 

If the curve or surface is smooth, then, as we have just seen, the 
reactions Ri, R:, Rs, etc., at each and every point of contact must 
each be normal at its own point of application, the resultant reac- 
tion R must be normal at P, and the resultant #’ of all the external 
forces must be normal and its line of direction must pass through P. 

If the curve or surface resists by pressure only, this point P 
must lie within the line or surface of contact. 

Thus, for example, let a body ADE rest in equilibrium on a 
smooth plane surface DE. 

Then the reactions Ri, R., Rs, etc., at every point of contact 

71, P2, P;, etc., are normal to 
the plane. The resultant re- 
action R is normal to the 
plane also and acts at some 
point P of the base DH. If 
. ‘ the surface resists by pressure 
only, this point P must lie within the base DH. 

Let W be the weight of the body acting vertically at the centre 
of mass C, and let F' be the resultant of all the other external forces. 
The resultant Nof Wand F is then the resultant of all the external 
forces. It must pass through the intersection A of Wand F, and 
if there is equilibrium must be equal and opposite to the resultant 
reaction & and lie in the same straight line. It must therefore 
also be normal to the plane, and its line of direction must intersect 
the plane at the same point P of the base DE. If N fallsoutside of 
the base DE, there is no equilibrium if the plane resists by pressure 
only. If N passes through Z, the body is in limiting stability. 

_We can consider the body as a particle placed at any one of the 
points of contact. 
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| Equilibrium of a Body at Any Point of a Smooth Curve or Sur- 
face.|—If a body acted upon by auy number of forces / , Fa, ete., applied 
at different points, is at rest at any pomt of a smooth curve or surface, we 
may tlien treat it as a particle placed at that point. The normal reaction 
WV at the point must be equal and opposite to the resultant of all the other 
forces acting upon the body., The curve or surface can then be replaced 
by its normal reaction JV at the point. 

The normal toa surface at any point has a definite direction, The 
normal to a curve at any point may have any direction in a plane through 
that point perpendicular to the tangent at that point. 

Let all the forces acting upon the body, not including the normal reac- 
tion NV at the point P, be #1, F2, ete., making with the co-ordinate axis the 
angles (ai, 61, 71), (@2, f2, v2), ete. Then the components parallel to 
the axes are 


Fy, = F; 008 a1 + M2 COS a2 +... = SF COS a; 
Fy = F, cos 61 + &: cos 2 +... = SF cos Z; 
Fz= Ficosyit+ #2, cosy2 +... = 2 cosy. 


1. Equilibrium of a Body at Any Point of a Smooth Curve.—Let 
ds be an element of the curve. Then the direction-cosines of the tangent 


i ‘ . dex 
to the curve at any point P given by the co-ordinates (a, y, 2) are gai 
dy dz , : F 
rete The normal reaction JV at the point P has no component tangent 


to the curve at this point. If all the other forces are resolved along the 

tangent to the curye at this point, the sum of their tangential components 

2 dz dy dz : smicrt 3 

is Fy Pa ae Hy ais" + Py ae If there is equilibrium, this sum must be zero. 
We have then for the condition of equilibrium 


CNY ie oe 


dx 
di Tih ae 
” ds as ’ ds ds 


If we multiply by ds, we obtain 
ff, daz + By dy + Fedz=0, 


which is the principle of virtual work (page 159). 

2. Equilibrium of a Body at Any Point of a Smooth Surface.— 
Let the normal reaction JY at the point P make with the co-ordinate axes 
the angles 9, 9,, 9z. Then we have for equilibrium 


By = Noos $e, Hy=Ncos by, Fz = cos 6; ; ( 
: a 
By + fy’ + #7? = N’. ) 


Let the equation of the surface be w = 0, where w is a function of a, y, 
Zz. 
For convenience of notation let 


du du du 
tee SS a 2 2— ()?, 
a Niay Vics Wand 30h V2 + Wi=Q 
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Then the direction-cosines of the normal to the surface at the point 
(a, y, 2) are 


du 
nae Ge Of da ! 
aoe (2 2 (du vi (4 2? 
es a a dz 
du 
Va dy 
cos Oy = — = = pees: . ave 
y Q / du in du 2 du 2 . . . : (2) 
(a) @ * \ae 
du 
5a dz 
cos 6, a 
Q / du aL (du re du\? 
7 ‘ai ) ae) 
But for equilibrium 
es ee 
cos 6% cos Oy cos 6," 


We have then by inserting the values for 6,, 9), 9z, 


Pre By F; 


Nooo 


If we substitute the values of cos 9%, cos Oy, cos 9; in equations (a), 
and multiply the first equation by da, the second by dy, the third by dz, 
then add the results and reduce by the equation 


du du du 
which is the total differential of the equation of the surface w= 0, we 
obtain 


TENS a TORIC mM Dy eG Go 5 CD) 


which is the principle of virtual work (page 159). 

Equations (8) give two independent simultaneous equations which com- 
bined with the equation of the surface will determine the point of equilib- 
rium, if there be one.'! Equation (4) is the condition of equilibrium. 

If all the forces are in one plane, let this be the plane of YY. Then 
from equations (3) and (4), since #; = 0 and dz = 0, 


Lit alle 
(du\ = Tan SOP Cai een ey ee. BoP od (5): 
da) al 


Frdz + Fydy=0.. 


EXAMPLES. 


(1) A body of weight W is placed upon a smooth inclined plane 
AB which makes an angle « with the horizontal and is acted upon 
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by a force P which makes the angle 6 with the plane. Find the con- 
ditions of equilibrium. (For rough plane see Ex. 7, page 215.) 

Ans. Consider the body as a particle placed at any point O on the plane 
(page 169). We have acting upon the 
particle the weight W, the force P and 
the normal reaction V of the plane, and 
these three forces must constitute a sys- 
tem of concurring forces in equilibrium. 

Let the angle BOP = £ be positive 
when above the plane and negative 
when below the plane, as shown in the 
figure. 

ist Solution : By Resolution of Forces.—If we lay the line representatives 

of the forces off in order the same way round, 
B they form a triangle (page 62). 
Pp We have then directly 


NV: W::sin [90 — (a + £)] : sin (90 + £), 


or 
Ee Ey ee 
a cos 
P:W::sin a :sin (90 + £), 
or 
W sin @& 
& ficos Gr @) 


We see at once from the figure that when 6 = + (90° — a), P and W are 
equal in magnitude and act opposite in direction and NV is zero. For any 
greater value of positive 6, V is negative and there is no equilibrium possible. 

For negative 6, we must evidently have / less than 90°. 

Equations (1) and (2) hold good, then, for all values of 3 between +- (90° — ct) 
and —90°. Outside of these limits there is no equilibrium, 

The minimum value of P is for 6 = 0 and equal to P= Wsina. 

Again, we can put the algebraic sum of the components along the plane and 
perpendicular to the plane equal to zero (page 61). We have then 


N+ PsinZ — Weoosa = 0; 
Pos f— Wsina=0. 


From these two equations we obtain the same equations (1) and (2) for V 
and P. 

Again, we can put the algebraic sum of the horizontal and vertical compo- 
nents equal to zero. 


Hence 
Psin(a+/)+ Noosa— W=0; 
Pcos(a+ £) — Nsina = 0. 


From these two equations we obtain the same equations (1) and (2) for V 
and P. 

2d Solution: By Virtual Work.—In order to find P, suppose a virtual dis- 
placement d along the plane from O towards B. This displacement is at right 
angles to WV and hence the virtual work of J is zero. 

For equilibrium the algebraic sum of the virtual works of P, NV and W is 
equal to zero. 

The component of P in the direction of the displacement is P cos 3. The 
virtual work of P is then -+- Pdcos 6. The component of W on the line of the 
displacement is W sin a opposite in direction to the displacement. The virtual 
work of Wisthen — Wdsina. ‘The virtual work of V is zero. Hence 


W sin & 


Pacos 8 —- Wdsina=0, or P= tea 8 
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In order to find V, we might suppose a virtual displacement at right angles 
to P, thus making the virtual work of P zero. Since, however, P is now 
known, let us suppose a horizontal virtual displacement d away from 0. Then 


the virtual work of W is zero, and we have 
Pd cos(a-+ 6) — Ndsina=0. 


y Pcos(a+f) _— Weos(a-+ f) 
ne sin a i cos (3 : 
In this example we see it is not necessary to suppose the virtual displace 
ments indefinitely small, because the forces do not vary with the displacement. 


(2) A body of weight W is placed in contact with the under side: 
of a smooth inclined plane which makes an angle « with the horizon- 
tal, and is acted upon by a force P which makes an angle 6 with the 
plane. Find the conditions of equilibrium. (For rough plane see 
Ex. (8), page 217.) 


Ans. V= — ease) Wy e= ees where 6 > + (90 — a) and 
<+ 90. : 


cos 2 cos (3 

(3) Find the force P necessary to just move a cylinder of radius r 
and weight W up a plane inclined at an angle a, by a crowbar of 
length 1 inclined at an angle (, neglecting 
friction. (Wor friction see Ex. (9), page 218.) 

Ans. The weight W acting at the centre O can 
be resolved into components JV,, WV» perpendicular 
to the bar and plane, If P acts at right angles to. 
the bar, we have by virtual work, for a small dis- 
placement due to turning the bar about A through: 


Hence 


eo an indefinitely small angle 6, 
Pio—W,.4N0=0, or P=—*-A%s, 
But 
— 1 _ r[1 — cos (a + A)] Wein 
a Ca le ~ ina By 
Hence 
p= Wr sin a[1 — cos(a+ f)] _ Wr sin a 
<x isin? (a+ /) ~ [1+ cos (a+ £)} 


(4) A particle of mass m rests on a smooth cylinder and is kept in 
equilibrium by a string fastened to another particle of mass M, which 
passes over the cylinder and hangs freely. Determine the position 
of equilibrium. (For rough cylinder see Ex. (10), page 218.) 

Let the position of equilibrium be at ) and suppose a virtual displacement 
DP along the chord at D. Then M moves through 
a distance equal to the chord DD’ and we have the 
algebraic sum of the virtual works zero, or, since the 
virtual work of JV is zero, 


Mg X chord DD' — mg X nD' = 0, 
HE nD! 
m chord DD’ 


If DD’ is indefinitely small, it is tangent at D. 
Hence if the tangent at D makes an angle § with the 
vertical, we have for the condition of equilibrium 


or 


M 
—- = cos 9, 
m 


' 
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In this example we see that the condition of an indefinitely small ‘virtual 
displacement is necessary, because the forces vary with the displacement. 

(5) Find the conditions for equilibrium for a screw, neglecting 
friction. (Yor friction see Ex. (11), page 219.) 

Ans. Let P be the force applied at the end of the arm a, and let the pitch 
of the screw or distance between the threads be p. Let M be 


the mass supported by P. r ‘a 
Ist. By Virtual Work.—lf the arm @ moves through 27 
radians, J is raised the distance p. If it moves through one E 


% : F p 
radian, J is raised fe 
Qn 


If P, then, has a virtual displacement of 6 radians, it 
moves through the distance a and M is raised a distance 


4 . : Fi : 
28. and we have by the principle of virtual work, in gravi- 
<7 A M 
tation units, 
Mp6 M, 
Pab — f = (05 tor =P = P 
2a 20a 
Hence 
M  2xa circumference of circle in which P moves 
P ie Ap, «iy distance between threads 


2d. By Resolution of Forces.—Let N be the normal pressure on each thread,, 
and @ the inclination of the thread tothe horizontal. Then, in gravitation 
units, we have for equilibrium 


Z=Ncsa— M=0. 


If 7 is the radius of the screw, we have, taking moments about the axis, for 
equilibrium 
—- Pa+ 2Nsinexr=0. 
But if the screw be developed, we have an inclined plane whose base is. 
277 and height p and angle of inclination a. 


2n7r 2rrtana =p, or trsine = pcosa, 
Inserting this value of 7 sin ~, we have, as before, 
Mp _ Mrtanc 
Qa Ge 


(6) The differential screw consists of a screw AD which works in. 
a fixed nut CC’. AD is hollow and has a thread cut inside, in which 
a solid screw DE works. DE is prevented from turning by some 
means, for instance by a rod FEF rigidly connected with it, whose 
ends work in grooves, so that DE can only move in a direction par- 
allel to its axis. The mass M is raised by the force P applied at the 
end of thearm AB=a. Find the condition of equilibrium, neglect- 
ing friction. (For friction, see Ex. (12), page 220.) 

Ans. Let @ be the length of arm AB, P the force applied, p and p’ the 
pitch of screws AD and DEH. ‘ 

When AB turns through 2z radians, AD rises a 
distance p. D# cannot turn and therefore moves down- 
wards a distance p’ relatively to AD. The mass M is 
raised, then, adistance p — p’. When AB turns through 


— Pat 32 = 0, one Bs 


one radian, © is raised Pp . If P then has a virtual 


displacement of 9 radians, it moves through the distance 


: ; (p — p')0 
a6 and M is raised Boel 
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Hence by the principle of virtual work, in gravitation units, 


(p—p)b _ bag Dee oe 
Pat Me Orme ony . 


Evidently, by making p and p’ nearly equal, we can make P as small as we 
please. In the simple screw the same result is attained only by making the 
lever-arm @ inconvyeniently large, or by making the pitch so small that the 
thread is too weak to support the pressure on it. 


(7) Let the force acting normally upon the middle of the back of 
an isosceles wedge be P. Find the conditions for equi- 
librium, neglecting friction. (For friction ‘see Ex. (18), 
page 220.) 

Ans. The pressure on each side must be normal. Let a be 
the angle of the wedge. Then for a virtual displacement of s 
we have by the principle of virtual work 


Ps — 2s sin 5 =0, or P=2Nsin<. 


(8) Let an isosceles wedge rest with its surface BC upon a hori- 
zontal plane. Let a force P be applied normally at the middle point 
of the back. Let the body, whose weight is W, acting at the centre of 
mass G, rest upon the wedge, and be constrained by guides DH, 
D'E te move in a direction normal to AC. Find the condition for 
equilibrium, neglecting friction. 


Ans. Let a be the angle of the wedge. Then 
N= Weos a. 


(P=) Wicos asin <, 
(9) A body weighing 10 lbs. rests on @ 
smooth plane rising 2 feet vertically for every 
5 ft. along the plane. It is kept from sliding by a force in the direc- 
tion of the plane. Find the force and the pressure on the plane. 
Ans, P=4 lbs.; VV = 9.16 lbs, 


(10) A body is kept at rest on a smooth inclined plane by a force 
acting up the plane equal to half the weight of the body. Find the 
inclination of the plane. 

Ans. 30°. 


(11) A body is at rest on a smooth inclined plane, and the applied 
force and pressure on the plane are each equal to the weight of the 
body. Find the inclination of the plane and the direction of the 
applied force. 


Ans, 60°; 30° to inclined plane and horizontal plane, 


(12) A body is supported on a smooth inclined plane by a for 
equal to its weight. Show that the reaction of the plane ae 


oe it would be if the body were supported by the least possible 
orce. 


(13) Let P be the force which, acting up a smooth inclined pla 
keeps a body in equilibrium. Let Q be the force which Suppdets the 
body when its direction is such that it is equal to the reaction of the 
plane. Show that P acting up the plane could just support a bod y 
of weight Y on a plane of twice the inclination. 
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(14) Two particles of equal mass, each attracting with a force 
varying directly as the distance, are situated at the opposite extrem- 
tties of a diameter of a horizontal circular wire on which a small 
smooth ring ts capable of sliding. Show that the ring will be kept 
at rest in any position under the attraction of the particles. 


(15) A body whose weight is W is sustained on a smooth inclined 
plane by three forces applied to it, each equal to — One acts ver- 


tically, another horizontally, and the third along the plane. Find 
the inclination of the plane. 
Ans. Let @ be the inclination of the plane. We have, placing the algebraic 


sum of the components along the plane equal to zero, the Ww 
condition of equilibrium No 3 


Ww 
3 


Wa We : = 
3 — 3 C08 a> — sin a — Wsin a= 0. 
Hence, 


2sina=1-+ cosa. 


: ; np te a il 
Or, since sin w= 2sin 3 OS > and 1+ cosa = 2 cos? 9% 
~ 
reas a 9 & 
2sin—cos— = cos? —. 
2 2 


Solving this equation, we have 


a 5 ee 
cos— = sin — + sin —, 


2 2 2 
or 
a 5 te 
Coss = 2 sins or 0. 
We have then two values for a, given by tan < = S or a@ = 53° 7’ 48.4 


and a = 180°. 
Placing the algebraic sum of the components perpendicular to the plane 
equal to zero, we have 


W 
V+ W 0s a — ee Weos a= 0. 


Hence 


i ae a-+t 2 cos a). 


: 2 
The first value of a= 58° 7’ 48.4 gives V= + 3 W. The second value of 


a= 180° gives V= — “ W. ‘The first value 


gives a rational solution. The second value 
corresponds to the case of the particle placed 
underneath the plane, the normal reaction of the 
plane being directed towards the plane. If the 
normal reaction could consist of a pull, this po- 
sition would be possible. 


(16) A rod AB rests on two smooth planes AC and BO which 
make the angles «, and a, with the horizontal. A load of P lbs. is 
applied at a point D of the rod at a distance AD=a and BD=b 
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from the ends. Find the inclination of the rod to the horizontal 
when equilibrium exists, and the pressures 
Ni and N. on the planes. Weight of the 
rod neglected. (For friction see Ex. (15), page: 
221.) 

Ans. The forces acting upon the rod are the ver- 
tical weight Pat D and the normal pressures VV; and 
N, at A and B. These pressures make the same 
angles with the vertical that the planes AC and BC 


Pp 
make with the horizontal. 4 ’ 
We have then for equilibrium the algebraic sum of the vertical components. 
equal to zero, or 


Vi cos-a -, cos ay — Pi 03a 
the algebraic sum of the horizontal components equal to zero, or 
IN Since ee NV SID Cai 03) ee eee OP 


the algebraic sum of the moments about any point in the plane equal to zero. 
Take the point D and let the lever-arms be 7, and 72. Then 


INES — IN = ee (3). 


We have from the figure, since 72 and 7, are parallel to BC and AC, if 6 is. 
the angle of the rod with the horizontal, 


Nz = b cos (a = 9), m1 = a cos (% + 9), 


sin @2 


and from (2) we have VW, = — N.. Substituting in (3), we have 
sin @ 
SIN Qe 
b —_— = S 6 3 
COS (@_ — 8) os ae cos (a, + 4) 


expanding and reducing, we obtain 


a cotg a, — b cotg. a, 


er 530k Se 


tan 9 = 


Also from (1) we obtain 
Lo WISSINGS: _ _ P sin a 5 
~ sin (@ + @2)’ Sipe Crea Ay (°) 


If w= 90° and a, = 0, or the plane BC is vertical and AC horizontal, we 
have from (4), 6 = 90°, and from (5), Wi = Pand VN, =0. That is, the posi- 
tion of equilibrium is when the rod is vertical and the end A isat C. If it has 
any other position, there is no equilibrium unless another force is introduced. 


(17) A rod AB of length | rests upon two smooth planes, one AC 
horizontal and the other BC vertical, and its inclination with the 
horizontal is 6. A load of P lbs. is applied at a distance AD=a 
from the end A. The rod is prevented from sliding by a string at- 
tached to C and the rod. If the inclination of this string with the 
horizontal is «, find the stress in it for equilibrium. Weight of the: 
rod neglected. 

Ans. The forces acting upon the rod are the vertical weight P acting at D, 
the stress Sin the string, and the normal pressures 1, and 
NV, at A and B. 

We have then for equilibrium the algebraic sum of the 
vertical components equal to zero, or 


1 


NV; — 2 —=")S sin a0 rr rer (C1) 
the algebraic sum of the horizontal forces equal to zero, or 
800s. d — Ny = 0, Ae ee) 


the algebraic sum of the moments about any point in the plane equal to zero.. 
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Take the point @ as the centre of moments. Then the lever-arm for .”; is 
i cos 6, for NV, it is7 sin 9, and for P, (J — a) cos 6. Hence 
Nsino+ Pi—a)cos6— Milcoss?@=0. . ... (8) 
From these three equations we obtain 


Pa Pa tan « 
~ dcos a(tan 6 — tan a)’ M=P+ U(tan 6 — tan a)’ 


r Pa 
les (tan 6 — tan «)’ 

(18) A body is sustained on a smooth inclined plane of inclina- 
tion « with the horizon by a force P acting along the plane and a 
horizontal force H. When the inclination is half «, the forces are 
- and aoe and the body is still at rest. Find the ratio of P to H. 

P a 
cS a Ya 

Ans. 7s 2 cos’7 

(19) A weight of 10 kilograms is sustained on a smooth inclined 
plane of 25° inclination with the horizon, by a horizontal force of 5 
kilograms and a force unknown in magnitude and direction. Find 
this force when the normal pressure on the plane is 2 kilograms. 

Ans. 9.07 kilograms making an angle ( below the plane of about 88° 6’. 


(20) Find the inclination of a smooth inclined plane if a weight 
of 24 kilograms resting upon it is sustained by a horizontal force 
of 7 kilograms and a force of 16 kilograms of unknown direction, 
while the normal pressure is a force of 15 kilograms. Find also the 
unknown direction. 

ANS C= dy Ose (F=f 2. 

(21) Find the inclination of a smooth inclined plane if a weight 
of 20 kilograms resting on it is sustained by force up the plane of 5 
kilograms and a force of 15 kilograms of unknown direction, while 
the normal pressure is 2 kilograms. Find also the unknown direc- 
tion. 

Ans, a— 49° 28’; 6 = 47° 9’. 


(22) Find the inclination « of a smooth inclined plane if a given 
weight W resting on it is sustained by a horizontal force H and a 
force P of unknown direction, while the normal pressure.is N. Find 
also the unknown direction. 


Ww? + ghar N? pee P?2 


oN Then 


Ans. For convenience of notation let A = 


AW il W?+ H? — N°*—P? 
wt wate 2h N 


(23) A rigid body rests at the point A upon a smooth inclined 
plane ACD which makes an angle « with the 
horizontal. The axis AB of the body makes 
an angle 6 with the horizontal. At the point B 
a force P is applied which makes an angle y 
with the axis AB. At the point s of the body a 
vertical force Wis applied. All the forces act 
in the plane of AB and AC. Find the condi- 
tions of equilibrium. ‘ 

Ans. Let AB= a, AS =, and the normal pressure at A be JV. 


V¥We+LH?—A*, sin B= 


cos A= 
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The forces acting upon the body are P, W and the normal pressure at A. 
If these forces are in equilibrium, we have for the algebraic sum of the mo- 
ments about A 


Wd cos 6 — Pasiny =0, or pees (1) 
asin y 
Placing the algebraic sum of the horizontal components zero, we have 
b cos s(v— 
P cos (y—f)—N sin a= 0, or yee f) = us COS B) (2) 
sin @& asin y sin @ 
If we take moments about B, we have 
: a _ (a—b) sin y sin « 
Na sin 90—a—)— Wa—b) cosh =0, or cos(a+f)= * Beos ty i-aie (8) 


We thus determine P, WV and the direction of the axis AB. 

We also have the algebraic sum of the components along the plane equal 
to zero, or 

Pocos(a+ 6—yv)— Wsina=0. 
Reducing and inserting the values of P and cos (a+ f) from (1) and (8), we 
have 
asin y sin 6 +0 cosy cos B 
(a —b) sin y cos ; 


tan (a+ f) = 
Also, since P, V and W must make a closed triangle, 


bth ; a 
Bi ec Fa? V(b cos #)?+ (a sin y) — 2abcos # sin y sin(y — f). 


If Pis horizontal, we have vy = #, and 
Wd 


P= a cot f; 
Wb cot W : 
N=. 8 N= Tang V0 cos BP + (asin By, 
(a —b) asin? 6 + bcos? 6 


cos (a+ f) = 7 sin 6 sin aw, tan (a+ f£) = (a — b) sin 6 cos & 


The student should solve by the principle of virtual work. 


(24) The upper end of a rod rests against a smooth vertical plane 
and the lower end in a smooth spherical bowl. A weight W acts at 
any point M of the rod. Find the position of equilibrium. (For 
rough surfaces see Ex. (24), page 227.) : 

Ans, Let AB be the rod, DB the vertical plane and FAE the spherical 
surface. The forces acting upon the rod are the 
weight W acting at the point M of the rod, the nor- 
mal pressure NV on the spherical surface which passes 
through the centre ( of the sphere, and the normal 
pressure # on the vertical plane. 

Let a be the angle of the rod with the horizontal 
and @ the angle of the radius AC = r with the hori 
zontal. 

Then we have for equilibrium 


iV cos’) — R = 0, WwW 
t qe Ys 
NV sin —-W= 0, sin § 


Take moments about M. Let the distance AM=a and MB=b. Then 
is lever-arm of # is b sin a, and the lever-arm of Vis asin (@ — a), and we 
ave i 


iss Veo, 5 4 - (1) 


Rb sin a— Nasin (6 — a) = 0, 
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or, substituting the values from (1), 
asin (9 — vw) =dcos6sina, 
Developing and reducing, this becomes re 
(SQ) ies CEM, so Ge oe eo eB oo CO 


Let the length of the rod be 7, Then the distance CD = d of the centre of 
the spherical surface from D is 


G1 COBO — 9° COS OL Py emi any rey Wiel ce agen) 


From (2) and (3) we can determine wand 6. The position of equilibrium is 
independent of W, but depends upon the position of Wand (C, 


(25) A body whose weight is W is at rest upon a smooth parabolic 
curve whose axis is vertical, and is acted upon at any point P by a 
horizontal force H whose magnitude is always proportional to the 
distance PM from the axis. Find the position for equilibrium. 
(For rough surface see Ex. (25), page 227.) 

Ans. The equation of the parabola, taking the origin at the vertex 0, is 


y? = 2p2, 


where the axis of X is vertical and the axis of Y horizontal and p is the ordi- 
nate to the curve through the focus. 


We consider the body, whatever its size as a particle, acted upon by con- 
curring forces (page 169). The applied forces are W, H and the normal re- 
action of the curve. These make a system of concurring forces in equilibrium. 

Let the horizontal force which acts upon the particle when it is at the dis- 
tance p from the axis be H;. Then the force / when it is at any other dis- 
tance PM = y from the axis is 


ie 4 
D 


Let 9 = angle between the tangent at P and the vertical. 
Then, taking the algebraic sum of all the components along the tangent, 
we have for equilibrium the condition 
W cos § — Hsin § = 0. 


This condition holds whether the particle rests within the curve or upon it. 
Substitute the value of H, and we have for the condition of equilibrium 
W cos 6 = 5h sin 0. 


This condition is evidently satisfied when 6 = 90° and y = 0, that is, when 
the particle is at the vertex. 
If the particle is not at the vertex, we have 
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But if the curve is a parabola, we have for any point tan 9 = 5, Hence the 


condition for equilibrium for any point is H, = W. 

If then the magnitude of the horizontal force when the particle is at the 
distance p from the axis is W, the particle will be at rest at any point of the 
eurve. If it is not, the vertex is the only position. 


(26) A body of weight W, resting on a smooth inclined plane, is 
attached to a string which, passing over a smooth pulley, sustains a 
body of weight P. If ~ is the inclination of the string to the inclined 
plane and « the inclination of the plane to the horizon, find the con- 
ditions and position of equilibrium. 

Ans, (Example (1).) The condition of equilibrium is Pcos 6 = Wsin a, or 

sin @ 
Cos oi P 

Since 6 must be less than 90°, cos 6 must be less than unity. Hence Wsin a 
must be less than P. If the condition of equilibrium is satisfied for one point 
of the plane, it will be satisfied for all others. 


(27) A body whose weight is 10 kilograms is supported on a 
smooth inclined plane by a force of 2 kilograms acting along the 
plane and a horizontal force of 5 kilograms. Find the inclination 
of the plane and the normal reaction. 

ANOS) 2S SOP ay IKI, ran ee = sp cos @ = = NV = 11 kilograms. 

(28) Two weights P and Ware fastened to the ends of a cord 
which passes over a smooth pulley O. The weight W rests upon a 
smooth vertical plane curve and P hangs freely. Find the position 
of equilibrium (a) when the curve is a parabola and O is at the 
Focus ; (b) when the curve is a circle and O is at a distance a above 
the centre; (c) when the curve is an hyperbola and O is at the centre, 
the axis of the curve being vertical ; (d) find the curve such that the 
weight W may be in equilibrium with P at all points of the curve. 

Ans. The applied forces are the weight W acting vertically, the tension P 
of the string and the normal reaction WV of the curve. 

Take the origin at O and let OW make the angle a with 
the horizontal. Then, since AW = 2, OA = y, if we de- 
note OW by 7, we have 


sna=%, cosa==—, 7 =a? + 9, 
: , 


Let WV make the angle 9 with the vertical, then the tan- 
gent at W makes the same angle with the horizontal. 

We have then for the algebraic sum of the vertical com- 
ponents 


LV cos: — Was PB sity ce 0a en ee L) 
and for the algebraic sum of the horizontal components 
WES Verena 6 5 4G 6 no CQ) 
From (1) and (2) we obtain 


P cos a 
W-+ Psin a’ 
The tangent of the angle which the tangent to the curve at Wmakes with , 
the horizontal is then for equilibrium 


dy Ene ee zs Px 
dx — W+ Pasn em, (Wiel Pa ee (3) 


tangy 
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Equation (8) is general whatever the curve. We may obtain it directly 


from equation (6), page 172. Thus Fy = — Pcos a= — Esp y= - W-— 


, 


Psinae = — W— aA Hence, since Fydxv + Fydy = 0, we have at once 


equation (8). 
(a) If the curve is a parabola with origin at the focus O and axis vertical, 
the equation of the curve, since y is negative downwards, is 
w= —2Qwpy+p, or uw=a+ ry -p = 0, 
where p is twice the distance from the focus to the vertex. 
Differentiating, we have 


pantie. 
Substituting in (8), we obtain for equilibrium 
p—y p—-y 
W=—P. = P| 
, fu Vx? +9 
= P 2 ees =e = =P: 


+ Vy — 2py +p 


Hence equilibrium obtains when W and P are equal and holds good for any 
point on the curve. We may obtain the same result directly from equation (5), 
page 172. Thus 

du au 124 12) 


— =—% —=2), Ky=—— —— 
da xe dy P < jp By - 


- E, x 
Substituting in alae = —_, we obtain at once W = pleases +P. 


du (7 u\’ , 
dx dy 


(6) If the curve is a circle with the origin and pulley at a distance a@ above 
the centre of the circle, the equation of the circle, since y is negative down- 
wards, is 


@ty?+te’=R, or v= Rh -2—-(at+y? =0, 


N ae is oe radius. : 
Vata ifferentiating, we have 
¥; Doe at tan a 
da aty 
Substituting in (3), we obtain for equilibrium 
f= es a. 
W 


We may obtain the same result directly from equation (5), page 172, by 
inserting the values 


; P 
BE came, NS Sood Fagen Seat we Vee eee 
daz tp y 


(c) If the curve is an hyperbola with the origin and pulley at the centre of 
the hyperbola, the axis of the curve being vertical, the equation of the curve 
is 

by? —ve= ev, or h= dy — aa — vo? = 0. 

Differentiating, we have 

dy 5) OE 
da 7 By 
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Substituting in (8), we obtain for equilibrium 
aye bW 
€/W?—e@p 


2 b? 
where ¢ is the eccentricity or e = / e + 


We may obtain the same result from equation (5), page 172, by substituting 


du 2 ab 2, — Px oa Py 22 — m2 2 
a mee i Bi ek oe Ye Meat hae rag r=oty’, 


(d) Required the curve such that the weight W may be in equilibrium with 
the weight P for all points of the curve. 
We have from (8) 


dy _ Px "0; Px 
dx Wr + Py W Ve+y = Py 
or 
— Way = pre + yay 
VP +e, 
Integrating, we have 
— Wyt+ C=PYvr+y. 
Squaring, 
Wy? ~ 20 Wy + C= Px? + Py. 
Hence 
P?o? + (P? — Wy? + 20Wy — C?=0. 

This is an equation of the second degree and is therefore a conic section. 
If P= W, it is a parabola ; 

P> W, it is an ellipse; 

P < W, it is an hyperbola; 

the origin and pulley being at the focus. 

(29) A particle whose weight is W is placed on the concave sur- 
face of a smooth sphere and is acted upon by gravity and also by a 
repulsive force varying inversely as the square of the distance from 
the lowest point of the sphere. Find the position of equilibriwn.* 


Ans. Take the lowest point of the sphere as the origin, and let the axis of 
Y be vertical. 
The equation of the surface is, if & is the radius, 


u=e+tyte— 2Ry=0. 
Let r be the distance of the particle from the lowest point of the sphere. 


hen 
(ino Pan Sib Ge Blog 5 5 6 3 


Let the repulsive force at a known distance @ from the lowest point be F}. 
Then the repulsive force at any distance 7 will be F, oe Pe. 

Let the repulsive force make the angles a, 6, v with the ita axes. 
Then cos a= , cos! 6) = Z cos Y = ef and the component forces parallel 


’ 


> 


to the co-ordinate axes are 


Oe a Yy Gi 
k=, = oe Ws = 
x 'ORy =) Fy CR gas ; fz = Kis 5 


Ry 7 


* This is the problem of the electroscope. 
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(08) 
ot 


Hence from equation (3), page 172, we have after reduction 


1 Vel 
Y= 2V RW 
Inserting this in (a), we obtain 
ee CFR 
= 


If another force of the same kind makes the particle rest at a distance 7” 
from the lowest point, and if 7,’ is the force at a distance a’, then 


. 3 0h R 
, = WwW 9 
and hence 
re a, 
TR hp 


that is, the values of the repulsive forces at distance unity vary as the cubes. 
of the distance from the lowest point. 


Substituting the values of Fz, My, Fz in equation (4), page 172, and the 
values of y and 7 already found, we obtain 


vdxu + ydy + 2dz — Rdy = 0, 


which is the differential equation of equation (a). 


CHAPTER Ix. 


CONSTRAINED EQUILIBRIUM—ROUGH CURVE OR 
SURFACKH. 


FRICTION. ADHESION. KINDS OF FRICTION. REACTION OF A ROUGH CURVE 
OR SURFACE. EQUILIBRIUM OF A BODY ON A ROUGH CURVE OR SUR- 
FACE, ANGLE OF FRICTION OR REPOSE. “ONE OF FRICTION. CO- 
EFFICIENT OF FRICTION. LIMITING EQUILIBRIUM. COEFFICIENT OF 
STATIC SLIDING FRICTION. LAWS OF STATIC SLIDING FRICTION. VALUES 
OF COEFFICIENT OF STATIC SLIDING FRICTION. STATIC FRICTION OF 
PIVOTS. STATIC FRICTION OF AXLES, STATIC FRICTION OF CORDS AND 
CHAINS. RIGIDITY OF ROPES. STATIC ROLLING FRICTION. EQUILIB- 
RIUM OF A BODY AT ANY POINT. OF A ROUGH CURVE OR SURFACE, 
GENERAL EQUATIONS. STABLE, UNSTABLE, INDIFFERENT AND NEUTRAL 
EQUILIBRIUM. CRITERION FOR STABLE, UNSTABLE, INDIFFERENT AND 
NEUTRAL EQUILIBRIUM. STABILITY IN ROLLING CONTACT. 


Friction. —In the preceding Chapter we have considered the 
equilibrium of a body on a smooth curve or surface, that is, a curve 
or surface incapable of offering resistance to motion in any other 
than a normal direction. 

But every natural surface offers a resistance to the motion of 
a body upon it. Part of this resistance is due to adhesion between 
the body and surface and part is due to friction. 

Friction then is always a retarding force or resistance, and acts 
always in a direction opposite to that in which the body moves or 
would move if there were no resistance. 

When one surface moves upon another, the surfaces in contact 
are compressed and projecting points and irregularities are bent 
over, broken off, rubbed down, etc. 

The resistance due to friction, therefore, evidently depends upon 
the materials of which the surfaces are composed, and also upon 
the roughness or smoothness of the surfaces in contact. 

It may also evidently vary for the same surfaces, according to 
their condition or state or material constitution. 

Thus it may not be the same for surfaces of dry wood or iron as 
for the same surfaces under the same conditions when wet. It 
may not be the same for two surfaces of wood with their fibres 
parallel as for the same surfaces under the same conditions when 
their fibres are not parallel. 

Unguents also have a great influence. Such fluid or semi-fluid 
unguents as oil, tallow, etc., fill up interstices and diminish the 
effect of irregularities of surfaces ; or a film of unguent may be 
interposed between the surfaces and thus the resistance of friction © 
greatly diminished. 
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Adhesion.—We must not confound the resistance due to friction 
with that due to adhesion. Adhesion is that resistance to motion 
which takes place when two different surfaces come in contact at 
many points without pressure. Adhesion increases with the area of 
surface of contact and is independent of the pressure, while, as we 
shall see (page 191), friction increases with the pressure and is in 
general independent of the area of surface of contact. When the 
eee then is very small, adhesion may be great compared with 

friction. ; 

If, however. the pressure is great, adhesion may be neglected 
compared to the friction, and the resistance to motion is practically 
that due to the friction only. 

When the surfaces in contact are of the same kind, we call the 
resistance to motion cohesion; when of different kinds, adhesion. 

Kinds of Friction.—Surfaces may slide or roll on one another. 
We distinguish accordingly sliding friction and rolling friction. 

It is also found by experiment that the friction which just pre- 
vents motion is greater than that which exists after actual motion 
takes place. The friction which just prevents motion is called 
friction of repose or quiescence, or static friction. The friction 
which exists after actual motion takes places is called friction of 
motion, or kinetic friction. 

We have then two kinds of static friction, viz., static sliding 
friction and static rolling friction. 

We have also two kinds of kinetic friction, viz., kinetic sliding 
friction and kinetic rolling friction. 

In any case, whether of sliding or rolling, the kinetic friction is 
always less than the static friction. 

We have to do in this portion of our work with static friction 
only. 

Reaction of a Rough Curve or Surface.—We have already defined 
(page 169) the reaction of a curve or surface as the pressure which 
the curve or surface exerts upon a particle in con- 
tact with it. 

Suppose then a particle in equilibrium at any 
point P of a rough curve or surface. Let F be 
the reaction of the curve or surface, and hk’ the 
resultant of all other forces acting upon the par- 
ticle. 

Then for equilibrium R and R’ must be equal 
and opposite and make the same angle « with the normal to the 
curve or surface at the point P. 

Now R’ can be resolved into a normal component which must be 
resisted by the normal pressure N of the curve or surface at the 
point P, and into a tangential component 7 which tends to cause 
sliding and must be resisted by the friction /. The components of 
the reaction R are then Nand F, and we have for equilibrium 


Rico a— N. isinta = hr 


y 


N 


tana = 


Hence, when a particle is in equilibrium at any point of a rough 
curve or surface, the reaction makes with the normal at this point 
an angle whose tangent is given by the ratio of the friction to the 
normal pressure at the point. If the reaction is normal, there is no 
friction. . 
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Equilibrium of a Body on a Rough Curve or Surface. — We 
have seen, page 169, that a body in equilibrium upon any surface, 
rough or smooth, may be treated as a particle 
placed at any one of the points of contact with the 
curve or surface. Also, if the curve or surface 
exerts pressure only, the resultant #’ of all the ex- 
ternal forces must intersect the curve or surface at~ 
some point P within the line or surface of contact. 

We have also just proved that when a particle 
is in equilibrium at any point of a rough curve or surface, the reac- 
tion R makes with the normal at this point an angle « whose tan- 
gent is given. by the ratio of the friction to the normal pressure. 

If then the body ADE rests in equilibrium upon a rough curve 
or surface and touches it at many points P:, P:, Ps, etc., each of 
the reactions R:, R:, R:, etc., at each of these points makes with 
the normal at its point an angle a1, a, @3, etc., whose tangent is 


aie 2 3 ‘4 _ 
Ne Nw Ne etc., of the friction to the normal 
pressure at each point. 

The entire body can then be treated as a particle at any one of 
the points of contact. The point P where the line of direction of 
the resultant Ff’ of all the external forces intersects the curve or 
surface, if the curve or surface exerts pressure only, must lie in- 
side the line or surface of contact DE. 

The resultant reaction RF at any point of contact of all the forces 
acting upon the body eacept the reaction at this point, must make 
with the normal at this point an angle a whose tangent is given by 
the ratio of the total friction to the resultant normal pressure. 

Angle of Friction or Repose.—Let a body be in equilibrium at. 
any point P of a rough curve or surface. 

Let F& be the reaction of the curve or surface at the point P, and 
es be the resultant of all the external forces acting upon the 

ody. 

Then for equilibrium, # is equal and opposite to 
FR’ and makes the same angle a with the normal at P , 
given by R& 


given by the ratio 


tan oon oe 
rN 


where F is the friction at the point P, and Nis the normal pressure 
at this point. 

Now the force which tends to cause sliding is the tangential 
component of R’ or T= FR’ sine. The friction F at P acts opposite: 
to T, and so long as there is equilibrium is equal to it. 

As the angle « increases, the normal pressure N= R cos a de- 
creases and the tangential force 7’= R’ sin @increases. There is 
evidently a certain value for « for which, R’ remaining unchanged 
in magnitude, sliding is just about to begin. For any value of a less 
than this, sliding cannot begin no matter what the magnitude of 
Fk’. For any value of « greater than this, sliding takes place. 

We denote this value of « by ¢ and call it the angle of friction 
or repose. 

We have then 


mMaxeern 


Lan oO aN 
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That is, the angle of friction or repose is the greatest angle 
which the reaction R at any point of contact can make with the 
normal at that point without sliding taking place. Since static 
friction is always greater than kinetic, it is also the greatest angle 
which the reaction R at any point of contact can ever make with 
the normal at that point. It is also the greatest angle which the 
resultant A’ of all the external forces acting upon the body can 
make with the normal at the point without sliding taking place. 
No resultant force Rk’, however great, can cause sliding to begin, so 
long as its angle « with the normal is less than the angle of friction 
or repose. 

Cone of Friction.—If then the reaction R at any point of contact 
P makes the angle of friction or repose ¢ with the normal at that 
point, sliding is about to begin. 

If we revolve the line representative of R about the normal at P, 
it describes the surface of a cone every element of 
which makes the angle of repose @ with the nor- 
mal. This cone is called the cone of friction. 

No force acting at the point P, however gréat 
in magnitude, can cause sliding to begin at that 
point if its line representative lies within the cone. 
The cone of friction encloses the direction of all 
forces which are completely counteracted by the surface at any 
point. 

Coefficient of Friction.—When two surfaces are in contact and 
there is friction and normal pressure at every point of contact, the 
sum of the frictions at every point of contact is the total friction, 
and the sum of the normal pressures at every point of contact is 
the total normal pressure. 

The ratio of the total friction to the total normal pressure when 
motion, either sliding or rolling, is just about to begin, is called the 
coefficient of static friction, either of sliding or rolling. 

The same ratio after motion has taken place is called the coeffi- 
cient of kinetic friction, either of sliding or rolling. 

We denote the coefficient of friction in general by “. We have 
then, in general, for all cases 


w=z oF i fy; 


where F is the total friction and N the total normal pressure, when 
motion either sliding or rolling is just about to begin, or else when 
motion either sliding or rolling has taken place. In the first case 
is the coefficient of static friction of sliding or rolling. In the 
second case is the coefficient of kinetic friction of sliding or roll- 
ing. We have to do in this portion of the work with static friction 
only. 
Limiting Equilibrium.—The student should carefully note that 


LES OING 


does not give the actual resistance of friction in all cases of equilib- 
rium, but only the resistance which exists when the surfaces are 
on the point of motion. : . 

Friction acts always in a direction opposite to the force which 
tends to cause motion, and so long as there is equilibrium it is 
always equal in magnitude to this force. But when this force has 
the magnitude “N motion is just about to begin, and the body is 
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said to be in limiting equilibrium. If this force is less than N, 
there will still be equilibrium, whatever its magnitude, and the 
body is in non-limiting equilibrium. _ : ; 

Goefficient of Static Sliding Friction—Experimental Determina- 
tion.—Let a body of weight W, acting at the centre of mass C, rest 
in equilibrium upon a rough plane AB, the 
surfaces of contact being plane. ; 

Then for equilibrium the line of direction 
of W must intersect the plane inside the base 
or surface of contact DH, and we can con- 
sider the body as a particle placed at the 
point where W intersects the base, and in 
equilibrium under the action of the reaction 
at that point and the weight W. 

Then the sum WN of all the normal press- 
ures acting at every point of contact must 
be equal and opposite to the normal compon- 
ent of W, and the sum F’ of all the frictions 
at every point of contact must be equal and opposite to the com- 
ponent T of W parallel to the plane. 

We have then when sliding is about to begin, for the coefficient. 
of sliding friction, 

F 


Nt 


yu 


and we see from the figure that - is the tangent of the angle which 


the total reaction & makes with the normal when sliding is about 
to begin. Now the reaction at every point of contact is parallel to 
FR or W and sliding begins at all points of contact simultaneously. 
Hence the angle which R makes with the normal when sliding is 
about to begin is the angle of repose ¢, and it is evidently the same 
o the angle which the plane makes with the horizontal. There- 
fore 


p= ce tan 
} N Pp. 

That is, the coefficient of static sliding friction is equal to the 
tangent of the angle of repose. 

If, then, we place a body upon a rough plane and then gradually 
incline the plane until sliding just begins, the inclination of the 
plane at this instant gives the angle of friction or repose ¢. The 
tangent of this angle gives the coefficient « of static sliding friction 
for plane surfaces. 

We obtain the same result by resolution of forces. Thus let @ 
be the inclination of the plane when sliding begins. 

Then for equilibrium Wcos ¢= N, and Wsin¢@= F. Hence 

le N tan ¢. 

We can thus make use of the inclined plane as an apparatus for 
determining “ by experiment. 

Again, if we place a body of weight W on 
a horizontal plane and measure the horizon- 
tal force F just necessary to cause it to be- 
gin to slide, we have 


Ae = tan 
W ’ 
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where ¢ is the angle of the reaction R with the normal when slid- 
ing begins, or the angle of repose. 

Such an apparatus should be so constructed that the friction of 
the pulley and other resistances due to the string, etc., can be dis- 
regarded or else allowed for.~ 

Laws of Static Sliding Friction.—The following laws of static 
sliding friction have been established by experiment as holding 
true within the limits indicated : 

1. Other things being the same, within certain limits of the nor- 
mal pressure, static sliding friction is proportional to the total 
“ normal pressure and independent of the area of the surfaces in 
contact. , 

In other words, within the limits of normal pressure referred to, 
the coefficient of static sliding friction “ is constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces of contact and whatever the total normal pressure. 

Thus, if the normal pressure N over a given area is increased or 
decreased, the friction #’ increases or decreases in the same propor- 


tion and uw = se is unchanged. 


It follows directly that if the area increases or decreases, N re- 
maining the same, the number of points of contact is correspond- 
ingly increased or decreased, but the normal pressure at each 
point, and therefore the friction at each point, is correspondingly 
decreased or increased. The sum of all the frictions / remains then 


the same and “ = = is unchanged. 


Limitations of the Law.—The limitations of normal pressure re- 
ferred to are as follows: ; 

If the normal pressure per unit of area approaches the crushing 
strength or becomes so great as to break up the film of interposing 
unguent, the friction F’ increases more rapidly than the normal 
pressure and the law faiis. ’ 

In properly designed structures the normal pressure per unit of 
area is much less than this limit and the law apples. 

Again, if the normal pressure per unit of area is very small, ad- 
hesion may constitute the larger portion of the resistance. This 
adhesion increases with the area of contact (page 187). 

In all practical cases, however, the influence of adhesion may be 
neglected. was ; 

Hence in practical applications the friction is the only resistance 
which is considered, and it is assumed that 


iN) 


gives the resistance, where / is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure JN. 

2. Other things being the same, within certain linuts of the nor- 
mal pressure, the stating sliding friction of greased surfaces is less 
than that of ungreased and depends less upon the surfaces than 
upon the unguent. : 

Here again, if the normal pressure per unit of area becomes so 
great as to break up the film of interposing unguent, surface comes. 
in contact with surface and the friction may depend more on the 
surfaces than upon the unguent. 

In properly designed structures the normal pressure per unit of 
area is much less than this, and the law applies. 
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Again, if the normal pressure per unit of area is very small, ad- 
hesion may constitute the larger portion of the resistance and this 
adhesion is increased by the unguent. 

In all practical cases, however, the influence of adhesion may be 


neglected. : ; 
Hence in practical applications the friction is the only resistance 


which is considered and it is assumed that 
i= yO 


gives the resistance, where uw is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure UN. 

Upon these two laws depend the value and use of the values for 
the coefficient of static sliding friction given in the next Article. 

Values of Coefficient of Static Sliding Friction.—The following 
table gives a few values of the value of uw as determined by experi- 
ment for static sliding friction. 


COEFFICIENTS OF STATIC SLIDING FRICTION 4“ = TAN @. 


Condition of Surfaces and Kind of Unguent. 


Substances in Contact. Polished 
Olive Dry CRIES 
Dry. Wet. Oil. Lard. |Tallow. Soap. r oud an 
minimum,.... 0.30 OIG ecto | escete OL a Osean mss) 
Mood on aisn Ott wae 0.50 | 0.68 |.... | 0.21 | 0.19 | 0.36 | 0.35 
maximum....| 0.70 ee Seno | aooe | ee | Oe’ |) O20 
minimum.,... 0.15 cee OO. |) es ae eel es oe eee 
ieee | ean Nees 0.18 0.12 0.10 |, 0.10] es 
al maxima See c1v.0.94 hie o os 016 1o\.< oe 
Wioodvon metallia. eee cel l0.60 ORGS OL OM INO2 S02 eee aC) 
Hemp ropes ( minimum,..| 0.50 nets 
or plaits ~«mean......) 0.63 | 0.87 
on wood maximum.| 0.80 
Leather belts wood. =e 0.47 
metal 0.54 5 0.28 


made of 
Stone or brick 

on stone Oe minimum | 0.67 

brick, pol-) maximum] 0.75 


over ara is 
r 


ished, 
Dry masonry and _brick- 

WOTKiiisnaies | lesaletpemmenens 0.65 
Masonry and brickwork, 

damp an ontatamie eset 0.74 
AMBN OEE CHV EWOME Groocoas | OAD 
Iron on stone....... eee |OnKtOOrs 
Masonry on dry clay..... 0.51 

oe ‘ moist clay... | 0.338 

Barth on earth........... |0.25 to J 
Damp clay on damp clay. | 1.0 


More extensive tables will be found in treatises on Engineer- 
ing. It will be noted that the coefficient of static sliding Gichion is 
practically always less than unity. In only one case given in the 
table, viz., for damp clay on damp clay, is «= 1, corresponding to 
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an angle of repose of @¢= 45°. Rankine gives for ‘‘shingle on 
canes a mMmaxinum “/“ = 1.11, corresponding to an angle of repose 
g = 48°. 

Static Friction for Pivots.—In all cases of the sliding of two 
surfaces, we denote the coefficient of static sliding friction by « 
and take the value of “ as given by the Table page 192. We have 
then én all cases of sliding friction, for the friction when sliding is 
about to begin, 


F=u"uN=N tan Q, 


where N is the total normal pressure and ¢ is the angle of repose, 
and « is given by the Table page 192. The direction of the friction 
= always opposite to the direction of motion if motion were to take 
place. 

The application to pivots is then simple. 

1. Solid Flat Pivot.—Let ACB be the base of a solid flat pivot 
and N the total normal pressure upon the base. 

We have then for the static friction 


Hit ING aaeae  eney aon CL) 


where /« is given by the Table page 192. 

If we divide the base into a very large number 
of very small equal triangles such as ACD, the 
friction on each can be considered as the resultant 
of equal parallel forces distributed over the sur- 
face. The point of application for each triangle is 
then at the centre of mass for that triangle. The point of application 


of the entire friction is then at a distance Cs = gr from the centre. 


The moment of the entire friction with reference to the axis is then 


M == uNr. ae SR Ris eo bags 5: 6) 


Since for any point s of the base there is a corresponding point 
s' for which the friction is equal and opposite, the moment of the 
friction is the moment of a cowple, and is therefore the same for 
every point in the plane of the base (page 72). 

2. Hollow Flat Pivot.—If the rubbing surface is a flat ring 
ADEB, we have as before 


Tse WING oe eee eee OL) 


where N is the total normal pressure on the base 
and / is the coefficient of static sliding friction as 
given by the Table page 192. 

Let the outer radius be ™ and the inner radius 
f. Then any small portion of the base is a circular 
ring for which the length of chord and arc A Dmay 
be taken equal. The centre of mass (page 25) for each small por- 
tion is then at a distance Cs from the axis given by 


ae 2 mii — 72° 


a2 a 2° 
3 rv — 12 


Cs 
Hence the moment of the friction with reference to the axis is 


x T° — 73 
M= Fen (2). . ° . . . . . (2) 
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Since for any point s there is a corresponding point s’ for which 
the friction is equal and opposite, the moment of the friction is the 
moment of a couple and is therefore the same for any point in the 
plane of the base (page 72). : ; 

3. Conical Pivot.—In the case of a conical pivot let R be the 
pressure along the axis and let the half angle of 
convergence ADC be «. 

If we divide the conical surface into a large 
number 7 of very small triangles with their ver- 
tices at the point D, each will sustain the vertical 


load me and the normal pressure on each will be 


a If we denote the radius 014A: = (iB: of 
nm Sin @ 


the pivot at the point of entrance by r:, the resultant normal press- 


ure upon each small elementary triangle acts at a distance at 


from the axis. 
We have then for the total friction 
Ji 


FF =u, . . . . . . . . . (1) 
sin @ 


where / is the coefficient of static sliding friction as given by the 
Le page 192, and the moment of the friction with reference to. 
the axis is 


M= 2 fn é 
3 SIA 
:: (ie a 
or, since ona the side DA, of the cone of contact = a, we have 


2 
M=sRa. OR ge ees ee Ce 


This is also the moment of a couple and hence the same for any 
point in the plane perpendicular to the axis at a distance above the 
point D equal to two thirds the height of the cone of contact. 

4. Pivot a Truncated Cone.—Let Ff be the pressure along the axis 
and let the half angle of convergence ADOC be a. 

Let R: be the pressure sustained by the flat 
base and FR, the pressure sustained by the conical 
surf,ace. 

Then 

R, se Re > TB. 


Also, if 7: ig the radius C,A, at the point of on 
entrance and 7; the radius of the base, 


r 2 
R, a IRs a8 Es : 111”, or R: = eaten FD 


rT? ? 
and hence 


R= hoi 
We have then as in Case 1, page 193, for th : ee 
tion F on the base ut) r the flat pivot, the fric 


To” 
F, => MR => wR, 
2 
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and its moment about the axis 


For the friction on the conical surface we have, as in Case 3, 
page 194, for the conical pivot 


Ri Ti — 12? R 
= iy Sem cape BT 
sin & Tr sin @ 


eae 


and for its lever-arm, as in Case 2, page 193, for hollow pivot, 
2 73 — 7° 
3 re—r” 


Its moment then about the axis is 


2 Tr? ey? T° R 
eo a eae 
The total friction for the truncated pivot is then 
R fie pers 2 
F=Fi+F.= we (re +o =|, Pn ce 0) 
and its total moment about the axis is y 
Seles 
M=™M+M= 5 (mt + ae) a en) 
3°71 sin @ 


where “ is the coefficient static sliding friction as given by the 
Table page 192. 
[Pivot with Spherical End.|—Let & be the pressure along the axis, 


denote the radius AOof the spherical surface by 7, and R 
the radius AC by 71, and let the angle AOC be a. 
Then the load per unit of area of horizontal projec- mele 


: A Cans 
tion is ee Take any element of the surface at a, dis- an 
ar, 5 Le 


tant ab = x from the axis, and let Ob=y. The hori- 
zontal projection of this element is 27avda and the load sustained by it is 
Rk _ 2kada 


73" Ti 


then 27adaz x 


”) ; 7? vane a 
a ed The nor- 
r r 


The cosine of the angle a@0b is cos a0b = 


mal pressure on the element at @ is then 


2Radx r 
vie : V7? — u 
and the static friction is 
2uRr ada 


a (ro 
Integrating between the limits of = 0 and #=~7,, we have for the 


total friction 
p= TEE (1 ~ FT) 


Tu 


A 
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or, since W77? — r2=7r cosa and m1 =rsin & 


2uk \ sae R 
Ds sin? a (1 _ cos) TA feos: 


where « is the coefficient of static sliding friction as given by the Table 


age 192. 
“For hemispherical end a= 90° and F=2uR. For flat end a =0 


and MWR: , 1 ; 
The moment about the axis of the friction on an element is 
2uRkr ada 


7? ; Vr? Sa, 


Integrating between the limits «= 0 and x=71, we have for the 
total moment of the friction about the axis 


PE es Pee roar | 
= Te aa ’ 
Tr 2 ‘i 2 


or, inserting the values of 77? — 7°, =r cos « and7: = 7rsin @ and reduc- 
ing, 


sin? « 


M = 1Br( — cot a). Perera Ary mich. oo lt) 


: ; Toes , 
For hemispherical end a = =, sina = 1, cota=0, and this becomes 
o 


penRr 
an 


Static Friction of Axles.—In all cases of the sliding of two sur- 
faces, we denote the coefficient of static sliding friction by “ and 
take the value of « as given by the Table page 192. We have then 
in all cases of sliding friction for the friction, when sliding is about 
to begin, 


Nik 


F=puN=Mtan ¢, 


where N is the total normal pressure and ¢ is the angle of repose, 
and uw is given by the Table page 192. 

The direction of the friction is always opposite to the direction 
of motion if motion were about to take place. 

The application to axles is then simple. 

1, Axle in Partially Worn Bearing.—Let the bearing be partially 

worn, then the axle at the moment when sliding begins 

touches the bearing at a point A, and the resultant 
pressure F at this point makes the angle of repose @ 
with the normal. We have then for the normal 
pressure NV = Rcos 9, and for the friction 


B= N tan Oh SiO. eA eee) 


where ¢ is the angle of repose as given by the Table 


page 192. 


Let r be the radius AC of the axle. Then the moment of the 
friction with reference to the axis is 


M—Rereine, - (2) 


CHAP. rx] ROUGH CURVE OR SURFACE. IU 


If the axle is well greased, the angle of repose ¢ is very small 
and we may take «w = tan ¢ = sin ¢. In the practical case of a well- 
greased axle, then, we have 


Tihs (Tae IE ye. 
where / is given by the Table page 192. 
If the wheel AB revolves, as shown, about a fixed axle AC, the 


friction is the same as before, but the lever-arm of 
the friction is not the radius of the axle, but the inner 


radius of the wheel. 

2. Axle—Triangular Bearing.—If the bearing is 
triangular, the axle is supported at two points A and G} 

B. ‘The resultant pressure R os 

can be resolved into two compo- ¢ 
nents Ai and R., and when slid- 
ing begins, each of these makes c 
the angle of repose ¢ with the normals at A 
and B. The normal pressure at A is then 
Ni = Rf. cos 4, and the friction at A is 


yg Ni tan @ = Ff, sin QD. 
The friction at B is in like manner F2 = R: sin d@. The total friction 
is then ’ 
F=(R.+ R:2) sin ¢. 


Let the angle ACB=2a. Then the angle AOR = a— 9, and 
the angle BOR=a + ©. 5 ae 
We have then 


ay eae aa Din _ sin(¢+ ¢) 
R.: R:: sin (a+ @) : sin we or Ri Mere he 
and 

R.:R::sin(¢— $):sin2«, or Ai:= ees Ce ?) 

sin 2a 

Hence the total friction is 
ie [sin (a+ $) + sin (@ — ¢) fisin e 
sin 2a 


But sin («+ ¢)+sin (a—)= 2sin «cos 9, and sin 2a= 2 sine cos a. 
Hence we have 


Rsingcos? Hsin 2 
COS & 2 COS & 


F= ae ene 


where ¢@ is the angle of repose as given by the Table page 192. 

The moment of friction with reference to the axis, if r is the 
radius of the axle, is 
Rr sin 20 


M=fr= . 
2 Cos & 


If the axle is well greased, the angle of repose ¢ is very small 
and we may take sin2¢ = 2sin ¢, also» =tang@=sing. In the 
practical case of a well-greased axle, then, we have 


R Rr 
Fay, M=un ; 
COS «cr COS & 


where / is given by the Table page 192. If the angle a is small, 
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cos « may be taken as unity, and #7 and Mare then the same as in 
the preceding case, 


F=LR, M= pir. 
[3. Axle—-New Bearing. |—When the bearing is new and unworn, the 


axle touches it at all points. 
Let & be the resultant vertical pressure acting at the 


centre O of the axle. Denote the radius AO of the axle 
rw by 7, the distance AC by 71, and let the angle AOC be a. 
AEE] Then the load per unit of horizontal projection is 


ah Take any element of the surface of the axle at a, 


R 271 
distant ad = a from R, and let 0b = y. The horizontal 
projection of this element is dz, and the load sustained by it is pee At 
1 
a we have a similar element. 
The friction on these two elements is, from the preceding Article, 
sin 29. Rdx 
271, cos aOb © 
7] Vr— xv aur ; 
But cos a0b = ee , nence the friction for the two elements is 
Rr sin 2 dx 


O71 V72— a? 7 


Integrating between the limits v=7, and «=0, we have for the 
entire friction 
2 aj 9 
fg EE eS 


J 27 


Inserting the value of 71 = 7 sin a, 


aj 9 
oe 20 a 


“sin a 


eS 


where ¢ is the angle of repose as given by the Table page 192. 
The moment of the friction with reference to the axis is then 


Rrsn2o6 «a 
ee 
Meare ee 


If the axle is well greased, the angle of repose @ is v 
: ; er 
may take sin 2p =2 sin ~, also ue — tan P ee es eae a 
- In the practical case of a well-greased axle, then, we have 


F2k = Cai ahaa 
i sin a ’ M MR? oe at 


where # is given by the Table page 192. 


If the angle @ is small, we 7 tak ; 
ous S small, we may take a=sin a, and then F 
the same as in the two preceding Cases, 4 and IM are 


f= wh, Jl aRr. 
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4. Friction Wheels.—By the use of friction wheels instead of 
bearing blocks, the friction of an axle can be greatly 
diminished. 

Thus let the axle AC rest upon the circumfer- 
ences of the friction wheels AC; and BC, , touching 
them at the points A and B. The vertical pressure 
Fon the axle C causes the pressures M1, Na at A 
and B. 

Let the angle ACB=a. Then 


eee 
2cos a 

If the axles of the friction wheels are well greased, then, as we 
have seen, the least friction may be written 


== (ING + N2 =e 


Mi = N2 — 


where « is given by the Table page 192. 
If the radius of the axles of the friction wheels is 7, the moment 
of the friction is 


The moment of the friction at the points A and B must be the 
same. If we call this F., we have, if the radius of the friction 
wheels is a, 


. ip ale 
iio 7 aT eee a ate : 
a a Cos & 
By making a small, we can take cos a=1, and have 
if 
F,=—. LR. 
a 


By taking a large with respect to r, we may thus 
make the friction /: very small. If the axle C rests on 
bearings, its least friction is uA, as we have seen. 

If we have a single friction wheel CiA, then «= 0 
and we have accurately 

Fi ="uk. 
a 

Static Friction of Cords and Chains.—Let a perfectly 
flexible cord stretched by a weight @ be laid over the 
edge Cof arigid body ABO, Fig. 1. 

Let the force at the other 
end of the cord be P, and the 
angle of deviation DOP = 
AOB= a. 

Draw CT making the angle ‘N*> 


JK OYE = and CN perpendicu- 


lar to CT. Then when motion 
is about to begin, the resultant 
Rof Pand Y makes the angle 
of repose ~ with CN. 

If the weight @ is about to 
sink, the friction F' acts op- 
posed to the motion, and we 


have 
4 =). 


R 
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We have then, from Fig. 2, 


F' : 2Q sin 5 isin 2 sin| 90 — (9 — $) | 


or 
Rae cee pe ES ape 
2Q sin 5 sin 2Q sin 5 sin @ 
P= d = 2 
& aN =o ate ie 
cos (# — 5 | COS P COS 5 + eee 


Dividing numerator and denominator by cos ¢, we have, since 
tan ¢ = “ = coefficient of static sliding friction, for the friction F: 
when the weight Y is about to sink, 


pes a 
2uQ sin 5 is 2uQ tan 3 


Ke 7 = Al) 


c = i ee aes 
08 5 + lu sin 5 be 5) 


When the weight Q is just about to rise, we have 
P=Q+Ff, or Q=P-F, 


and hence 
2u@ tan 5 
BS Se a ee) 
1—4# tans 


In the first case, then, when the weight Q is about to sink, 


Q(1—u tan $) 
P=9-h= i vise) nl eomeeeantese 


a 
1+ tang 


and in the second case, when the weight @ is about to rise, 


Q(t +“ tan | 


2S te ea aie . . . ° . (4) 
# tan 5 


: If ae fore Dees po several edges, the 
orce P: can be calculate repea ica- 
tion of these formulas. Teer eS 
Thus let the number of edges be n and the 
deviation at each edge be the same and equal 
to a. When the weight Qis just about to sink 
the tension of the first portion of the cord is. 
from (3), é 


a 

1 — pw tan — 

a M an 5) 
7 eae oe 


2 


12, = 
1+. tan 
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That of the second is : 
2 
p(t x tan 4 Q(t —n tan 5) 
P, =" jq ie eo  @£@ = 


1+ tan = 


GaN 
9 (1+ tan) 


That of the last is 


a\n 
Ql —mutan 5) 
ei % 


(5) 


t a\n 
(140 ans) 


If the weight Q, is just about to rise, we have simply to inter- 
change P and QY and we have 


ae + u tan 5)" 


Pr => . 
a\i 
(1 —y tan | 


(6) 
2 


In the first case, when the weight is about to sink, we have for 
the friction 


(1—u tam 5)" 
=O P= O13 


1 ayn 
( eae a 


(7) 


If the weight is about to rise, 


a\n 
(1 +» tan 5) 
F=Pnr-—-Q=2@ = oe eee ma) 


a\n 
Eee 
( i an 5) 


Formulas (5), (6), (7) and (8) are also applicable to the case of a 
chain composed of links which is passed round a fl 
cylindrical surface, where » is the number of ie 
‘ links in contact. If the length of each link is 
AB =l, and the distance CA of the axis A ofa 
link from the centre C is r, we have for the angle 
of deviation DBL = ACB=<a, 


moe or tan =~ = ce 
8 2 Or’ rae V4? —P : 


Q 
[If a flexible cord lies in contact with a rough surface, let ACB = a be 
the are of contact. 


If 7 is the tension at any point of contact D 
for the indefinitely small portion of the cord Dd, 
the friction at this pointis @Z7. Let the indefinitely 
small angle DCd be da. Then, from equation (1), 
page 200, , 

2uT tan ue 
OT so ny 
1+ 4 tan = 
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But since da is indefinitely small, we may take the are equal to the 


tangent and disregard yw tan 5 with reference to 1. We have then 


ar 
—_—_ = pada. 
4 al 
Integrating between the limits a ='0 and a, we have, since for a = 0, 
Sis O), Binol Haye as Sek, I Se Ie. 


R 
logn P= pa +logQ, or logn Q yee 


We have then, when motion in the direction of P just begins, 
P= Qe"... «. - ee. ee ee 


where ¢ = 2.3026 = base of Naperian system of logarithms. 
When motion in the direction of @ just begins, we have, by interchang- 
ing P and Q, 
Qa Pew ea) ct eee ee ee 
Also, inversely, 


2.3026 (log P — log Q) 
a= ’ 


fe 
where common logarithms are taken. 
If the are a of the cord is given in degrees instead of radians, we must 


) a ne 


substitute w= nee If tne surface is cylindrical and the number of 


° 


coils n of the rope is given, we have w= 27n. 

We see from (9) and (10) that the friction of a cord, F¥= P—Q or 
F=Q@-— P, upon a surface does not depend at all upon the radius of 
curvature, but only upon the are of contact a, or upon the number of 
coils, 27n, if the surface is cylindrical. 

If we take « = “ we have for a cylindrical surface: 


4 coils, P = 1.69Q; 
(so P2850: 

1“ P=812Q; 

2 * P= 65.94Q; 

4 ‘ P= 4348.56Q. 


The friction can thus be increased to any amount by increasing the 
number of coils.] 


Rigidity of Ropes.—When a rope is perfectly flexible it offers 
no resistance to bending. When a rope is not perfectly flexible it 
offers a resistance by reason of its rigidity when 
wound on to a drum, pulley or axle, though none 
is offered when it is wound off. Thus let a rope 
whose tension is 7 be on the point of being 
wound on to a pulley. 


Let a = AC = BC be the radius of the pulley, 
and ¢t the thickness of the rope. Then the lever- 
arm of the axis of the rope on the off side is 


The distance Ac from the pulley to the rope 


HAP. IX. | ROUGH CURVE OR SURFACE. 203 


on the on side will depend on the kind of rope and will be less as 
T is greater. Thus for hemp ropes we can put 


ek 
Ac =<, 
eT: 
where ¢: is a constant to be determined by experiment for the kind 
of rope; and for wire ropes 


uO 
Gila + — 
aa Gy 


1) 


that is, Ac increases with the lever-arm @ + ; and decreases as 7’ 


increases. 

It is also evident that those fibres farthest out on the on side are 
stretched more than those nearer the pulley. The resultant tension 
T will therefore act further from the pulley than the central axis 
of the rope. We denote the distance of 7 from the central axis 
by Ca. 

Z Let the tension along the central axis on the off side be T + T’. 
Then we have for equilibrium, for hemp ropes, 


r{a+5 pe +e1) ee (r+ r)(a +5); 


ar by 
or me tak Cale 
rams ee ema os 
2 
and for wire ropes, 
a(n +5) ; 
T(a+5+ poe +e.) =(T+7)(a+ 5), 
D2 eee — (2) 
ats 
We have then 
Tx Ce=(T + T')Cb, or Co= (14+ 7-)O. « . 8) 


The rope can be considered, then, as without rigidity if we in- 
crease the lever-arm of the tension on the on-side by the amount 
fies 


fim 5 
Hemp Ropes.—For tarred hemp ropes experiment gives 
fe AES pounds, 
at 5) 


where T is to be taken in pounds and a and ft in inches. 
For new hemp ropes, wntarred, 


A 
90 = ee Ze pounds, 


t+ — 
Leet 


where T is to be taken in pounds and a and ¢ in inches. 
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Wire Ropes.—For wire ropes we have 


—— pounds, 
a+ 9 
where T is to be taken in pounds and a and ¢ in inches. 
Static Rolling Friction.—Let ACB be a roller resting on a plane 
surface. By reason of the pressure N of the roller on the plane, 
: the roller is compressed, Let a force F be applied 
at the centre C parallel to the plane. When the 
resultant R of F and N just passes through the 
edge D of the base, rolling begins and the force ” 
is equal and opposite to the friction. ; 
Let the distance 4D =d. Then, when rolling 
is about to begin, the angle ACD is the angle of 
repose ~. Let r be the radius. Since the com- 
pression is small compared to the radius, we have 


AEM = TbUey ae 


B 


tan ¢ = Cs yw = coefficient of static rolling friction. Hence for 
Ts 


equilibrium Hr = Nd, or 
Li JOIN en. 


The distance d depends on the materials in contact. 

The theory of rolling friction is not yet well established and but. 
few experiments upon it have been made. 

In all practical cases of rolling, we usually have to do with axle 
friction, which has already been discussed (page 196). 

[| Equilibrium of a Body at Any Point of a Rough Curve or Sur- 
face—General Equations. |—If a body acted upon by any number of 
forces 7,, # , etc., applied at different points, is at rest at any point of a 
rough curve or surface, we may treat it as a particle placed at that point 
(page 188). 

The reaction R at that point must be equal and opposite to the result- 
ant of all the other forces acting upon the body. 

The curve or surface can then be replaced by its reac- 
tion R at the point P. For limiting equilibriam the reac- 
tion R must make an angle with the normal to the curve 
or surface at the point P equal to the angle of repose @, 
given by 


tan @=/#, 


where « is the coefficient of static sliding friction. 

If & makes an angle with the normal less than @, we have non-limiting 
equilibrium (page 189}. If equal to @, we have limiting equilibrium, and 
sliding is about to begin. 

Let the algebraic sum of the components along the co-ordinate axes of 
all the forces #1, F., etce., not including the friction and the reaction R 
at the point P, be Fy, Fy, F:. Then if the direction-angles are (ai, Ai, 
Vi), (2, Bo, V2), etc., we have 


Fy = F; cos a1 + Fa co8 aa +... = SF cos a; 
Fy = F, cos 61 + Fo cos 62 +... = SF cos fp; 
fz= Fi cos yi + Fi cS ya +... = SF cosy. 


1. Equilibrium of a Body at Any Point of a Rough Curve.—let the 
co-ordinates of the point P be x, y, z, and ds be an element of the curve. 
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Then the direction-cosines of the tangent to the curve at the point P are 
dx dy dz 
a _ ao and we have for the force 7’ tangential to the curve 


The reaction & makes with the normal an angle whose sine is = For 


n 


equilibrium this angle must be less than the angle of repose @, or R is less 
than sin ¢ Hence the condition for non-limiting equilibrium is 
FPydx + Fydy + Fzdz 2 
Ras SSN OS 5 4 6 6 oO & (2) 
! ae Me 
or, since sin” @ = Bern 
Eydx + Fydy + Fidz jie 
— : 3 
( Rds ) a +? @) 


Tf then 


Freda + Fydy + Fizdz Vitae je 
Rds =+tsng= + Ta 


we have limiting equilibrium, and the body is upon the point of sliding. 
The force 7 for equilibrium is always equal and opposite to the friction 
Hf or, 2-H = 0.) Hence 


(4) 


ee =f Ft Te Fd + F=0. 
ds ds as 


Tf we multiply by ds, we have 


Pydx + Hydy + Hz:dz + Fds = 0, 


which is the principle of virtual work (page 159). 
2. Equilibrium of a Body at Any Point of a Rough Surface.—Let 
the equation of the surface be w = 0, where w is a function of a, y, z 
For convenience of notation let 
ou U. du =, Lia —W, and 07-72 Wa ou 
da thi dz 


Then the direction-cosines of the normal to the surface at the point 
U V Ww 
Q’ Q’ Q° 
The resolved part of R along the normal is then 
Ui V Ww 
N = FF, + Ff, =a + Vike ° 
ote kG 


The reaction R makes with the normal an angle whose cosine is — 


"g 


i toh 


For equilibrium this angle must be less than the angle of repose @, or 
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is greater than cos @. Hence the condition for non-limiting equilibrium is. 


di du 
Rage + Pigg + Page 
Ow Y 5 =>cog,. . ++ + © 
au du \? U 
Ry (Ge) + a) +e) 
1 
or, since cos’ = toe 
, 2 
wee & jhe Face) 
da dy dz . 1 . (> 
e du ae (= < (= ) ib Sayre : 
de dy ) dz 
If then 
f du a 
i “a fey ae ar 7] 
je Nay Bey ye! . 


zu =+ ee 
R y/ du\?, (du\* | (du? 1 +e 
E dy dz 
we have limiting equilibrium, and the body is upon the point of sliding. 
Let the point P be moved in any direction along the surface through 
the indefinitely small distance ds, and dx. dy, dz be the projections of this. 


distance on the axes. Then the direction-cosines of the tangent at the 
dw dy dz 


point Pare7. yen ast The tangential force 7 is equal and opposite to 
the friction #, or 7 = — F, We have then 
du du du 
wee da dy dy moe) dz 
Pea NG — PE, Fy= Ne re, Fe= WG — FE. 


If we multiply the first of these by dz, the second by dy, the third by 
dz, add the results and reduce by the equations da* + dy? + dz = ds*® 


and 
du du du 
(ae )ae a (Fe lau 7 Ga Sai 


which is the total differential of the equation w = 0 of the surface, we ob- 
tain 
Fyidx + Fydy + Fzdz+ Fds =0, 


which is the principle of virtual work (page 159), 

Stable, Unstable, Neutral and Indifferent Equilibrium.—A body 
in equilibrium is said to be in stable equilibrium when for every 
possible indefinitely small displacement which it can receive it 
tends to return to its original position. 

When for any one possible indefinitely small displacement it 
tends to move still farther away from its original position of equi- 
librium, it is in unstable equilibrium. 

Cases occur in which the equilibrium of a body is stable for 
some displacements and unstable for others. It is then, by defini- 
tion, in unstable equilibrium. / 

If the body remains in equilibrium for all possible indefinitely 
small displacements, it is in neutral equilibrium. Neutral equi- 
librium may be stable or unstable. 
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If the body remains in equilibrium for all possible displacements, 
large or small, it is in indifferent equilibrium. 

Thus let a heavy body be supported at a fixed point P, so that it 
can only rotate about P. Let the reaction at P be R, and let the 
weight Wact at the centre of mass * 

C. Then for equilibrium, if R and 
W are ‘the only forces acting upon 
the body, the reaction R must be 
equal and opposite to W and act in 
the same line. Coy fs 

We have then two possible posi- by 
tions of equilibrium: one when C is | 
below P, and one when Cisabove P. W W 

Now for every possible indefin- W 
itely small displacement of rotation 
about P, the point C moves in the surface of a sphere C’OC’ of 
radius PC, and W remains unchanged in magnitude and direction. 

Therefore in the first case, when C is below P, we have for 
every possible displacement a couple R and W which always tends 
to make the body return to its original position of equilibrium, and 
the body is in stable equilibrium. 

In the second case, when C is above P, we have for every pos- 
sible displacement a couple R and W which always tends to make. 
the body move still farther from its original position of equilibrium, 
and the body is in unstable equilibrium. 

If the points P and C coincide, then for every possible displace- 
ment, large or small, the body remains in equilibrium, and the 
body is therefore in indifferent equilibrium. 

Again, let a heavy body bounded by a convex surface rest in . 
equilibrium on a plane surface, and let the centre of mass C coincide 

with the centre of curvature. 
Then the reaction & acts at the 
point of contact P, is equal and 
opposite to the weight W and 
acts in the same straight line. 

If the body can have rolling 
motion only, any indefinitely 
small are PP’ is circular. Hence for any possible indefinitely small 
displacement produced by rolling, the body remains still in equi- 
librium. Its original position is therefore one of neutral equi- 
librium. 

If now the body be rolled still farther through an indefinitely 
small are, so that P” comes in contact with the plane, then, if the 
radius of curvature CP’ is less than O”’P”, the equilibrium is evi- 
dently stable; if greater, unstable. The original position of neutral 
equilibrium is therefore stable neutral when the radius of curva- 
ture CP is a minimum, and unstable neutral when it is a maxi- 
mum. When it is not a minimum or maximum, the neutral equi- 
librium is stable for displacement in one direction and unstable for 
displacement in the other direction—that is, unstable neutral, ac- 
cording to definition (page 206). ; . 

Criterion for Stable, Unstable, Neutral and Indifferent Equi- 
librium.—Every displacement of a body consists in general of two 
displacements, one of translation and one of rotation. Now for an 
indefinitely small displacement of translation, a body which under 
the action of certain forces is in equilibrium before the displace- 
ment is also in equilibrium after, if the forces act at the same 
points, because their magnitudes and directions are unchanged by 


the displacement. 


uw 
Cc ig Cc 
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Thus if a body can only slide on a plane surface and touches it 
in more than two points not in a straight line, it can only receive 
motion of translation and its equilibrium is indifferent. 

We have then only to determine the conditions for stable, un- 
stable, neutral and indifferent equilibrium in the case of rotation. 

Let P be the point about which the body can rotate, and F# the 
reaction at that point. Let the weight W act at the centre of mass 
C, and let the resultant of all the other forces acting upon the body 


be F. Then for equilibrium the lines of direction of W, F and R 
must intersect in a point A which les in the vertical through the 
centre of mass C, and the resultant Rk’ of W and F#’ must be equal 
and opposite to R and act in the same straight line. 

For every possible indefinitely small displacement of rotation 
about P the point A moves in the surface of a sphere A’AA’ of ra- 
dius PA, and R’ remains unchanged in magnitude and direction. 
If the body has a displacement of translation as well as of rotation 
about P, the locus A’AA’' of the point A is no longer a spherical, 
but is still a curved surface. 

We see at once from the figures that for any displacement for 
which the projection of AA’ along Rf’ is opposite in direction to R’, 
or for which the work of R’ is negative (page 158), the body tends to 
return to its original position of equilibrium. For any displace- 
ment for which the work of Kh’ ts positive, the body tends to move 
away from its original position of equilibrium. 

Let us take the axis of Y parallel to R’, and the direction of R’ 
as downwards. 

Then if we draw a line OX at right angles to R’ at any distance 
AO=y below A, we see from the figures that when AO=y is a 
minimum, the equilibrium is stablo. When AO = y isamaximum, 
the equilibrium is unstable for all possible displacements. When 
AO=~y is neither a maximum nor a minimum, the equilibrium is 
stable for some displacemements and unstable for others; that is, 
unstable according to definition (page 206). 

In general, then: 

A_body is in stable equilibrium when for all possible indefinitely 
small displacements the work of the resultant of all the forces except 
the reaction is negative. If for any or all possible indefinitely small 
displacements this work is positive, the equilibrium is unstable. If 
it is zero for all possible indefinitely small displacements, the equi- 
librium is neutral. If it is zero for all possible displacements, large 
or small, the equilibrium is indifferent. 

Or if we take the axis of Y parallel to R’ and the direction of 
Ff’ as downwards, and draw OY at right angles to R’ at any dis- 
tance AO = y below A, we have the criterion: 

A body 7s in stable equilibrium when for all possible indefinitely 
small displacements AO=yis a minimum. If AO = y is a maxi- 
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mum, the equilibrium is unstable for all possible indefinitely small 
displacements. If AO=y is neither a maximum nor aminimum, the 
equilibrium is stable for some displacements and unstable for others, 
that is, unstable. If for all possible indefinitely small displacements 
AO=y remains constant, the equilibrium is neutral. If for all 
possible displacements, large or small, AO =y remains constant, 
the equilibrium is indifferent. 

Stability in Rolling Contact.—As an application of the preced- 
ing, let us investigate the equilibrium of a heavy body aPa 
bounded by a convex surface resting upon a rough body a” Pa’ also 
with a convex surface, and subject to displacement due to rolling 
only. 


Let O be the centre of curvature of the fixed body, and o the 
centre of curvature of the rolling body, so that the radius of curva- 
ture of the fixed body at the point of contact P is OP = a, and the 
radius of curvature of the rolling body at the point of contact P is 
oa Pi. 

Through O draw a plane OX at right angles to OP. 

Let the reaction at P be Rf, the weight at the rolling body be W 
acting at its centre of mass C, and the resultant of all other forces 
acting upon the rolling body be F. | 

Then for equilibrium the lines of direction of W, F and R must 
intersect in a point A, which les in a vertical through the centre 
of mass CO, and the resultant FR’ of Wand # must be equal and op- 
posite to the reaction R at the point of contact P and act in the 
same straight line. } ; ipa : 

The point A may or may not be in the radius oP. If it is not in 
the radius oP, then, provided R’ passes through P and makes an 
angle with oP less than the angle of repose, there will be equilib- 
rium (page 188). But in such case it is evident that if for rolling 
in one direction in the plane of R' and oP the distance AO of A 
from OX increases, for rolling in the opposite direction this dis- 
tance will decrease. The rolling body is then, according to defini- 
tion (page 206), always in unstable equilibrium if A is not in the 
radius oP, and there is no need of discussion. 

If, however, A is in the radius oP, the equilibrium will be 
stable, unstable or neutral, according as the distance AO of A from 
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OX increases for all possible indefinitely small displacements, de- 
creases for any or all possible indefinitely smail displacements, or 
remains constant for all possible indefinitely small displacements. 
(page 208). 

Let the points a, P, a of the rolling body be consecutive. Then the 
arc aPa is circular, its radius is »:, the arcs aP = af, and the angles. 
aoP = / are indefinitely small. 

Let the’ body roll in either direction, so that the points a, a be- 
come points of contact at a’ anda’. ‘'lhen the arc a’ Pa is circular, 
its radius is p, the arcs a’ P =a’'P, and the angles a’ OP=aOP=6 
are indefinitely small. 

Let the distance Ao=c. Then PA =p:—c. When the body 
rolls into its new position, the point A passes to A’ or A”, and we 
have A’o' = A’o"” = Ao=c, or PA’=PA'=PA=p:—c. Also, 
since the ares Pa and Pa’ or Pa” are equal, 


pi=p.6, or B=£5, or 64+f= (14 a 1 era 

pi \ Pi 

Now the distance AO of A from OX is p + pi— ec. The distance 

of A' or A”, or the distance of A after indefinitely small displace- 

ment, from OX, is (9 + 1) cos §—c¢ cos (6 + #), or, inserting the 
value of (9 + 7) from (1), 


(0 + a1) cos §—c cos (1 + &)s, Toes fe (eS 


pi 


If we replace the cosines in (2) by the first two terms of their 
equivalent series, (2) becomes 


pte —e—(o+m)[1— oR Eee iS Se) 


py 
Hence the equilibrium is stable, unstable or neutral according as 
(3) is greater, less or equal to p + pi — ce. 
When (8) is greater than p + pi — ¢, the coefficient of 6 must be 
positive, or 


EE eats 
Pi 


The condition for stable equilibriwm is then, since PA = p: — @: 


eusteeys eleetce el 
(oun PA- > Be . . . ones, (4) 


The condition for unstable equilibrium is 


px” i i 1 
< 7 @ =< — 
P+ Pr = Paes oro, idole 


The condition for neutral equilibrium is 


py? 1 iL il 
C— ——— ees 
p+p or PA ar ue sce Ato ore mn (G)) 


In order to find whether the neutral equilibri 
b V um 1s st , - 
stable igh ead ee ay Sone of coevah for the oder ian 
a 6b or a and @ re il 
Sereda CoS a6 or a’b, and let the radii of curvature. 
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Then, proceeding just as before, we find for the conditions of 
stable neutral equilibrium 


1 Ge xl 1 i 
—+- >= + = 7 Sah uC oars (7) 
p Pr. pp Pr p Pi 
For unstable neutral equilibrium we have 
i eye! 1 i il 
+=—<=—+— or <—=+-5.- .... . (8) 
p Pr p pa p Pi 


If the first of (7) and second of (8) are fulfilled, we have stable 
neutral equilibrium for displacement towards the right in the 
figure, and unstable neutral equilibrium for displacement towards 
the left, and vice versa if the second of (7) and first of (8) are ful- 
filled. ‘In either case the neutral equilibrium is unstable according 
to definition (page 206). 

We can also find conditions (4), (5) and (6) as follows: 

The line of direction of R' after displacement must fall between 
Pand a or P and a’ for stable equilibrium, outside of Paor Pa” 
for unstable, and pass through a@ or a” for neutral equilibrium. 

Hence we have for stable equilibrium 


p sin 6> (ep + pi) sin §—c sin (0 + A). 


Since 6 and £ are indefinitely small, we can put the arcs in place 
of their sines. Putting then § + 6 = (1 + =) as given by (1), we 
1 
have 


pi> (0+ psf 1 + Ela, ie KOS 


pi 


px 
ptp. 


Hence we obtain, as before, conditions (4), (5) and (6). 

Special Cases.—Conditions (4), (5), (6), (7) and (8) are general. 
Thus if the concavity of either surface be turned the other way, we 
shall obtain the same results, except that the sign of the corre- 
sponding radius of curvature will be changed. 

Surfaces Spherical.—If one of the surfaces is spherical, we have 
p=p =p", or pi=p~:=—p,". If both surfaces are spherical, we 
have p= p’ =p" and p1= 1’ = p,". If in the latter case the equilib- 
rium is neutral, we have from (7) 


1 aly at 1 il 1 


—— — Sy 7 
p ~r p! fon pl. pire 


that is, the neutral equilibrium is indifferent as long as R’ does not 
change in ieee and the angle 4 is less than the angle of repose 


?, or fis less than ° ‘a g~. For@é> gor f> “e there is sliding. 
Either Surface Plane.—If either surface is plane, its radius of 


1 
curvature becomes indefinitely great and the corresponding or 
Lay. 

— is zero. 
Pp. 


Weight Only Considered.—If the only forces acting upon the 
rolling body are its weight W and the reaction R, we have F=0, 
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R’ = W acting vertically. The centre of mass C then coincides 
with A, and we have PC in place of PA in (4), (5) and (6). 
Heavy Body on Plane Surface.—In this case 


c 
el Com) o we nee =0, and PC <p. for stable, PC> pi 
: & Wy ca . 
P Pp for unstable, equilibrium. ne ot 
If PC =~:, or the centre of mass coincides 


with the centre of curvature, the equilibrium is neutral. In such 
case we have, from (7), stable equilibrium when /, is less than 1’ 
and p.", that is, when p, or the radius of curvature 1s a minimum. 
When iis not a minimum nor a maximum, the neutral equilibrium 
is stable for some displacements and unstable for others, or unstable 
according to definition (page 206). If e: is a maximum, the neutral 
equilibrium is unstable for all possible indefinitely small displace- 
ments. If the radius of curvature is constant, the neutral equilib- 
rium holds for all possible displacements large or small, we have a 
pomoeeneuus sphere rolling on a plane, and the equilibrium is in- 
ifferent. 


EXAMPLES. 


(1) A body made up of a cone and a hemisphere having a com- 
mon base rests with the axis vertical on a rough horizontal plane. 
Find the greatest height of the cone for stable equilibrium. 


Ans. Let / be the height of the cone, 7 the radius of the hemisphere, and 
C the centre of mass. he height required is that height for 
which PC=r. 


The volume of the hemisphere is # nt, The volume of 
the cone is srr, The centre of mass of the hemisphere is 5 


at a distance above P equal to or (page 28). The centre of mass of the cone 


is at a distance above P equal to 7 + f (page 26). We have then 


2 5 pd 
gmx er porn x bas 
PC = 3 yas ns 
= 2 ee =i, OS [hear VEY 
eer + 


3 


(2) A prolate spheroid rests with its axis horizontal on a rv 

0 Zz ougl 
horizontal plane. Show that for a rolling displacements in ce 
equatorial plane the equilibrium is indifferent, and for rolling dis- 
placements in the vertical plane through the axis it is stable. 


(3) A right circular cylinder of radius r rests with its axi Z 
zontal on a fixed rough sphere of radius R ee a Show 
that for rolling displacements the equilibrium is stable or unstable 
according as the plane of displacement makes an angle with the 
vertical plane through the axis of the cytinder whose sine is less or 


ter th pe Oe 
greater than R 
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Ans. Let » be the radius of curvature of the rolling curve at the point of 
contact. Then the condition for stable equilibrium is 
; il ah il 
jo ae 
Let the plane of displacement make the angle 6 with the vertical plane 
through the axis of the cylinder The rolling curve is then an ellipse whose 


the Ae ‘ ‘ SA git : , 
semi-minor axis is 7 and whose semi-major axis is — a The radius of curva- 
sin 


ture at the point of contact, that is, at the vertex of the minor axis, is 


? 
Sing) meee 


, ~ sin? 6 


Hence for stable equilibrium 
inz 
See 2 or smo <4/1-¥. 


(4) A prolate hemispheroid rests with its vertex on a rough hori- 
zontal plane. Show that for rolling displacement the equilibrium 
is stable or unstable according as the eccentricity of the generating 


ellipse is less or greater than y/ - 


Ans. Let a be the semi-major and 6 the semi-minor axis, Then the distance 
OC to the centre of mass (page 41) is F 
L© 


_ 3 Ra—a)? 3 


The distance PC then is oa. The radius of curvature P 
2 
at Piso) = = We have then for stable equilibrium 
inet he ee a eee 
Oman 4 Da7 bY dp teh 


But the eccentricity of the generating ellipse is 
62 
¢— / 1— ae 
bgt 3 
Hence for stable equilibrium e < 3" 


(5) A solid homogeneous hemisphere of radius r and weight W 
rests in neutral equilibrium on the top of a fixed sphere of radius 


5 : ; 
R. Show that R= at: If now a weight F is fastened to any point 


in the rim of the hemisphere, show that if F’ AW, the hemisphere 


can still rest in neutral equilibrium at the highest point of the 
sphere, and that the neutral equilibrium is indifferent for all 


5 
angular displacements of the hemisphere less than 3%) where @ is 


the angle of repose. Also that the radius through the point of con- 
tact in the second case makes an angle with the radius in the first 


. 48 
case whose tangent is EB 
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Ans. In the first case we have PC = 2 7, and the radius of curvature is 7, 


CO) ith and PO lies in the axis of symmetry. We have then for neu- 
bec / tral equilibrium 
FS Si ixui, eo ne 
a POR et eases 
° hence R = or, If now we attach the weight # to the rim, 


the new centre of mass, (’, will be at a horizontal distance x 
from 0 given by 


ee 

~ W+F’ 
and at a vertical distance y below o given by 
se 

Y= War 


The distance P'C’ is then given by P’C’ =r — W2x?+ 4, or 


fer? + ve W 27? 
Pe \ ae ee 
(W+ FP 


If then we place the hemisphere so that P’ is in contact at P, there will be 
neutral equilibrium when 
i 1 1 8 


FG as or 
Inserting the value of P’C' and reducing, we obtain # = = W. 


The tangent of the angle POP’ is = = = = x 
Since both surfaces are spherical and equilibrium neutral, we have (page 


210) indifferent equilibrium as long as 6 < 6, By 2p. 


(6) A cylinder rests in equilibrium with the centre of its base on 
the highest point of a fixed and rough sphere. The altitude and 
diameter of the base of the cylinder are each equal in length to a 
quadrant of a great circle of the sphere. Find the greatest angle 
through which the cylinder may be made to rock without falling off. 


Ans. Let C be the centre of mass of the cylinder, and O 
the centre of the fixed sphere. Then PCO = i and OP = R. 


2 
When the cylinder rocks let the points C’ come in contact. 
Then PC' = R9. If the cylinder is on the point of sliding, 
the angle PCC’ must be equal to the angle of repose @. 
2h htan @ 


Aiba ae 2k 
Therefore 6 = i tan @. 


Hence tan @= 


But we have i =h. 
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: 1 i Ml ua Or atte 
Since PO nh > on the equilibrium is stable. 


(7) A body of weight W is placed upon a rough inclined plane 
which makes an angle « with the horizontal, 
and is acted upon by a force P which makes 
the angle 6 with the plane. Find the condi- 
tions of equilibrium. (For smooth plane see 
Ex. 1, page 172.) 

Ans. Consider the body as a particle placed at 
any point O on the plane (page 169). We have act- 
ing upon the particle the weight W, the force P and 
the reaction of the plane &, which makes the angle of repose @ with the nor- 
mal to the plane. 

Let the angle BOP = f be positive when above the plane, and negative 
when below the plane. 

1. Body on the Point of Motion up the Plane.—In this case the component of 
Palong the plane must act up the plane, and the component of R along the 
plane or the friction must act down the plane, 
since friction always acts opposite to the direc- 
tion in which motion tends to take place. 

Since W, P and # are in equilibrium, their 
line representatives laid off in order the same 
way round make a triangle (page 62). 

We have then directly from the figure 


R: W:: sin [90 — (8+ @)]: sin[90 + (6 — @)]. 


Hence 
_ cos(B-+ a) 
Fae Gas s 


Let the normal pressure of the plane be JW and the friction be F. 
Then we have 


__ cos (4+ a) 
~ cos(Z — ) 


cos (8 + a) 


F=Rsin@g com (GE) 


Wsing, N=Rceosgd= 


W cos ~. 


We also have directly from the figure 
P: W::sin(a+ @): sin [90 + (6 — )}. 


Hence 
_ sin(a+ ¢) sin aw-+ cos a 
~ cos(B—@) cosP+tysinfg ’ 


where = tan @ is the coefficient of static sliding friction. 

We see at once from the figure and from the preceding equations that when 
f=+(90 — a) we have R, N and F zero and P and W equal and opposite. 
For any greater value of positive 7, Ris negative and there is no equilibrium 
possible. For negative 6 we must evidently have ( less than 90— @. If 6 
is greater than this, R is negative and there is no equilibrium. Zhe preceding 
equations hold good, then, for all values of f between — (90 — p) and + (90 — a). 

The force P is a minimum when cos(f/ — @~) is a maximum or when 
fi=+. This minimum value of Pis then 


P= Wsin(a-+ ¢). 


Again, we can resolve 2 into Pcos @ along the plane and Psin 6 normal to 
the plane. We can also resolve W into Wsin a along the plane and Weos a 
normal to the plane. Let JV be the normal pressure of the plane. Then for 
equilibrium 


N+ Psinf— Weosw=0, or N= Weosa — Psin f. 
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The friction is then 
F=uN=uWoosa— uPsin fp. 


This friction always acts opposite to the direction in which motion tenas to 
take place. We have then in the present case, for equilibrium, 


Pos f — F— Wsina=0. - 


Inserting the value for ¥ and reducing, we obtain the same value for P as. 
before, The student should also solve by virtual work. 

2. Body on the Point of Motion Down the Plane—a greater than @.—If ais 
greater than @, the body will slide down the plane 
unless prevented. 

In this case the component of P along the plane 
must act up the plane, and the component of & 
along the plane, or the friction, must also act up 
the plane, since friction always acts opposite to the 
direction in which motion tends to take place. 

We have then directly from the figure 


R: W:: sin [90 — (6+ )]: sin [90+ (6+ @)]. 


Hence 
__ cos (B+ a) a 
= cos (B+ 0)" 
oR _ c0s(B+ a) : ks __ cos(8-+ a) 
Rsin & Gone Fo) ee N BOOS Ok aes cos @. 
AJso 
P:W::sin(a— @¢):sin[90+ (6+ @)], 
or 


sna) _ sina— cos a 
~ cos(6+) cosB—psing ~ 


We see again from the figure that when + £ is greater than 90 — a, RF is: 
negative. Also when — f is greater than 90+ @, Ris negative. The values 
B a F, and P hold good, then, for values of B between — (90+ ) and 

— a). 


The force P is a minimum when cos (6+ @) is a maximum or when 
f=-@. This minimum value of P is then 


P= Wsin (a— ¢) 
As long as we have, for a greater than @, 
sin (w 2 P). 
cos (8 + @) 
where 6 < — (90+ )@ and < + (90 — a), and at the same time have 
sin 
< oa ese 
where 6 < — (90 — ¢) and <+ (90 — a), the body will neither be on the 


point of moving down or up, and we have non-limiting equilibrium, 
Again, we have as before for the friction 


F=nWeos a — uPsin £, 
and for motion down the plane 
Poos i+ F— Wsina=0. 


Substituting the value of 7 and reducing, we obtai 
£ : ain the 
as before. The student should solve also by virtual work. meet irk eA 


We 


CHAP. IX.] EXAMPLES—ROUGH CURVE OR SURFACE, 217 


8. Body on the Point of Motion Down the Plane—a less than ~.—If a is less: 
than @, the body will not slide down unless 
acted upon by some force P. 

In this case the component of P along the 
plane must act down the plane, and the compo- 
nent of # along the plane, or the friction, must 
act up the plane, since friction always acts op- 
posite to the direction in which motion tends 
to take place. 

We have then directly from the figure, if 
we take the angle 6 = AOP positive above the plane and negative below, 


R:W:: sin [90 — (6 — a)]: sin[90-+(6 — @)]. 


Hence f 
_ COS(B= @)) 
~ cos (b= ay 

A 3 _ cos(6 — a) : * __ cos (8 — a) 
et sini cae aya oe g?, N= Res@ cod (GEG) Oy eee 
Also 
P: W::sin(@ — a): sin [90 4+ (6 — @)], 
or 


_ sn(@—a@),, wcosa — sina 
~ cos(B— >) ~ cosPtysinB ~ 


We see from the figure that if we take 6 from OA positive above and neg- 
ative below the plane, + / cannot be greater than 90. Also when — # is 
greater than 90 — ~, Ris negative. The values of R, F, N and P hold good, 
then, for values of 2 between — (90 — ) and + 90°. 

The force P is a minimum when cos(6 — @) is a maximum or when 6 = 
+. This minimum value of Pis then 


P= Wsin ( — a). 


As long as we have, for a less than @, 
sin (@ — a) 
cos (ff — ~) 
where 6 < + (90+ a) and < — (90 — @), and at the same time have 
sin («+ @) 
cos(P— @) ’ 
where 6 < + (90 — a) and < — (90 — @), the body will neither be on the 


point of moving up or down and we have non-limiting equilibrium. 
Again, we have, as before, for the friction 


F=nuWcesa— uPsin f, 


Wh, 


and for motion down the plane 
—Peosf+ F— Wsina=0. 


Substituting the value of F and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 


(8) A body of weight Wis placed in contact with the under side 
of a rough inclined plane which makes an angle a with the horizon- 
tal, and is acted upon by a force P which makes an angle with the 

lane. Find the conditions of equilibrium... (For smooth plane see 
Ex. (2), page 174.) 
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Ans, 1st. Body on the point of motion up the plane: 


7 $G08 (6 ar a) _ _ BP 8) oy : 
SV che cee 
Dee COR (Pera) ‘ . 
=~ cos (8+ 0) 
P= sin(p— a), sina — "cosa 
~~ cos(B+ 0) ~ cosf—psnfg ~ 
When a> ¢, 6 > + (90 — a) and < + (90 — ¢). 
When a < ¢, 6 > +(90 — #) and < + (90 — a). 
2d. Body on the point of motion down the plane : 
_ __ cos(B — a) ? __. cos(f —@)’ 1 
BE cosiB ot N= coset oy 8 
Bencos| (Gi) , , 
cos(B+ 6) 
_ _ sin(@+a) _ Sin a+ 1 cos & 6 <-+90 and 
cos(6+p) ~ u«sinf—cosfp * > + (90 — ). 


(9) Find the force P necessary to just move a cylinder of radius 
Rand weight W up a rough plane inclined at an angle a, by a crow- 
bar of length l inclined at an angle %. (For smooth surface see 
Ex. (8), page 174.) 

Ans. The weight W can be resolved into two components R, and R, making 
the angles of repose @; and @, with the normals at 
the points of contact D, and D., where @, is the 


angle of repose for the bar and cylinder and @, for 
the plane and cylinder, 


We have then R, = — Bin (Pate) d 
sinf(@+ 2) Ho. — Oo) 
The normal pressure at D, is then 
NN, = Fea cos ~—i. 


If P acts at right angles to the bar, we have by virtual work, for a small 


displacement due to turning of the bar about A through an indefinitely small 
angle 6, 


Pid — N, AD, .6=0, or Pa 
But AD, = rtan ia a 6) as {1 — cos (a+ f)] 
2 sin(a+ 6) ~ 
= Wr cos @, sin (f. + @[1 — cos(a-+ f)] 
isin (a+ /) sin [(a+ f)+ (g2— fi)] * 
If di = d2, we have after reduction 
P= Wr cot @ sin(@+ a) 
~ [1+ cos (a+ £)] 


If there is no friction, ¢ = 0, and we have the same result as in Ex. (8) 
page 174. ; 


Hence 


(10) A particle of mass m rests on a rough cylinder and is held 
in equilibrium by a string fastened to another particle of mass M, 
which passes over the cylinder and hangs freely. Determine the 
poe of equilibrium. (For smooth cylinder see Ex. (4), page 
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Ans. From page 202, if the arc of contact mCA = a, we have for the fric- 
tion of the cord 


F, = mg(e"* — 1), 
where « is the coefficient of static sliding friction between 


cord and cylinder and € = 2.3026 = base of Naperian sys- 
tem of logarithms, and g is the acceleration of gravity (page 


The normal pressure of m is mg sin a, and the friction of 
the particle 7 is 


Fy, = fl, mg sin a, 


where /é. is the coefficient of static sliding friction between the particle and 
cylinder. 


The tangential component of mg is — mgcosa. We have then, for equi- 
librium, 


— mg cos & + fl, mg sin a + mg(e"* — 1) = Mg, 
or 
— m(cos & — fz Sin a) + m(e** —1)= UM; 
sin Do 


Cos D2’ 


or, since fl. = 


— cos(@ + dy) + (e#* —1) cos d, = 7 eos po, 


from which @ can be found. If there is no friction, w= 0, @. = 0, and 


M 
cos @ = — —, 
m’ 


which is the same result as in Ex. (4), page 174. If we neglect the friction of 
the cord, uw = 0 and 
cos (a+ bs) = —%. 
aa me 
(11) Find the conditions for equilibrium for a rough screw. (For 
smooth screw see Ex. (5), page 175.) 
Ans. Let P be the force applied at the end of the arm a, and let the radius 
of the screw be 7, the pitch p, and the mass supported Q. 


a x If WV is the sum of the normal pressures and @ the incli- 
P nation of the thread to the horizontal, we have V = — < 
C 
and the friction 7 = uN = Ze where yz is the coefficient 
of static sliding friction. 
If P has a virtual displacement of 0 radians, Q is raised 
pO r6 
a distance — the distance of the friction is ———, and we 
Q a 
lave by virtual work 
i) cQré 
Pai — ep! zag t 3 = 
2a cos? @ 
We have then, since ae —tan a, w= tan @, 
QP “er Qr tan ~ 
= = tan a@-++ —— }, 
a\2n a COS? & a si cos? & 
p oate 
If we neglect friction, we have “ = 0 and P= ape ES , which is 


27a a 
the same result as in Ex. (5), page 175. 
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(12) Find the conditions for equilibrium for the differential screw 
given in Ex. (6), page 175, taking friction into account. 


Q) p—e , ur +7) 
Ans, P= 9[ x + ; 


cos? @ 


(13) Let the force acting normally at the middle of the back AB 
of a rough isosceles wedge ABC be P, and let the normal pressure on 
each side be N. Find the conditions for equilibrium. (or smooth 
wedge see Ex. (7), page 176.) 

Ans. Let the angle of the wedge at the point @ be a. The forces which 
sustain the wedge in equilibrium are P, the pressures V and 
the friction F along each face, which acts opposite to the 
direction in which motion tends to take place. 

If yz is the coefficient of static sliding friction, we have 
i uN. 

If we put the algebraic sum of the components along the 
axis DC equal to zero, we have for equilibrium 


— P+2Nsin & + uN cos 5 =0, 


where the (+) sign is taken for wedge on the point of entering and the (—) sign 
for wedge on the point of sliding out. 


n@ 


Since uz = EL 
~ cos @’ 


where @ is the angle of repose, we have 


Pee a PD LVigeen ce 
P=aw(sinS 2 0085) = Sop sin(5 + @). 


PINE KO 2 
It P< ag sin (F =) and DOGS 


neither on the point of going in or out and we have non-limiting equilibrium. 


= a % . 
sin e = 0), the wedge is 
a 


a : 3 
If 5 ~, there is no force required to prevent the wedge from sliding out. 
The angle @ of the wedge should not then exceed 2¢, 
If we neglect friction, @¢ = 0, and we have P= 2VWV sin = 
a 


This is the same result as in Ex. (7), page 176. 


(14) Let a rough isosceles wedge rest with one face BC on a hori- 
zontal plane. Let a normal force P act at the middle point of the 
back. Let the body GHK, whose weight is W, rest upon the face AC 
and be constrained by guides to move in. a normal to AC. Find the 
Pimates for equilibrium. (For smooth wedge see Ex. (8), page 

76. 


Ans. Let VV be the normal pressure between the sur 

Then the friction between os body and et ee boss 
wedge is NV, where sz is the coefficient of 
static sliding friction between the body and 
wedge. This friction acts opposite to the 
direction in which motion tends to take 
place. It is then a pressure upon the guide 
Hor H' according as the wedge is on the 
point of uenne oF sliding back. If W is 

e weight of the body acting at the centre of mass G, then W sin @ is the 

ressure upon the gui i 1 x 
ae rane m ne eae Eby reason of the weight. The total pressure upon. 


Wsin a + ul, 
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according as the wedge enters or slides back. The friction between the body 
and guide i is then 


Ha(W sin a+ wV), 


where //; is the coefficient of static sliding friction for body and guide. 
We have then for equilibrium of the body 


N— Weosa F 4, (Wsina + uN)=0, 


where the upper signs are for wedge on point of entering, and the lower signs 
for wedge on point of sliding out. Hence 


W(cos @ + jf; sin a) 
dfs 


Ve 


If we put this value of NV in the value for P found in the preceding 
example, we have 


jyees 2Wicos @ + , sin @) ane ae a 
rz 1 ie Sia ee td 
; sin pi sin @ 
or, since “4; = = ae and.) a where @, and @ are the angles of 


repose for pedy and guide, and body and wedge, 


_2Weos (a ¥ os) 
= cos (fi + ) -sin (5 +), 


The upper signs are for wedge on the point of entering, the lower signs for 
wedge on the point of sliding out. 


Here again, if < ie @, no force P is required to prevent the wedge from 


sliding out. 
10 


2W cos (a — i)... [(& 2Weos (a+ fi) . [a 
Deere ee Te) le ante, Fo mee 


we have non-limiting equilibrium and the wedge is not on the point of moving 
a 
either way. If we neglect friction @ = 0, di.= 0, and P= 2Weose@ sin=. 


2 
This is the same result as in Ex. (8), page 176. 


(15) Solve the case of Hx. (16), page 177, taking friction into 
account. 


a cot (ai + d) — b cot (a, — o) 
a+b ; 
VN, = P sin (a, — ©) cos p Wass P sin (a, + ¢) cos Dp 
‘sn {i+ O)+(a—P)’ ~*~ sin (a +o) +(m — oO) 
(16) A rod rests with its ends against a rough vertical and hori- 


zontal plane. The weight P of the rod acts at its middle point. 
Find the conditions of equilibrium. 


Ans. Let 9 be the angle with the horizontal and ,, N. be the normal 
pressures on the horizontal and vertical planes respectively. Then 


TADLO = Cote a ean COs", eV ne== 2S DiCOs . 


Ans, tan § = 


(17) A rough lever ACB rests on an axle of radius r and is acted 
upon by the co-planar forces P and Q applied at the points A and 
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B. The forces make the angle 6. Find the relations of P to Q for 
equilibrium. (For smooth lever see Ex. (1), page 161.) 
Ans. The resultant of P and @ is 


R=VP?+ @ + 2PQ cos 4, 


jes 
He the acute value of 6 being taken. 
PON eS See We have seen (page 196) that for well- 
aN “NB greased axle and small surface of contact we 
As Ce) \ can take, in all cases of axle friction, the fric- 


tion # = wR, where ye is the coefficient of 
Q static sliding friction. 
Let the radius of the axle be 7, the lever- 


: arm of P with reference to the centre C of 
the axle be p, and the lever-arm of Q be gq. 
We have then in general for equilibrium 


Pp — Qq ¥ “Rr, 
or 


Pp = Qa + er VP? + Q + 2PQ cos 4, 


where the upper sign is to be taken when rotation in the direction of P just 
begins, and the lower sign when rotation in the direction of @ just begins. 
If the forces P and Q are parallel, R = P+ Q, and we have 


(pees 
pF ur 


For all values of P less than the first of these values, or 


peed = Ho 

Dies 
and at the same time greater than the second, or 
q—Ker 
p+er 


we have non-limiting equilibrium and the lever is not upon the point of 
rotating in either direction. 


ie 


Q, 


If we neglect friction, 4 = 0 and P= @ Q, as in Ex, (1), page 161. 
For partially worn bearing (page 196) we can put more accurately 


sin @ in place of ?, 


where ¢ is the angle of repose. 
For triangular bearing (page 197) we can put more accurately 
sin 2 


Pp. 
an” place of jt, 


where a is the half angle of bearing. 
For new bearing (page 198) we can put more accurately 


asin2¢ , 
2 in place of ft, 


oid 


2sin @ 
where @ is the half angle of contact. 


(18) In a wheel and aale the radius of the wheel is a, and of t 
axle b. Find the conditions for equilibrium, taking into eS 
friction and the rigidity of the rope, when a mass P hung from the 


\\ 


i 
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wheel just balances a mass Q hung from the axle. (Without friction 
and rigidity see Ex. (2), page 162.) 


Ans. We have seen (page 196) that for well-greased 
axle and small surface of contact we can take in all cases 


of axle friction the friction F = «R = u(P + Q), where 
je is the coefficient of static sliding friction. OX 
Let the radius of the axle be 7, and let ¢ be the thick- WEY, 
ness of the rope. 
Then when P is just about to fall, we have (page 202) 
Le t 
for the lever-arm of Q, (1 + Q ( a ), and hence for L, Ip 


equilibrium 


—P(at5)4e(t4+F)(0+y) +anP+ @=0, 


or 
1 t , 
(o+5 + ur) oe (o+5)r 
(Pcs = ; 
Ops = ur 
where (page 203) 
for hemp ropes T’ = Grane 
pen 
2 
for wire ropes T'’ =e, + —5 
b+ 5 


the values of ¢, and c, being given on page 203. 
When Q is just about to fall, we have (page 203), for the lever-arm of P, 


(1 aaa = (« —- 2 and hence : 


-P(145)(2+5) + @(0+5) — uP + =0, 


or 


(ef mon (oré) 


p= : 
a ig + yer 
where (page 203) 
JE 
for hemp ropes T' = a 
a+ x 

for wire ropes T'’ =e, + BS 
a+ a 


the values of ¢, and ¢, being given on page 208, 
For values of P less than the first and greater than the second, we have 
non-limiting equilibrium, and the wheel and axle is not upon the point of 


rotating in either direction. 
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oe 


t 
a+ 5 


b : 
thickness of the rope, P = PAD as in Ex. (2), page 162. 


Q, or, neglecting the 


If we neglect friction and rigidity, we have P= 


If b =a, we have the case of the single pulley. 
For partially worn bearing (page 196) we can put more accurately 


sin @ in place of /, 
where ¢ is the angle of repose. 
For triangular bearing (page 197) we can put 


sin 20 
2 cos & 


in place of M, 


where a is the half angle of the bearing. 
For new bearing (page 198) we can put 


asin 2¢., 
—— jn place of f 
2 sin a ~P of Ms 


where a is the half angle of contact. 


(19) In the single movable pulley find the relation between the 

orce P and the mass Q for equilibrium, taking into account friction 

and the rigidity of the rope. (Without friction and rigidity see Ex. 
{5), page 163.) 

Ans, Let 7 be the radius of the axle of each pulley, a the radius of each 
pulley, ¢ the thickness of rope, / the coefficient of static slid- 
ing friction, and ¢, cy as given on page 203. 

For convenience of notation let 


t t 
U=a+5+ur+e, w=a+5 — mF 


Then from the preceding example, making 6 = a, we have, 
when P is just about to fall, for hemp ropes 


= U GEE, ok Cy 
w 
where 7’ is the tension in the first rope as shown in the figure. 
We have in the same way 
ie wT. + C1 
w 
We have also Ti =O: 
Eliminating 7; and 72, we have 
ye WQ+ (w+ 2u)er 
= ww + uw) ; 
In the same way we find when P is on the point of rising 
Pee (uw — Rur = er)? — (w+ 2u — Bur — es) 
(w+ u)(u — 2h07) : 


For values of P less than the first and greater than the second, we have 
non-limiting equilibrium and P is not on the point of falling or rising. 


: : i t 
For wire ropes we have only to substitute ¢, (« + 5) in place of ¢. 
~ 
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For partially worn bearing or new bearing we can replace « by the values 
given in the preceding example. 


If we neglect friction and rigidity, we have P = u as in Ex, (5), page 163. 


(20) In the system of pulleys shown, find the relation between the 

Sorce Pand the mass Q for equilibrium, taking into account friction 
and rigidity of the rope. (Without friction and rigidity see Ex. (6), 
page 163.) 

Ans. Let m be the mass of each movable pulley, and 7 the number of mov- 
able pulleys. Let 7 be the radius of the axle of each 
pulley, @ the radius of each pulley, u the coefficient of 
static sliding friction, ¢ the thickness of the rope, and ¢, 
and ¢, as given on page 203. 

For convenience of notation let 


wsat spurt er; wats — LT; 
o=uUtw=2att+e. 


Then, from the preceding example, we have, when 
P is just about to fall, for hemp ropes 


7, dm), 41, 


® it?) 


pe daa A) ae 


ry) »’ 


T; _ UT +m) os, 
v v 


and soon. Inserting the values of 7, and 7., we have in general 


un (mu + e)(u" — vn) 
fe i e 
yw” ou — ) 


But from the preceding example we have 


DE Mae 
tO oer Pak eg 
Hence, since uw — 0 = — », 
U . (mu + ¢1)(o" — ur) C1 
p=] wet w + a" 


; tNe. 
For wire ropes we have only to substitute ¢, (a a ) in place of ¢. 


For partially worn bearing or new bearing we replace 4 by the values 
given in Ex. (18). 


U fel t 
If we neglect friction and rigidity, we have aha ih Pract a toon 2(a+ 5) 
) +- (2" — 1)m ies 
w=at and c; = 0, and this reduces to P= ola ae which is the 


same result as given in Ex. (6), page 163. 

(21) In the system of pulleys shown, find the relation between the 
force Pand the mass Y for equilibrium, taking into account friction 
‘and the rigidity of the ropes. (Without friction and rigidity see 
Ex. (7), page 164.) 
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Ans, Let m be the mass of the lower block, and the number of ropes com- 
ing from the lower block, Let 7 be the radius of the axle of 
each pulley, /c the coefficient of static sliding friction, t the thick- 
ness of the rope, and ¢, and ¢, as given on page 203. 

Let a be the mean radius of the pulleys. 

For convenience of notation let 


t 
i 5 bur tes, BO tay ew Mr. 


Then we have for hemp ropes, when P is about to descend, 


p= “29 | e444 = S= = 


wu" — w") uU— Ww u—w 


: t 
For wire ropes we have only to substitute ¢ (« + 4 in place. 


of ¢1. 
For partially worn bearing or new bearing, we replace by the values 


given in Ex. (18). 
If we neglect friction and rigidity, we have w= w andc, = 0. The value 


0 
of P reduces then to P = it 
u — w and then make wu = w, we have 


but if we divide numerator and denominator by 


Pee, 
Nv 


which is the same result as given in Ex. (7), page 164. 


(22) In the system of pulleys shown, find the relation between the 
force P and the mass Q for equilibrium, taking into account friction 
and the rigidity of the ropes. (Without friction and rigidity, see 
Ex. (8), page 164.) 


Ans. Let m be the mass of each pulley and n the number of pulleys. Let 
r be the radius of the axle of each pulley, yw the coefficient of 
static sliding friction, ¢ the thickness of the rope and ¢,, ¢2 as 
given on page 203. 

Let @ be the radius of each pulley, and for convenience of 
notation let 


t t 
uU=at gH + ea, w=a+ 5 — ur. 


Then we have, when P is about to descend, for hemp ropes 


eae ole) ere 
(F 41)" 1. 


For wire ropes we have only to substitute c, ( a+ ‘i in place of ¢). 
\ 


_ or partially worn bearing or new bearing we replace sz by the values given 
in Ex. (18). 


If we neglect friction and rigidity, we have w = wand c¢, = 0, and 


p- Q + nm — (2" —1)m 
2" —1 


f 


which is the same result as given in Ex, (8), page 164. 
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(23) In the differential pulley of Ha. (12), page 165, find the rela- 
tion of P to Y for equilibrium, taking into account friction. 

Ans. Let m be the mass of each pulley, 7 the radius of each axle, and « the 
coefficient of static sliding friction. Since the pulley is worked by a chain, we 
can disregard rigidity and have only friction to take into account. We have 
then for P about to descend 


es (e ai m) ie . : + 2ur(Q + oy 
a — {ur 


For partially worn bearing or for new bearing we can replace y by the 
values given in Ex. (18). If we neglect friction and the mass of the pulleys, 
Qa —b) 

9 


a 


we have P = , which is the same result as in Ex. (12), page 165. 


(24) Solve Ex. (24), page 180, when the surfaces are rough. 


Ans. Let « be the coefficient of static sliding friction, and @ be the angle of 
friction. Then, taking the same notation as in Ex. (24), page 180, 


b sin (a 
a tan a+ aaa = a tan (6 — ©). 


d=lcosa—?rcos 8. 


(25) Solve Ex. (25), page 180, when the surface is rough. 
Ans. Let @ be the angle of friction. Then, taking the same notation as in 
Ex. (25), page 180, we obtain 


Wcos (9+ ¢) = oe sin (6 — @). 


APPLICATIONS OF STATICS. 


CHAPTER I. 


RETAINING WALLS, DAMS AND EARTH SLOPES. 


DEFINITIONS OF PARTS OF A WALL, WEIGHT AND FRICTION OF MASONRY, 
STABILITY OF A MASONRY JOINT. STABILITY OF A WALL IN GENERAL, 
LOW GRAVITY DAM. HIGH GRAVITY DAM. ECONOMIC SECTION FOR A 
HIGH GRAVITY DAM. THE ARCH DAM. THE RETAINING WALL. GRAPHIC 
AND ANALYTIC DETERMINATION OF THE EARTH PRESSURE ON A RE- 
TAINING WALL, COHESION OF EARTH. EQUILIBRIUM OF AN EARTH 
MASS. EARTH SLOPES AND TERRACES, 


Definitions of Parts of a Wall.—The face of a wall is the front 
surface, or outside surface, or the surface farthest from the pres- 
sure. The back is the rear surface, or inside surface, or the surface 
which sustains pressure. 

-The stone which forms the face is called the facing; that which 
forms the back, the backing; that which forms the interior, the 
filling. 

A horizontal layer of stone in a wall is called a course. If the 
stones in each layer are of the same thickness, we have regular 
courses; if they are not of the same thickness, we have irregular 
or random courses. 

The mortar layer between the stones is the joint. The horizontal 
joints are bed-joints. 

Cut stone or squared masonry is called ashlar. Unsquared ma- 
sonry is called rubble. 

The inclination of the face or back of a wall, measured by the 
ratio of its horizontal to its vertical projection, is called 
the batter of the face or back. The batter is then the 
tangent of the angle which the face or back makes with 
the vertical. Thus in the figure the batter of the side 


Ne AD is ao =tan £, where / is the batter angle or 
angle of AD with the vertical. 

Weight and Friction of Masonry.—We give here a short Table 
of average values of the coefficient of static sliding friction «, the 
corresponding angle of friction or repose ~, and the density or mass 
of a cubic foot 6 for different kinds of masonry. 


228 


CHAP. [.] RETAINING WALLS, DAMS AND SLOPES. 229 


In discussing the stability of walls, the influence of the mortar 
is neglected, both because of its uncertain character and because 
the error is on the side of safety. The values given for “ and ¢ are 
therefore for dry masonry. 

We also give in the Table average values of the allowable com- 
pressive unit stress Cin tons per square foot, taking 2000 lbs. toa 
ton. 


We also give the specific mass (page 10), or of the materials, 
where y is the mass of a cubic foot of water = 62:5 Ibs. 


Density : Allowable 
Coef- | Angle of | Pounds Specific | Compressive 
‘ ficient of | Friction per Mass. Unit Stress 
Kind of Masonry. Friction. “| Cubic 5 GC 
Foot. - Tons per 
Mw ob | r) y, square foot. 


Limestone and granite: 


Ashlar masonry....... 0.6 31° 165 2.64 25 to 30 

Large mortar rubble...| 0.6 31° 150 2.40 10 to 15 

Small dry rubble...... | Osa 31° 125 2.00 6 to 10 
WOnGreleric,<0. canoe iets stele 0.6 81° 150 2.40 12 to 17 
Sandstone: 

Ashlar masonry....... 0.6 381° 150 2.40 20 to 25 

Large mortar rubble...| 0.6 31° 130 2.08 10 to 15 

Small gers rubble..... ) 2026 31° 110 1.76 6 to 10 
Brickwork.. woes 0.6 31° 100 1.60 6 to 10 


Stability of a Masonry Joint.—Let A’B’B”A” be the area of a 
joint between two rectangular plane surfaces, as, for instance, be- 
tween two layers of stone in a masonry rR N 
structure. Let AB be the line passing 
through the centre of mass C of the area 
and the middle points A and B of the 
opposite sides A’A” and B’B”’. Let 
AB =bO be the breadth of joint, A'A" =1 
the length, @ the angle of friction of the 
dry joint, disregarding the effect of the 
mortar, « = tan ¢ the corresponding co- 
efficient of static sliding friction, C the allowable compr essive unit 
stress, R’ the resultant of all the external forces acting at the point 
G in the line AB. 

The values of ¢, « and Care given in the Table. 

Then we have the following conditions for stability: 

ist. The resultant # of all the external forces must intersect the 
joint at some point G within the surface of contact (page 169); 
otherwise we have rotation. 

2d. The resultant reaction FR of the joint at this point G must be 
equal and opposite to RF’ and, if we disregard the effect of the mor- 
tar, must make an angle RGN with the normal to the surface AB, 
less than the angle of friction or repose (page 189); otherwise we 
have sliding. 

It is customary in the discussion of the stability of masonry 
structures to disregard the effect of the mortar because of its 
uncertain character and because the error is on the side of safety. 

3d. The greatest unit pressure at any point of the joint must not 

i 


} 
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exceed the allowable compressive unit stress C for the materials in 
contact ; otherwise the joint is overloaded. 

Determination of this Greatest Unit Pressure.—Let N be the nor- 
mal component of the resultant reaction R acting at the point G. 

Then the least unit pressure p: will 
act along the farthest edge at A, and 
the greatest unit pressure p will act 
along the nearest edge at B. If we 
lay off Aa =p, and bb=>p, the unit 
pressure at any other point will be 
given by the ordinate to the straight 
line ab, and the total load will be rep- 
resented by the area ABba multiplied by the area of the joint Di. 


We have then the mean unit pressure pee, and hence the total 


pressure 
OL pi === Di eee ee) 


Let e = BG be the ‘‘edge distance”’ or distance of N from the 
nearest edge B. 

The entire load area is made up of the rectangular area ABca 
and the triangular area acb. The load represented by the rect- 
angular area is p.bl, and its centre of action is at C at a distance 


1AC = 5 from the edge B. The load represented by the triangular 
P—Pp 
2 


area is . 61, and its centre of action is at # at a distance of 3 


from the edge B. 
We have then, taking moments about the edge B, for equi- 


librium, 
DACP — pi0l Oe ae 
DS er ae a Ne 0a ene) 
From (1) and (2) we obtain for the greatest unit pressure 
_2N Be 
p= (2 ne <> <5 oes romano) 


and for the least unit pressure 


2N/8ce 
Pi = arb a 1), . . . . . ° . . (4) 


where N is the total normal pressure on the joint acting at a dis- 
tance e from the nearest edge, / is the length of joint, 6 the breadth. 
In any case, then, we can find the value of p from (3), and this 
value must not exceed the allowable compressive unit stress C for 
the materials in contact, otherwise the joint is overloaded. 
We see from (3) and (4) that when 


Ges we have p: =p = Or" That is, when 


the resultant R’ of all the external forces 
acts at the centre of mass C of the joint,the 
load N is uniformly distributed over the 


entire joint, and the unit pressure at every point is p=. 


—— 


va a 


\\ 
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As e diminishes, p increases and p: decreases; and when 
€= 5, we have p: = 0 and p ar That is, 
when the resultant R’ of all the external 
forces acts at 2 from the nearest edge, 


the unit pressure at the farthest edge is 
zero, and the greatest unit pressure at the 
nearest edge is twice as great as if the load 
were uniformly distributed over the area of the entire joint DI. 


If then e is less than 3 the whole joint is not brought into action. 


‘The effective area of joint is 3el, or the distance BD = 8e. The por- 
tion AD affords no resistance, if we 
disregard the effect of the mortar, 
and the greatest unit pressure is 
2N : : 
tay a twice as great as if the 
load were uniformly distributed over 
the effective area 38eb. 

We see then— 

4th. That, in order to just bring 
the entire joint AB into action, the resultant Ff’ of all the external 
forces must intersect the joint at the middle third. 

This is called the ‘‘ middle third rule,” and in an economically 
proportioned masonry structure it should be complied with. 

Stability of a Wall.—Let ABDE be the section of a wall. We 
can investigate its stability as follows: 

1. By Graphic Construction.—F ind the centre of mass C of the 
section (page 22) by drawing the diagonals AH, BD intersecting at 
I. Lay off along these diagonals Ae = 
TE, and Bd =I1D, and let m, m be the 
middle points of AH and BD. Join md 
and me. The intersection C is the centre 
of mass. 

At the centre of mass thus found let 
the weight W of the section of wall act. 
Let bs be the bottom base AB, and 6, the 
upper base DEH, and / the length and h 
the height DO. Then the volume of the 
(b1 + b2)hl 


section is If 5 is the density 


or mass of a unit of volume of the ma- 
sonry, we have the weight W in gravi- 
tation units, 


= at a. 


(For values of 6 see page 229.) 

Let P be the resultant pressure upon the wall in gravitation 
units, acting at the point K and known in magnitude and direction. 
Since we can consider P as acting at any point in its line of direc- 
tion, produce it till it meets the line of direction of W at the point 
c. Let Wand P both act at this point c, and find their resultant R’. 

Then, as we have just seen in the preceding Article : 

ist. The resultant /’ must intersect the joint Ab at some point 
G within the base; otherwise we have rotation. 
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2d. If the joint AB extends through the wall, the reaction R of 
the surface AB at G must be equal and opposite to R’ and make an 
angle RGN with the normal N less than the angle of friction or re- 
pose @; otherwise we have sliding. (For values of «> see page 229.) 
For security we should have 

n x angle RGN = 9, 

where n is called the factor of safety for sliding. In practice n 
should be at least 2 or even more if shocks are to be apprehended. 

The student should note that if the joint AB does not extend 
through the wall, no investigation for sliding is necessary. 

3d. The greatest unit pressure must not be greater than the 
allowable compressive unit stress C for the materials in contact ; 
otherwise the base ABis overloaded. (For values of Csee page 229.) 

4th. For economic proportions e = GB must be just equal to. 


abn in which case the entire base AB is just brought into action. 


: 1 : 5 
If e is greater or less than ;, bo, the proportions are not economic, 
) 


but stability exists in any case if condition 3d is fulfilled. 
We make then the construction as directed on page 231. If the 
joint AB extends through the wall, we must have 


nx angle RGN = 4, 


where » should be 3 or more if shocks are to be apprehended. 
If the joint AB does not extend through the wall, there is no. 
danger of sliding. 


If the construction gives e = bs, the proportions are economic, 


and there is also stability provided that (page 230) 


il 2N — 
for e = 3b Lee 


If the construction gives e greater or less than ‘= b., the propor- 
o 


tions are not economic, but we still have stability provided that 
it 2N 3e\ — 
f = =—|2-— |= 
ore 30a P= > ( xe GC; 
and provided that 


1 2N — 
for e < bs P= 3 <C: 


2. By Calculation.—Let the back of the wall AD make the 
batter-angle 6 with the vertical, and the pressure P make the angle 
Sa § with the normal to the wall and therefore 


the angle (6 + 6) with the horizontal. 
Then the vertical component of P is 


Vis Pesin'(6 40) a wee 
and the horizontal component of P is 
JET =} PCOS BAO) ee Ra) 


If 5 is the density or mass of a unit of 
sp volume of the masonry, we have for the 
weight W of the section 


(b: + b2)lhé 
gre ee eS) 


Wiss 
(Yor values of 6 see page 229.) 


~ 


CHAP. I.] RETAINING WALLS, DAMS AND SLOPES. 233 


Hence the normal component N of R is 
ING eae Vere re Sd ee eee tae BC4 


If « is the coefficient of static sliding friction for the base AB, 
we have for limiting equilibrium, if the joint AB extends through. 
the wall, the friction 


17S TINE. 


(For values of « see page 229.) 
_ Inorder that the angle RGN shall be less than the angle of fric- 
tion @, we must have 


Ve ae 
For security let us put nH = F, or 


nH =u wt V). 
Then we have 


_wwe+t_ vy 
n= es ee . . ° . . . . . (I) 


where V, Hand Ware given in any case by (1), (2) and (3). 

We call the factor of safety for sliding. If n is less than unity, 
the wall slides. Ifnm=1, we have H = F'or limiting equilibrium, 
and the wall is on the point of shding. For safety, then, n must be 
greater than unity, and the greater it is the greater the security. 
If n = 2 or 3, it will take two or three times the given pressure P 
to make the wall just begin to slide. In practice n should be at 
least two or even more, if shocks are to be apprehended. Jf the 
joint AB does not extend through the wall, there is no danger of slid- 
ing and equation (I) need not be applied. 

Let the distance AK of the point of application of P from A bed. 
Let e = GB be the distance of the intersection of the resultant R’ 
and the base AB from the edge B of the wall. 

Take the point G as the point of moments. Then the lever-arm 
of the horizontal component H of Pis d cos /, the lever-arm of the 
vertical component V of Pis (b.—d sin # —e), and the lever-arm 
of the weight W is (b. — AH — e), where the horizontal distance 


AH cf W from A is given (page 22) by 


Faw bz bz + 2b, by = bi | 
2= SS = I Fee aaa af 
Sz =A ET i ee 7 5 r tan 6 (5) 


We have then for equilibrium, taking moments about the point 
— Hdcos f + Vibs —d sin f — e) + W(b. — 82 — e) = 0, 


or _ Wb: — s:) + Vib: — d sin 8) — Hd cos 6 
see W+v 


(ID) 


where V, H and W are given by (1), (2) and (3), and AH = s: is given 
by (5). j 
For economic proportions we should have e= 3 b:. If then we 


put e= 5 in (II) and solve for b: , we have 
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b=-B+VB +H, 
where for convenience of notation 


pan. 4V j Rei LD 
E = bib, + 2h tan f) + fe (V sin f + H cos £). 


Equations (III) give us the length of the lower base AB =b: 
for economic proportions, when the entire base AB just comes into 
action. 

If b: has this value, we must have for security against overload- 
ing (page 230) 


2(W + V) = 
| eee vemere 


a SC: 2.2. ee 


cOL ats os Ib; 


where C is the allowable compressive unit stress as given on page 
229. 
If b. is greater or less than the value given by (III), or if e as 


given by (2) is greater or less than xb , the proportions are not eco- 


nomic, but we still have stability if the base AB is not overloaded, 
that is, provided that in the first case (page 230) 


for e> xb: p= Ae # 


Ib: 
and provided that in the second case 


' il AW + Vy 
for e < 3b: p= Se PO re. a, he) 


It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component V of the pressure in 
equations (I), (II) and (III). In such case we have only to make 
V = 0 in these equations. ; 

Low and High Wall. —If e, as given by equation (I]), is less than 


or equal to bs and at the same time conditions (8) or (6) are found 


to be satisfied, so that the base AB is not overloaded, the wall is 
called a “low” wall. In such case b: may be made equal to or less 
than its value as given by (III). 


When, however, the wall is so high that, when e is equal to : be, 


condition (6) cannot be satisfied, it is called a ‘‘high’’ wall. In 
such case 62 must be greater than its value as given by (III), and e 


must be greater than es be. 


; To find the limiting value of 6. in this case: from condition (7) 
et 


xW+V)/,_ 8e 
ib: (2 bs 


exe or Sy ces ae 3 
3 6(W+ V) 
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Let e in equation (II) have this value, and solve for b:, and we 
have 


by re Ke De 
where, for convenience of notation, 


_1[V__sh'tan# Say 
K=4| 5 2 | [ 


ae 5hbi 
iC 


where V and H are given by (1) and (2) If the vertical component 
V of the pressure is neglected, as is the custom of some engineers 
_ the sake of additional security, we have only to make V = 0 in 
ly) 

Equations (IV) give the least value of b: for a ‘‘ high” wall, that 


is, for a wall so high that when e = yo the base AB is overloaded. 


L 


(b. + 2h tan f) + 2 (Vsin 6 + Hcos £), 


Low Gravity Dam.—A wall which resists the pressure of water 
by reason of its weight alone is called a ‘‘gravity dam.” It isa 


‘“‘low” dam if e can be equal to or less than zoe, without overload- 


ing the base. 

The general investigation of the stability of a wall given in the 
preceding Article applies to any case where the pressure P is 
known in direction, point of application and magnitude. 

Direction of Water Pressure.—It is a well-known principle of 
Physics that the direction of water pressure 
upon a submerged surface is always normal 
to the surface. 

We have then in the formulas of the pre- 
ceding Article 

P= 0, 


and the angle of the pressure P with the 
horizontal is equal to the batter-angle of the 
back ADO = £#. 

Point of Application of Water Pressure.—Moreover, since the 
pressure at the water level D’ is zero and the pressure at any point 
increases directly as the depth of that point 
below the water level, the pressure at any 
point is proportional to the ordinate to a 
straight line DF’, and the resultant pressure 
P acts at the centre of mass of a triangle 
AD'F, that is, at a distance AK = d equal to 

Ii 


of the wall. 

In the formulas of the preceding Article we have then 

bak hi 
~ 8cosfp- 

Magnitude of Water Pressure.—It is also a well-known principle 
of Physics that the pressure is equal to the weight of a prism of 
water whose base is the submerged surface and whose height is the 
distance from the water level to the centre of mass of the subnerged 
surface. 
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iy UAE 
The submerged surface is one” 


the distance of the centre of mass of the submerged surface from 
the water level. Let y be the density or mass of a unit of volume 
of water (62.5 lbs. per cubic foot). Then we have for the pressure 


where J is the length and © is. 


_ lh? 
2 cos 6 
We have then for the vertical component of P 
i oe 5 Re Ae 


and for the horizontal component of P” 


Hae a cee cee ON 


The weight W of the dam is 


waht Wh = Ab, 2 @ 


where <A is the area of the cross-section 
ABED. 
Nine 1a Bie (For values of 6 see page 229.) 
TORT sic If then we substitute 6 = 0°, 
hi 


Sea R and the values of V, Hand Was given by (1), (2) and 


(83) in the general formulas of the preceding Article, we obtain the 
corresponding formulas for a dam sustaining water pressure only. 
The graphic construction is the same as on page 231. 

Ice and Wave Pressure.—A dam, however, has to sustain, in ad- 
dition to the water pressure on the back, a horizontal pressure at. 
the top surface due to waves or the thrust of ice. We denote this 
horizontal thrust per linear foot of dam, due to waves or ice, by T. 
For waves we may take T = 24000 pounds per linear foot, and for 
ice T = 40000 pounds per linear foot. Since both these do not act 
together, we have only to consider 7 for ice in cold climates and 7” 
for waves in warm. 

Factor of Safety for Sliding.—The normal component N of R is 


INE Wt Vala tat oq, Oe BORN oe te 


and the friction is 
F=uN=u(w+ V), 


where 1 is the coefficient of static sliding friction for the base AB. 
For values of / see page 229. 
If n is the factor of safety for sliding, we have 


CEE ewe 
or 
na + V)) 
Hotere ye 
or, if V is neglected, i otep et Morel, vo aes Care neeme( Li 
ook Ae | 
H+T’ 


where V, Wand H are given by (1), (2) and (8). If there are no 
through joints in the dam, there can be no sliding and equation (dD) 
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need not be applied. If there are through joints, n should be at 
least 2 or more if shocks are to be apprehended. 
Stability and Proportions.—We have for the horizontal distance 


AH = s, of the centre of mass of the section from A (page 22) 


aa b. b+ 2b1 [bo — bi 
=s =—— = B 
As > arbi alt 5 h tan Al. jive OD) 


If we take moments about the point G (figure, page 236), we 
have as on page 233, taking the ice-thrust 7 into account, 


— Hd cos 6 — Thi + Vib: —d sin 6 —e) + WO: — 8: —e) =0, 


ut 


or, substituting d = and the values of V and W, 


3 cos B 
vhs? hi Vie Ths 
__ Ae — 6) +5 tan Alb: — @ tan p\— eis 
A+ ais tan 6 ; 
or, if we neglect V, . UD) 
pain Lan 
a A(bs Sa) — 65 ace 
= 4 


where A is given by (3), and s: by (5). Equation (ID) gives the point 
at which the resultant cuts the base when the ice-thrust acts. 


: ; at 3 
For economic proportions we should have e = 3 b. when the ice- or 


1 
wave-thrust T does not act. Putting, then,e = 3 On in (II) and neg- 
lecting T and solving for b:, we have : 


b= B+ B+ He 


where 
i 2yhi tan f ae 
Bp — h tan 6 |; 
= c III 
E=b,(b: + 2h tan #) + ve (1 + tan? f); (ID) 


or, if V is neglected, 


1 yh? 

B= 5 (0 —htan ~); H= bi(bi + 2h tan f) + Sho 
Equations (III) give the lower base b. = AB for economic pro- 
portions, that is, when e = 3 02 , or the whole base AB just comes . 


into action when there is no ice- or wave-thrust T. Tf bs has this 
value, we must have for security against overloading (page 230) 


2A6 + vh:’? tan 6 _— 


when e = 5b: 


where C is the allowable compressive unit stress as given page 229. 
If 6, is taken greater or less than the value given by (III), the 
value of e given by (II) when T is neglected will be greater or less 
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than tb, and the proportions are not economic. But we still have 


stability if the base is not overloaded, that is, if 


) hi’ tan f 3é\ = 
when ¢ > xb: (epee =e mL (2— p\eG- > (%) 
and if Set eee 
1 al = 
when ¢ < 50: iD = a = e Oe G as ee) 


But now, when the ice-thrust T acts, e is given by (II); and in 
order that the base may not be overloaded, this value of e must 
satisfy condition (8). If it does not, the ice- or wave-thrust T causes 
the base to be overloaded. Substituting then the value of e from 
(II) in (8), and the value of s. from (5), and neglecting V, and mak- 
; ; (61 + bah 
ing 6 =0, we have, since A = ey 7 aes 


(C— 64)br 4 (0 — 6h)? nbi(O + 6h) + Chilvhi? + 67) 
ROS oP (20 — 6h)? dh(20 — 6h) 


Equation (IIT’) gives the least value of b: consistent with safety 
when the ice- or wave-thrust T acts, for vertical back. For the sake 
of security and simplicity we take the same limiting value when 
the back is not vertical. If then condition (8) is not satisfied when 
we take for e its value from (II), we cannot have economic propor- 
oe but must take b. equal to or greater than the value given by 
(IIT’). 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component V of the pressure in 
equations (I), (II) and (III). We have therefore given these equa- 
tions for both cases. 

When the dam is empty, equation (5) gives the intersection of 
the weight with the base. In this case 


. (IIT’) 


= 


when s; = 5b: we must have p= = aCe 
2 
if} 2AS OSa\e 
66 oe 66 oe res ee ee 
Seas p=" 2(2 my 20s 
ih VAG = 
6c os 6c 66 (a3 =e = 
82 <5 bs i 38, <C. 
When the back is vertical, 6 =0 and (5) becomes 
1 6? 
8&2 = 


=b ————.. 
Same Ces) 
That is, s: is always greater than ae for vertical back. 


We can put B in equation (IIT) in the form 
Re il ae yh tan B/2h? 4 


2 205 y 
We see from the Table page 229 that the specific mass . is 


greater than 2 for all materials except brickwork and small dry 
rubble. We can never have h, or the depth of water greater than 
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h or the height of wall. Hence for all materials except brick and 
small dry rubble the term in the parenthesis is minus, and even for 


the last two materials it is minus if hi is not more than ah. In 


general, then, B increases and HE decreases as the angle / decreases. 
In the value for 2, then, the magnitude of B increases more 
rapidly than VB? + HL, and ty has its least value when = 0. 
Hence the most economical section of dam is that which has the 
back vertical. 
High Gravity Dam.—If e as given by equation (I]), page 237, is 


less than or equal to xt, and at the same time conditions (8) or (6), 


are satisfied, so that the base AB is not overloaded, the dam is. 
‘low.’ In such case 62 may be made equal to or less than its value 
as given by (111), provided it is greater than the least value given 
by (IIT’). 

When, however, the dam is so high that. when e = ys condition 


(6) cannot be satisfied, it is called ‘‘ high.” In such case 6: must be 
greater than its value as given by (III), and e must be greater than. 


zoe 
To find the limiting value of 6. in this case: From condition (7),. 
page 238, let 


2A6 + yh’ tan at er ae LSE ge Cb;? 
bs Cee cg as SG Aor sy iene 


2 


Let e in equation (I]), page 237, have this value and solve for b:, 
and we have (page 235) 


bs = — K + VK? + DL, 


where 
_ tan # 2 8p? 
Kee “90 (vhi h’), 
or, if V is neglected, 
_ _ oh’ tan 6 
LSS {eh Mey ener (LV 
and os ae ee 
bho, Vin 1 
z= b; Te es 
L CG (6 + 2h tan 8) + Googe t Oh 
or, if V is neglected, 
_ ohb: vhi | 6h, 
phy — G (1 + 2h tan f) + CG +-@t; 


where C is the allowable compressive unit stress as given page 229, 
h; is the depth of water, h the height of section, y the density or 
mass of a unit of volume of water, 6 the density or mass of a unit 
of volume of masonry, / the batter-angle of back, 6; the breadth at 
top of section and % at bottom. 

Equations (IV) give the least value of % for a “ high” dam, that 


is, so high that when e = zo the base AB is overloaded. 


’ 
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Since it is the custom of some engineers, for the sake of addi- 
tional security, to neglect the vertical component V of the pressure, 
we have given these equations for both cases. 

Economic Section for High Gravity Dam.—We have seen, page 
239, that the economic section for alow dam has the back vertical. 

First Sub-section.—Let DH = b: be the top base. The economic 
section of the first sub-section A:B:HD should then be a rectangle 

for a distance hz such that e = 


BG shall be just equal to xs 


so that the entire joint A; B, 
may act, provided this joint is 
not overloaded. 

We find the height he of 
this rectangular portion as fol- 
lows: 

If hi is the depth of water 
above AiBi, the horizontal 


\ lh? 
pressure is P = oe , where y 


is the density or mass of a unit 
of volume of water, and / is the 
length of dam considered. This 


pressure P acts at a above 


A,B, The weight of the sub- 
section is Wi = 6lh2b. = Ail6, where A, is the area and 64 is the 


density or mass of a unit of volume of masonry. It acts at 5s 

from B:. 

. Taking moments about G and neglecting the ice-thrust T, we 
ave 


= 0, 


db: Phi 
my.) 2 


or, when e = xo , inserting the values of W: and Pi, 
Shebs = vhi'. 


Let a be the distance of the water level below the top of the dam, 
then hi=h.—a. Substituting this, we have 


ObYhe = V (he ny yes 


or for the extreme case of water level with top of dam, | 


a=0 and hy = 4/9, 
va 


(I) 


on: F 
where y 38 the specific mass (page 10) of the masonry as given 


page 229. 

The same result is obtained from equation (III), page 237, by 
making 6 =0, bs =b;, and hi =ho. 

Equation (I) gives the height of the first rectangular sub-section 
A.B, ED, provided the joint AiA, is not overloaded. 

If there are no through joints, there is no danger of sliding. 
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Top Thickness.—If now we consider the ice-thrust T as acting 
and take moments about G, we have 


m(3 is e) =! oe Pirie 0. 


or, substituting the values of W, and P, 
2B 
sa : < oe vi ae PN heiaae 
We obtain the same result from equation (II), page 237, by mak- 
ing 6 =0; bs =b:, oa 
For the extreme case of water level with top of dam, hi = hi ; 
and if we substitute the value of h: from (I), we have 


orl oe & 
rs ayes 
But in order that A:B: may not be overloaded, we must have 
2Ai6 ‘ 26habi 
SOT ae 


Boe 
where C is the allowable unit stress of compression. We have then 
25hob1 os b1 ios ap 
aoe HSE eo be 
or, substituting the value of hs from (1), 
RAE 


2654/9 
Oe 5 


A high dam would be built of ashlar masonry, and we have from 
page 229 the average values 6 = 150, oF 2.5, C = 50000. Taking 


BOs ——= 03" = 


T = 40000, we have for the average value of 6: which allows (1) to 
be fulfilled without overloading, when water is level with top of 
dam, 

0.00960:° — 6° = — 800, or 6: =about 35 ft. 

When the top base 6:, then, is about 35 ft. or over, we can run 
the first rectangular sub-section AiB:HD down for the distance 
given by (1) without danger of overloading when the ice-thrust 
acts. 

Local and practical considerations must control the choice of 
top base 6,. But if it is taken less than about 35 ft., eis given by 
(1) and we must have 


2A,6 
Be 
or, substituting the value of e from (1) and putting hi=h.—a, 
where a is the depth of water below the top, 
vyC(h2—a) 8CT (ha — a) 
Dy Pa eng eae tee 


= C; or 200i\h2 = 8eC, 


(T’) 


25b:h2? = ; b1Ch» 


From (1’) we can find the height / of the rectangular sub-section 
A,B: ED when /, is less than 35 ft. and the ice-thrust T acts. 
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We find then the first rectangular sub-section A:B.E#D from (I) 
if 6, is greater than 35 ft., and from (1) if d: is less than 35 ft., and. 
the joint A:B: will not be overloaded when the ice-thrust acts. 

Second Sub-section.—Below A.B: we still continue the back ver- 
tical, but 6: must now increase so that for any joint b2 = A,’B,’, e 


shall be equal to as and the joint shall 


not be overloaded when the ice-thrust 
T acts. : ; 

Let A:B.B,'A.' be any section in 
general below A.B. the height of 
which hf: is so small that it may be. 
regarded as a trapezoid. Let 4 be the 
batter-angle of the back, W, the result- 
ant weight of all the masonry above. 
A,B; acting at the distance s: from.A, W2 the weight of the section 
acting at the distance s. from A.’, W the resultant W: + W, of 
these two acting at the distance s from A,’. Then, taking moments 
about A.’, we have 


Bice Wisi + hz tan p) + W282 = Ai(S1 + he tan Pp) + A282 (II): 
i W.i+ W, aa Ai+ A; ‘ 


where Ai, A» are the areas of the sections above A.B: and the sec- 
tion A.B: B2A,, sO that Ald = Wi, Aild = Ws. 
We have then 


)1 he 1 2)hld 
(O1 + ba)h w,=© sa D ales | 


a es ow 2 


and, from page 22, 


= 


bs b2 + 201 be — bi 

—— —_—. — » tai ako Ke)" 

2 rene 2 ; ne | G 
Let P be the horizontal component of the water pressure on the 

entire back above A2'B.', and h: the height of water level above 


As’ Ba’. (Main JO = ae 


have also the ice-thrust 7 acting at the distance h: above A.’B,’. 
Let the resultant of P, T and W cut the base at the distance 
GB.’ =e from B,', Fig. 2. Then, neglecting, for the sake of security 
Gee simplicity, the vertical component of the water pressure, we- 
ave 


, acting at a distance a above A2'B.’. We 


(Wi + W2)(b. — s —e) — yuh — Thl=0; 
hence 
hi + 6Th 
= ites ae eL 
¢ : 65(Ai + Az) @) 


[If in (83) we make A, = 0, the whole section above A.'B,' is a 
trapezoid and we have the same value for e as from equation (ID, 
page 237, when 6 = 0, s: = s, and A= As.] 


For economic proportions we should have e = ; b. when the ice- or 


wave-thrust T does not act. Making, then, 6=0 in (2) and (ID, 
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substituting the corresponding values of s: and s in (II) and (3), and 
making e = ; b, and T = 0, we obtain 


b=— B+ VB? Sia LH, 
where (IIT) 
2A, bi 6Ais: yh 
i= ae = Shes oa 
eer he oh 


_ [Here again, if we make A: =0, the whole section above A.’ Bz 
is a trapezoid and we have the same value for b. as from equation 
(IIT), page 237, when 6 = 0, h =In.] 

Equations (IIT) give the lower base b, = A.’B,' for economic pro- 
portions when there is no ice- or wave-thrust T. If then we assume 
any section AiB.B;'A.', Fig. 1, page 240, of small depth hz, we can 


find by (IIT) its base b: = A.'B,’, since for this section s, = ae We 


can then find A, and then e, from (8), when the ice- or wave-thrust T 
acts. 


This value of e must satisfy the condition 
2(Ai + A2)d 

3e 
If it does not, the ice- or wave-thrust 7 causes A.’B,' to be over- 

loaded. We have then, taking for the extreme case 

2(Ai + A2)6 

3e 
and putting for s. its value from (2) when 6 = 0, and for s its value 


from (II) when 4 = 0, and then from (8) the corresponding value for 
e, by solving for bz, 


a. — eo VW IRR eID R 


= ( 
BeOS SEL SR ir aE etm, Secs Gd) 


=O, or SeC=2(Ay + A,), 


where 
_ ABC = 26hy) (CO -- Sha)d: 
h(2C — dha) * (20 — 6h»)' 
n= 2A1(2A16 + 26bih. + 301) 
ha(2C — 6h») 
Ohsb, XC + 6he) + Chi(vhi? + 6T) 
f Sha(2O — Sha) 


4 


(IIT’) 


[This reduces to equation (III’), page 238, when Ai =0 and 
lop — h. 
fen (III) gives the least value of b, consistent with safety 
when the ice- or wave-thrust T acts. If then condition (4) is not 
satisfied when we take for e its value from (3!}, we must take for bz 
its value as given by (III). 

In either case, whether 0: is given by (III) or by (IIT), we can 
find s from (II). f 

This value of s is the new s, for the next section A.’ B.'Bs' As’, 
Fig. 1, page 240, of small depth hz. The value of b.: just found is 
the new 0: for this section. From (III) or (III) we then find 0, for 
this section, then s from (II), which is the new s, for the next 
section. 
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Thus by successive applications of (ITT) or (IIT’) and (II) we find 
successive thicknesses A» B.', As'Bs', etc., Fig. 1, page 240. 

We thus determine the economic section until we arrive at a 
section A.B, Fig. 1, page 240, for which equation (II) gives us 


— be. When this section is reached equations (III) or (IIT) no 


longer apply, because if the vertical back were continued farther, 
the resultant pressure for reservoir empty would fall outside the 


middle third, making s less than ye 


We thus determine the lower limit A.B, Fig. 1, page 240, of the 


second sub-section. 
Third Sub-section.—Below this limit we must batter both front 


and back, so that both e and s shall always be 5b and the joint 
shall not be overloaded when the ice- or wave-thrust T acts. 
If then in (8) we make s = Ae and (é= Ae and neglect T, we 


obtain 


bi Ai b1\ ‘ yh 
bess tate 3) y/ (; ne 
: & ey AALS Sicary olga cI Sa. 
where 6, is the top and 0, the bottom base of any trapezoid of small 
height ha, and A, the area of all the section above the top base of 
that trapezoid and h, the depth of water above the bottom base of 
that trapezoid. We can then find the area A: of this trapezoid, and 


then from (8) we can find e when the ice-thrust acts. This value of 
e must satisfy the condition 


2(Ai + As)d 
3e 
If it does not, the ice-thrust 7 causes the base 6. as given by (IV) 


to be overloaded. We have then for the least value of 6. consistent 
with safety to use (III’) instead of (IV). In either case we 5 


ME: 


find s: from (2), and then from (I]), putting s = xo and solving for 
tan @, we have for the back batter 


tan 6 = — i: ° 2 ne 


We can thus determine iv icati 
(III) and (V) the economic pee until a ees ne 
b, = A;B;, Fig. 1, page 240, for which 
2(Ai + Ao)6 
Baiada Nace 7) = (6% . . . : . ; . . (5) 
Se one determine the limit A;B;, Fig. 1, page 240, of the third 
Fourth Sub-section.—Below this limit we must have both s and e 


1 
greater than 5 b, and such that (page 230) 
1 2)d 
2(Ai + As) (2 t r) 2 COns nae ea “P(e 4 


Sai bz (De 
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Hence 
Olose 
66(Ai + Aa)’ 


Substituting these values of e and s in (8) and neglecting 7, we 
obtain 


e=s= 2h, — 


b, — OA: t habs) | p/P RAs + habs)? yh 
fe SO = Sha 4(20 — 6hx)? © 20— 6h, 


Equation (VI) gives the base 6, for each successive trapezoid 
below A;B;, Fig. 1, page 246. From (8) we find e when the ice- 
thrust 7 acts. This value of e must satisfy the condition 


2(Ai + Ao) 6 — C 
Be uate 

If it does not, the ice-thrust 7 causes the base 6, as given by 
(VI) to be overloaded. We have then for the least value of 6: con- 
sistent with safety to use (III’) instead of (VI). In either case we 
find the back batter from (V). 

Arch Dam.—When the dam is made in the form of an arch so 
that it supports the water pressure back of it wholly by virtue of 
its action as an arch, it is called an arch dam. 

The water pressure upon the back of the dam is always normal 
to the surface, and the pressure upon a 
given area is always the same at the 
same depth. 

Let aaa, Fig. 1, be the centre line of 
a horizontal cross-section of the dam, 
one foot in height. Let P: and P, be 
the equal normal pressures upon the 
equal portions aa’, aa’, and H the hori- 
zontal pressure at the crown. 

In Fig. 2, lay off H from O to 0 hori- 
zontally, and let O0 represent the mag- 
nitude of H. Then lay off 01 and 12 
parallel and equal in magnitude to Pi 
and P., and draw the rays O1, O 2. 

In Fig. 1, let H act at a, and prolong 
its direction till it meets P, at 6. From 
6 draw bc parallel to O1 till it meets 
P, at c. From c draw ca parallel 
to O 2. 

Then (page 146) abca, Fig. 1, is the equilibrium polygon. We 
have by similar triangles 

sp ee dal 
JEN 2 EL OS EO RWC! Oe CLS 6°, = = SS 
cb cC 

The same holds true no matter how many equal portions a’a’ 
we take. But as we increase the number of portions, the polygon 
approaches a curve. For an indefinitely great number of portions 


(VD) 


we have for the curve of equilibrium a =p =unit pressure and 
cO =r =radius of curvature. Hence 


ae 

Pp re r 5] ar D ° 

But H and p are constant and therefore ris constant. Hence 
the curve of equilibrium is a circle. 
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If then we make the dam circular in cross-section, the curve of 
equilibrium will coincide with the centre line and the horizontal 
pressure H at the crown acts at the centre line and is equal to 


= rp, (1) 


Also, since in Fig. 2 the force polygon 012 becomes a circle of 
radius H when the segments of the arch are indefinitely great in 
number, and since any ray, as 01 in Fig. 2, gives the stress in the 
corresponding segment cb, Fig. 1, of the equilibrium polygon (page 
146), it is evident that the pressure at every point of the centre line 
is tangent to the centre line at that point and equal to H. 

If then C is the allowable compressive stress per square foot, we 
have for the area A of the cross-section 

lal. Tage 
oe ee 

If hi is the depth of any point below the water level, we have 
the water pressure per square foot at that point equal to yh, , where 
y is the mass of a cubic foot of water, or 62.5 lbs. If Tis the ice- 
thrust per foot of length, and his the height of dam, we have the 
ice-thrust pressure per square foot of surface of the dam equal to 


Ei 
For an area of one square foot at a depth h., then, the total 
pressure per foot p is numerically equal to vii + ? and the thick- 
ness is given by 
rT 
vyrhi + Tie 
LS eT <A ee 
From (2) we can find the thickness of the dam at any point at a 
depth h: below the water level. 
If h: = 0 in (2), we have for the thickness at the water level, or 
the top thickness b:, for ice pressure 


rT 
01 = Gap ote, 


The choice of top thickness bi must in general be determined by 
local and practical considerations. 

If we make ¢t = b:=the top thickness in (2), we have for the 
distance hz below the water level for which the cross-section of the 
dam is a rectangle 


(4) 


Below this limit the thickness must increase with the depth Mi 
according to (2); above it, the thickness is constant and equal to b:. 
We should not take hi in (2), then, less than h, as given by (4). 

The arch dam requires far less masonry than the gravity dam. 
But the pressure on the arch stones increases with the span and 
with the depth, and so does the thickness. When the thickness 
becomes great we cannot be sure that each arch stone will take its 
own share of the pressure. The distribution of the pressure over 
the cross-section is then uncertain. For such reasons the arch dam 
is most suitable for short and low dams. It is also manifestly un- 
wise to make the stability of a dam depend wholly upon its action 
as an arch, except under the most favorable conditions as to rigid 


3\ is 
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side hills for abutments and the most unfavorable conditions as to 
cost of masonry. 

Although it is not, then, generally wise to make the stability of 
dam depend wholly upon its action as an arch, it is well to make a 
a ohn dam curved so that the arch action may give additional 
security. 

There are but two dams of the pure arch type in existence: the 
Zola Dam in the city of Aix in France, and the Bear Valley Dam in 
the San Bernardino Mts., Southern California. The first is of 
rubble masonry, height 120 ft., radius 158 ft., thickness at top 19 
feet, at base 42 feet. The Bear Valley Dam is of granite, height 64 
feet, radius 300 ft., thickness at top 3.16 ft., at base 20 ft. 

Retaining Wall.—aA wall designed to resist the pressure of earth 
back of it is called a retaining wall. 

The general investigation of the stability of a wall givenon page 
231 applies to any case where the pressure P is known in direction, 
point of application and magnitude. 

Point of Application of P—In treating retaining walls, it is cus- 
tomary to neglect the cohesion of the earth. We therefore consider 
the pressure as zero at the earth level and increasing for any point 
of the back of the wall, directly as the depth 
of that point below the earth level. The 
pressure at any point is then proportional to 
the ordinate to a straight line D’F, and the 
resultant pressure P acts, just as in the case 
of water pressure, at the centre of mass of 
the triangle ADF, so that the distance 
AK =d is one third of AD’, or d= aaa 
where h: is the distance D’O of the earth surface above A, and / is 
the batter-angle of the back. 

But unlike water pressure, the earth pressure is not normal to 
the wall, but makes an angle § with the normal. 

Also the magnitude of P is not the same as for water. 

We have therefore to determine the magnitude and direction of 
the earth pressure P. We can then investigate the stability pre- 
cisely as on page 281. 

Magnitude and Direction of P—Graphic Determination.—Let abe, 
Fig. 1, be any small prism, and let + p: be the normal pressure per 
unit of area upon the faces ac 
and be at right angles, the (+) 
sign indicating direction up 
and to the right. 

Then if there is equilib- 
rium, the pressure per unit of 
area upon the third face ab is 
also normal and equal to pu. 

For if we multiply the area 
of the face ac, Fig. 1, by + p:, 
we have the total horizontal 
force + H, and if we multiply 
the area of the face bc, Vig. 1, 
by + p:, wo have the total 
vertical force + V. If we lay 
these forces off in Fig. 3, from 
A to H, 30 that AH = + H, and 
from A to N, so that HN = + JV, the resultant for equilibrium is 
NA. The line NA in Fig. 3 then gives the magnitude and direc- 


Fig. 3. 
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tion of the ‘total pressure on the third face ab, Fig. 1, which bal- 
ances +:i.ac = +H on the face ac and + pr.be = + V on the 
face be. 

We have then H and VV, Fig. 3, perpendicular to the faces ac and 
bc, Fig. 1, and also : 

Gon ver. Le Ve 

Hence the triangles abc, Fig. 1, and NAH, Fig. 3, are similar 
and NA is perpendicular to the face ab. 

Also, we have 


NA = Vp. ac’ + pe. be =p: Vac! + be = ps. ab, 
or the normal unit pressure p: on the face ab is the same for equilib- 
rium as that on the other two faces. 


Suppose now the normal unit pressure p: on the face ac, Fig. 2, to 
be reversed in direction, so that it is — p:. We have then the total 


pressure on the face bc equal to + pi. bc = + V the same as before, 


and the total pressure on the face ac equal to — pi. ac = — H, or 
the same as before in magnitude but opposite in direction. If we 
lay these forces off in Fig. 3, from A to Hand H to N’, the result- 
ant for equilibrium is N'A. It is evident that the magnitude of 
N'A is the same as before, but its direction makes the angle N’AV 
on the other side of AV equal to the angle NA V in the first case. 
If then in Fig. 3 we lay off AN equal to p: and with Nas a cen- 
tre and NA as radius describe an arc of a circle intersecting the 
vertical AV at the point S, then the line SN will give the magni- 


+ 4(p+ DP») i L1G. 4. 


+P2 
Pca 6 
—AP- P,) 
+P, 
en 
+A; P,) 
+ APP) 
Fic. 5. 


tude and direction of the unit pressure p: on the face ab in the 
cut case of Fig. 2. The angle ASN is then equal to the angle 


Now suppose that the normal pressures per unit of area on the 
two faces ac and be, Fig. 4, are unequal and are + p: and + pO: re- 
spectively. 

We can divide the normal unit pressure + p: on the face be into 


1 
two parts, one equal to + 3 ( pi + pz) and the other equal to 


1 ee ree aie 
te 3 (pi — pz), aS indicated in Fig. 4. Similarly, we can divide the 
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normal unit pressure +p: on the face ac into two parts, one equal 
alt 


to + 5 pi + ps) and the other equal to — 5 pi—Ppr). 

Then, as we have just proved, the unit pressure normal to the 
face ab which balances + 5 (Ps + 2) on the face bc and + 3 + ps2) 
on the face ac is the same, or NA, Fig. 5, laid off normal to ab, 
where NA = 5 (Ps + 2). 

Also, as we have proved, the unit pressure on the face ab which 
balances + eL — pz) on the face be and —5 (ps — 2) on the face 


ac is the same, but it makes an angle ASN with the vertical AV 
equal to SAN. If, then, we lay off, in Fig. 5, AN equal to 


5 ( —P. + px) normal to ab, and with Nas a centre and NA as aradius 
describe an arc of a circle intersecting the vertical AV at the point 
S, then SN will give the direction of 5 ( pi — px) acting on the face 


ab. Hence if we lay off along this line NR = 5 pi — pz) and join 


RA, the line RA will give the magnitude and direction of the result- 
ant unit pressure p on the face ab when the normal unit pressures: 
Pp. and ps on the faces be and ac are unequal. 

Suppose now the faces ac and be, Fig. 4, to remain invariable in 
direction, and the normal unit pressures 2 and p: on these faces to. 
remain constant, but let the third face ab vary its inclination with the 


horizontal. Then the magnitudes of AN = 5 pi + po) and of NR 


= > Pp. — pr) in Fig. 5 remain unchanged, but their directions will 
change as the face ab changes its inclination. It is evident that, 
the greatest possible value of the angle NAR which the resultant. 
unit pressure p = RA on the face ab makes with the normal to that. 
face will be when NR is perpendicular to AR, or when the angle 
ARN is 90°. In the case of earth this greatest possible angle is the 
angle of friction or repose ¢: for earth on earth. : 

Also when the angle ARN is 90° and the angle RAN is ¢., the 


angle SNF of p: with the normal AN is equal to 45° + o 


Let then, in Fig. 6, ab be the surface of a prism of earth, and AR 
=p be the magnitude and direction of the unit 
pressure. Draw AN normal to the surface ab, 
and AR’ making the angle of friction ¢, with 
the normal AN. We can then find by trial a 
point N in the normal AF’, such that if we take 
N as acentre and NR as aradius, the arc RR’ 
will be just tangent to AR’. When this point N 
is thus found by trial, the distance AN will be 


5 + ps), and NR=NR' will be oP: — p2): 


Also, as seen from Fig. 5, if we bisect the angle 
RNF by the line NS, we obtain the direction: 
NS of pi, since the angle RNF, Fig. 5, is twice 
the angle of NA with p: or AV. 


6 
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Application to the Retaining Wall.—The application of these 


inciples to the retaining wall is obvious. 
ST ota be the back et the wall, and DFT the earth surface 
making the angle « with the horizontal. Pass a plane through the 


A 0,0 B 


foot of the wall A parallel to the earth surface. The pressure upon 
every square foot of this plane, as ab, is vertical and equal to the 
weight of a column of earth of vertical height A:J and cross-section 


ab.cos a, 
If 7; is the mass of a cubic foot of earth, then we have 


y,. Ail. ab. cosa 


for the mass of this column. But Ail cos «= AiF’, hence the mass 


of this column is y,. A.F'..ab. 

If then we draw A,F’ perpendicular to the earth surface and 
revolve A,F’ about A: as centre to the vertical A,R,, and take 
the area of ab as one square foot, the distance Aifi in feet will be 
numerically the same as the number of cubic feet of earth resting 
upon a square foot ab, and we have for the vertical pressure p per 
square foot in pounds 


(Ove Jad aie 


where vy. is the mass in pounds of a cubic foot of earth, and AiR: is 
measured in feet. 

Then, as in Fig. 6, draw AiR’ making with the normal 4,F to 
ab the angle R’A,F' equal to the angle of friction or repose @i for 
earth on earth. Find by trial a point NM, on the normal A.F, such 
that the arc of a circle with M. as a centre passes through R: and is 
tangent to 4:R’. Then 


1 ants 
9 (P + p2) = 75 ,NvAa: 


1 eee | 
3 (Ps = 02) ian Mk., 


where y: is the mass in pounds of a cubic foot of earth, and N, A; 
NR: are measured in feet. Bisect the angle RiNiF by the line 
NiS:._ Then the line N.S, gives the direction of p: (Fig. 5). 

Now lay off at the foot of the wall_A (which may be considered 
as identical with A. in the figure) the distance NA = NiAi in a 
direction normal to the back of the wall AD at A. Draw the line 
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AS parallel to Ni S: or the direction of p: already found. Then with 
N as a centre and NA as radius describe an arc of a circle inter- 
secting AS at S, and lay off along NS the distance NR = M.k,. 
Then, as in Fig. 5, RA represents the magnitude and direction of 
the pressure on a square foot at the foot of the wall. Thus, if 7: is 
the mass in pounds of a cubic foot of earth and we measure RA in 
feet, the pressure per square foot at the foot A of the wall is given 
in magnitude by 
Vis RA, 


and its direction is the direction of RA. 
Since the pressure is zero at the top Di and greatest at the foot 
A, and varies for any point directly as the distance of that point 


from D,, the average pressure is ; yi. RA. The total pressure P 
in pounds is then for a wall one foot in length numerically equal 
to 5 y1. RA. DA, or if the length of the wall is J, 


P=5y..RA.DA.1, 


where y: is the mass of a cubic foot of earth, and RA, D,A and l 
are taken in feet. 
This pressure P acts at a point K at a distance d from the foot 


of the wall A equal tod = AK = ADs, and is parallel in direction 


to RA already found. 

We thus find by a simple graphic construction, in any given 
case, the magnitude, direction and point of application of the earth 
pressure P on the back of the wall. The stability of the wall can 
then be investigated as directed on page 281. 

Analytic Determination of Earth Pressure on a Retaining 
Wall.—From the graphic construction just given, we can easily 
derive the corresponding formulas for the magnitude and direction 
of the earth pressure P. 

Notation.—Let h: = DiO; be the height of the earth surface at 
D, above the base AB of the wall; the angle of the earth surface 
with the horizontal is «7; the batter-angle of the back of the wall 


pee APNOIO B 


with the vertical is 2; the earth pressure P makes the angle § with 
the normal to the back of the wall; the angle R’AiM = ¢, is the 


252 APPLICATIONS OF STATICS. [CHAP. I. 


angle of friction or repose for earth on earth; the angle R1NiF = 7, 
and the angles AiMS: = FMS: = 5 ; the angle RAS = «; the angle 


RSA = w—all as indicated in the figure. Finally, yi is the mass 
of a cubic foot of earth. 
Then by the graphic construction we have 
al é i) 
a (Pi + pz) sin pi = 5 Pi — BP). ee ight, ys. (C8): 


We have also by our notation 


hi Pan hi 5 
AD; = wae Aif’= AD; cos (« — f) = Sos cos (a — f); 
and since by construction A.R: = AF, we have from the figure 
1 2 yihi : 
(1 — 2) § = = —£ no ee 
9 (P 2) sin can cos (a — f#) sin & (2) 


We have also from the figure 


1 1 f 4 ‘ 
Ee + 2) + a (Pi — P»2) COS ” | + Ee — p2) sin ”| 
re 


h : | Sas 
Ee ey | 
Fe B COs (a 6) | ) J 
and also 
1 Near AE ze 
9 (po. + 2) + 9 (pi — p2) CoS 7 = aes cos (a — f) cosa. . (4) 


From (1), (2) and (8), eliminating ; (pi + ps) and * pi — P2), We 


obtain 


a1 2 Te 
cos 7 = — £2 “4 / (1 sin’ a)(1— 37), aera a> 


sin di sin’ di 


We have also directly from the figure w = angle NAS, or 
== 00 — 6 Tr a). ot ae oa 


From (2) and (1) we have 


2 yihi cos (a — f) sin a(1 + sin Pi), 5 
cos #6 sin ¢: sin 7 Pee ot) 
we yili Cos (a — B) sin a(1 — sin gu) 
cos 6 sin ¢: sin 7 ; 


LP 


p 


We have also from the figure 


tan ¢€= 


RS sin w 
AS — RS. cos w- 
Buty. RS=p:, and v1. AS=(p:+p:) cos. Therefore 
p. sin @ 
pi COS @ 


tan ¢€ = 


CHAP. I, } RETAINING WALLS, DAMS AND SLOPES. 253 


Substituting the values of p: and p: from (5) and (6), we have 


tet 1— sin Pi at 2 ° Pi 
tan = 77S tan @ = tan (45 ze S tanw. . . (II) 
We have also directly from the figure 
PS oee tA is ee ee VE 
Also eis 


y1.RA= V p:' sin® o + —(71. AS — p: cos w)? 


— / 2" sin? Go + pi? Cos @), 
or, substituting the values of pi and p: from (5) and (6), we have for 
the earth pressure P, 


PA AD tha Td 


coe B . a7? . Ar 


or 


as yilhi? cos (a — p) sin a : 2 3 3 
~ 2 cos? @ sin g: sin 7 — VE UG) ig Sn sii aay 


From (1) and (4) we obtain 
oe yili cos (a — f) cos a(1 + sin gu) 
cos B(1 + sin i Cos 7) 
Comparing this with (5), we have 
sin « COS a 
sin gi sin 7 ai +n gi COS 0 @ 


We can make this substitution in equation (V) and thus obtain 
an equivalent expression for P which can be used when a is zero, 


aVIZe 


yilhi? cos (a — f) Cos a : 5 Ss —; 
2 cos’ G1 + sin ¢: COS 7) Se Rs 5009) 
Surface of Rupture.—If there were no wall and the earth had no 
cohesion, a prism of earth AD:G would tend to slide off along a 
plane AG which would make with the horizontal the angle of 
repose ¢:. But on account of the wall 
this plane AG makes with the horizontal 
an angle w greater than 1. DE 
This angle ~ we call the angle of rup- | 
ture, the plane AG‘ is the plane of rupture, 
and the prism AD,:G which thus tends 
to separate along AG‘ and force the wall 
is the prism of rupture. 
If in the figure, page 251, p: remains 
unchanged in direction and magnitude 
while ab is revolved about A, until the YA 
pressure upon ab makes with the normal A 6 
to ab the angle ¢:, then this new position of ab gives the inclination 
of the plane of rupture. But for this new position p: makes (page 


249) the angle 45 + ze with the normal. The normal A,M™,, and 


hence the plane ab, has then been revolved through the angle 
~ Pi 7 
45 =e 
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The angle which the plane of rupture AG makes with the hori- 
zontal, or the angle of rupture, is then 


padre OT 4a, De ee ee VED 


General Method.—We have then in any case the following 
method: 

1st. Find 7 from (1). 

2d. Find w from (II). 

3d. Find e from (III). 

4th. Find 6 from (IV). ‘ 

The angle 6 gives the inclination of the pressure with the normal 
to the back of the wall. 

5th. Find P from (V) or (VI). 


Then if desired we can find the angle of rupture from (VII). 

The magnitude of P and its inclination 6 with the normal to the 
wall are thus determined. The point of application K of Pis at a 
distance d = AK from the foot of the wall equal to one third the 
hi 


back AD, ee 
Ac ord Bais 


Special Cases.—The formulas just deduced are general and 
admit of simplification for special cases. If the earth surface is 
horizontal, a =0 and, from (1),7=0. If gis zero, there is no 
friction. Making « = 0 and ¢: = 0, we have, from (VJ), 


<<" yilhs* 
2 cos 


which is the same as for water pressure (page 236). In this case, 
from (IIT), e = # and hence, from (IV), 4 = 0, or the water pressure 
is perpendicular to the back. We have then ~ = 45° for water. 

Case 1. Earth Surface Horizontal.—In this case «a = 0 and hence 
y= 0, and o=90— ~. We have then, from (IID), 


G 


5 


tan e = tan’ (45 _ $) cotan G.. (8) 


Then from (IV) 
§=90—f—e, Cy (9) 


2 ae 
= = and from (VI) 


Pe yilh? 1 4sin gi 
2 cos’6 (1+sin gi)” * 


(10) 


From (VII) the surface of rupture AG makes with the horizontal 
the angle 
By cue 
p= 45° + 5- yee SM i ees es. Se GN 
Case 2. Earth Surface Horizontal—Back Vertical.—In thi 
: 8 ca 

a=Qand 6=0. Hence 7 =0, » = 90° and, from (8), « = 90 eH 
from (9), 8=0. The pressure is then perpendicular to the back or 
horizontal. From (10), making 6 = 0 and reducing, . 


DS rilhs 2 Pi 
IPs 5 tan (5%). OG oo Gr al}. 
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The surface of rupture makes as before the angle 7 with the hori- 
zontal given by 


pee 
Y= 45° + 3° 
Case 3. Earth Surface Horizontal.— = 90 — y. In this case « = 0, 
hence 7 = 0 and # = 45° + e. If we make 6 = 90 — ~= 45° — owe 
have w= 45° + a sateen and 
2 2 
6= 2, 
or the pressure makes the angle of friction with the normal. 
In this case, 
yvilhi* cos? (45 oF 5) 
Y Ge (13) 


COS G1 COS (45 — =) 


Case 4. Earth Surface Inclined at the Angle of Repose.—In this 
case a= ¢.. Hence ~— 


7= +o, 0=45°— 649 =o, 
tan ¢€ = 


tan? (45°—2) tan( 45° <p 4 S) (14) 


6= 45°64 Se, b die Le es, CU aL 


Pe Lie en ee 
2 cos’*f Cos 1 (1 + sin ¢:)’ — 4 sin ¢: sin (45 p+ F}. (16) 


Case 5. Earth Surface Inclined at the Angle of Repose—Back Ver- 


{P= 


tical.—_In this case, a = di, B = 0, n= 90 + Gi, w = 45°+ es =r, 


€ = 45 — S, and hence 
i Pi, 


or the pressure makes the angle of friction with the normal. 
From (16), 


pee aay eee any 4 sin es cen (45°+ ce 2a 


Cohesion of Earth.—Adhesion is that resistance to motion which 
takes place when two different surfaces are in contact. If the sur- 
faces are of the same kind, it is called cohesion. It is found by ex- 
periment that adhesion or cohesion is directly proportional to the 
area of contact, varies with the nature of the surfaces in contact, 
and is independent of the pressure. 

It is given then by a 

cA, 


where A is the area of contact and c is the coefficient of cohesion or 
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adhesion, depending upon the nature of the material. The unit of 
c is then-1 pound per square foot. ; : 
If a trench with vertical sides, of 
considerable length as compared to its 
width, is dug in the earth, as shown 
in the figure, with a transverse trench 
at each end, so that lateral cohesion 
may not prevent rupture, after a few 
: days it will be observed to have caved 
in along some plane as AG. Let'the depth AD be ho. 

Then, as we shall see in the next Article, the coefficient of cohe- 
sion of the earth is given by 


yk yiho(1 — sin p:) 
ia 4cos¢: ” 


where ¢: is the angle of friction or repose, and 7 is the mass of a 
cubic foot of the earth. 

Equilibrium of a Mass of Earth. — Let ADGH be a mass of 
earth, the batter-angle of the face 
AD being f. 

If there were no cohesion, a prism 
of earth ADG would tend to slide 
off along a plane AG which would 
make with the horizontal the angle 
of repose gi. But if there is cohe- 
sion, this plane, which we have 
called the plane of rupture, will 
make an angle with the horizontal 
greater than ¢., which we call the 
angle of rupture. 

Let the angle of rupture or the H A 
angle of the plane of rupture AG 
with the horizontal be ¥, the angle of the earth surface DG with 
the horizontal be «, the length of the mass be J, and the weight of 
the prism A DG be W. 

The weight W acting at the centre of mass C can be resolved 
into a force N normal to the surface of rupture AG and a force P 
parallel to the surface. 

We have then 


P= Wsin y, WW COS Ww.) Slee Ven eS 


The force P tends to cause sliding. This force is resisted by the 
friction and the cohesion. The friction is iN, where “: = tan ¢: is 
the coefficient of static sliding friction of the earth, and the cohe- 
sion is cl. AG, where c is the coefficient of cohesion and 1, AG is 
the area of contact. 

We have then for equilibrium 


P—jN—cl.AG=0, or P—wN=cl. AG, 


or 


P= Nee, 
LAGI o 


Now for any plane which makes an angle with the hori 
greater or less than w there will be no shames and for that oman 
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ame ho LN 


P— :N will be less than cl. AG, or > 2® will be less than ¢. 


For the plane of rupture, then, we must have 
oe Ce ecient fa. ate ee) 
L.AG 
Let the vertical height of the mass be fi. Then AD = 
and the weight W of the prism ADG in gravitation units is 
AD —~ . 


Insert this value of Win (1) and the corresponding values of P 
and N in (8), and we have, since “4: = tan ~., 


hy 
cos ~’ 


_ yl. AG cos (p + ) 


iv yil. 


yili cos (W + B) sin (hb — di) 
2 cos 6 COS ~i 


SOShimeeeipieny « 4 G) 


Angle of Rupture.—Kquation (5) is a maximum when 


cos (¥ + £) =sin (& — fi) = Cos [90 — (Y — ,)], 


or when 
o+P=9-Y+ hr, 
or when ' 
ba 45 — 54S OS ae eee) 


Equation (6) gives then the angle of rupture or the angle which 
the plane of rupture AG makes with the horizontal. 

Coefficient of Cohesion.—If we insert this value of % in (5), we 
obtain 


yihi sin E _ so + A) cos 4 + ace + A) | = 2¢ COS £1 COS fF, 


or 
yuh, [1 — sin (61 + f)]=4c cos dicos ff... . . (%) 
Now when AD is vertical; 6 = 0, and if we denote hi in this case 
by ho, we have, from (7), 
em vViho(l — sin ~r) 
4 cos fi : 
This is the value of the coefficient of cohesion given in the 
preceding Article, where fo is found by experiment. 
Stability of Slope—If we substitute the value of ¢ from (8) in 
(7), we have 
hi{1 — sin (¢1 + f)) = ho(1 — sin ¢ ) vos £, 
or 


(8) 


_ ho(1—sin ¢:) cos 8 


hi= P=sin (gi + A)? ®) 


which is the equation of condition between hi and £. : 

From (6) and (9) we see that the angle of rupture and the rela- 
tion between hi and 4 are independent of the inclination « of the 
earth surface with the horizontal. 
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Equation (9) gives the limiting height i when sliding is about 
to begin. Let » be the factor of safety, so that if n is 2 or 3 the 
safe height taken can be two or three times as great before sliding 
begins. - Then we have for the safe height 


_ Ao — sin ¢g:) cos 6 ; 
~ nll — sin (fi + f)] . vy Stree | 


Equation (10) is then the equation of stability of slope for a fac- 
tor of safety n, and gives the safe height of slope for any given 
batter-angle /. 

Angle of Stability.—If h,: is given and the corresponding batter- 
angle # is required, we can write (10) in the form 


ssi (~i + fp) _ ho — gin fr) ag 


cos f nhs 


hi 


’ 


where the second member, being a known quantity, is denoted by a. 
If we develop the numerator in the first member and substitute for 


af! : 
sin 6 and cos their values in terms of tan ahs vlzZ., 


2tan 56 fee tan 5 6 
ST eae COs |p a ea , 
1+ tan’—, 1 — 
+ tan 3 + tan 5 p 
we obtain a quadratic whose solution gives 
1 if : 
VE IE a eae i gp leos e—Yaa+2sin@]. . CAD 


Equation (11) gives the safe batter-angle 4 for a factor of safety 
n when the height hf: is given. ° 
Curve of Slope.—Let a be any point of the slope DaA, whose 


vertical distance below D is da =y, and let aG be the plane of 
rupture at the point a, making the 
bese angle ~ with the horizontal. 

I Then the prism DGa of weight 
W tends to slide down along a@ 
and is prevented by friction and 
cohesion. Let N and P be the 
components of W normal and par- 
allel to aG. Then if n is the factor 
of safety and « is the coefficient of 
static sliding friction, we have 


n(P— iN) —el.aG=0. (12) 


Let A be the areadaD. Then yi/A is the weight in gravitation 

units of a prism daD, where v: is the mass of a unit of volume of 
: . y?cot b 

the earth. The area daG@ is % 7 y and the weight in gravitation. 


ees 
s 


ae 
is 


v 


D> |<— 


2 
units of the prism daG is as Hence the weight in gravi- 
tation units of the prism DaG is 


W= ya(eere — A). 


CHAP. I.] RETAINING WALLS, DAMS AND SLOPES—EXAMPLES. 259 


If we insert this value of W in the expressions for P and N, 
equations (1), and then substitute in (12), we obtain, since 


eee 
sin w’ 
(yr coty _ )(si Ei ) - Yaa 
eee 9 A }\{ sin » — ja. Cos w he att 0; 


or, dividing by /sin ¥, 
ny, Lore — A) (1 — #, cot v) — eu(1 + cot? ¥)= 0. . (13) 


If aG makes an angle with the horizontal greater or less than 
wu, we have, from (12), n(P — “N) less than el. aG, or the left side of 
equation (13) less than zero. The value of ¥ must then make equa- 
tion (13) a maximum. 

If then we differentiate (13) with reference to cot % and put the 
first derivative equal to zero, we obtain 


nyiy? 


ae — cot v) 2 nyo Ete tas A) —2eycoty=0. (14) 


Eliminating cot wv from (13) and (14), we obtain 


—= ¥y A'S ( 2 
ae gt] ery + 4c — 2 Y2c(nuiyiy + 2c) + wr |. (15) 


Equation (15) gives the area A between the curve of the slope 
and any ordinate da=y. It evidently holds good whether the area 
A is bounded by a curve or a broken line of any form. 

Values of @,. mw, and y,.—We give in the following Table the 
values of gi, 1, vy; for earth, sand and gravel. 


a ae 
Angle Coefficient Mass of 
Kind of Earth. meee Friction, ae eee: 
py. My. Yi 
Gee Ells BROEUEKG Day AATCC OOD 30° 0.58 100 
ae SOO Deadeas vitoncloes- oSeeaee 40 0.84 110 
ee MeV racks Matec sole lie eleisiele nis'°e 35 0.70 100 
eS SM G1Sh. 40 0.84. 110 
EMME NV EL ates ceed cntelce ovale ere syareieisice 30 0.58 125 § 
Earth, dry... 40 0.84 90 
: ITIOISU eter eeteh oa othe ete ae ty er ete 45 1.00 95 
es Gh Poemisicies stone tie aiera cele aise a 82 0.62 115 
EXAMPLES. 


(1) A bank of loose earth without cohesion stands 30 ft. high with 
a slope of 50 ft. Find the coefficient of friction and the angle of 
repose. 

Ans. The horizontal projection of the slope is 40 ft. Hence “,; = tan gi = 
30 


Tees 0.75, and dy is about 35°. 
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(2) A bank of earth with vertical face is found to cave for a dis- 
tance of 3 ft. below the surface. The same earth loose and without 
cohesion takes a slope of 1.25 to 1 horizontal. Find the slope after 
rupture. Also if the mass of a cubic foot is 100 lbs., find the coeffi- 
cient of cohesion. 

Ans. From equation (6), page 257, since 6 =0, the angle of rupture is 
wy = 46° + eB, The tangent of the angle of repose is “4, = tan ~; = 0.70. 
Hence ¢, is about 85° and w is about 62°. 

From equation (8), page 257, since i. = 3 ft., y1 = 100 lbs. per cubic foot, 
Pi = 35°" 

_ 100 x 81 — sin 85°) 128 
oF 4 cos 35° = 3.28 


(3) A bank of earth the same as in the preceding example has a 
height of 30 feet and a batter of 45°. Find the limiting height for 
the same slope and the factor of safety. 

Ans. From equation (9), page 257, since 4) = 3 ft., 8 = 45°, @, = 35°, the 
limiting height is 


= 89 lbs. per square foot. 


3(1 — sin 35°) cos 45° 


hy 1 — sin 80° 


= about 60 ft., 


or the factor of safety is 2. 


(4) A bank of earth the same as in Example (2) is required to 
have a height of 30 ft. and a factor of safety of 2. Find the batter 
of the face. 

Ans, 6 = 45°. 


(5) A bank of earth with vertical face caves for a distance of 5 
feet below the surface. The same earth loose and without cohesion 
takes a slope of 1.25 to 1 horizontal. The mass of a cubic foot is 100 
lbs. Hind the angle of rupture, the coefficient of cohesion. If the 
batter of the face is made 45° and the height 30 ft., find the factor of 
safety. 

Ans. The angle of repose is @, = about 35°. The angle of ture is wy = 
about 62°. The coefficient of cohesion is ¢ = 65 lbs. per square “one oe 
equation (10), page 258, 

_ o(1 — sin 85) cos 45 


ES ONG RaS EM pI 


(6) Find the uniform batter-angle of the slope in the precedin 
example for a height of 30 ft. and a factor of safety of 3%. 4 A 
Ans. From equation (11), page 258, we find @ = 45°. 
(7) Find the natural curve of the slope in Example (5 
factor of safety of 3 and a height of 40 feet. Ee ai 


Ans. Since, = 0.75, c = 65 lbs. per square foot, n = = - 
tion (15), page 259, becomes i 2 ee 


Erman 
Zl = 337 5 | 226y + 260 — 2 4/2083(225y + 130; |. 


If we take y = to 10, 20, 30, 40 ft., we have: 
Horry i=) 0 Ala orccantans 
Pas Als ay c2 6 
==), Absa Zhig} G6 cc 
Ta, AL se Hah ee Gc 
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~~ 


We have then, considering the area between the slope and any ordinate 
as made up of trapezoids, as shown in the 


figure : Digabeancs i 
1 eT hag fe ae 
5-10. Da’ = 83, or Da’ = 6.6 ft.; pot | 
a ‘Vs 
~ if 
33 0 8) ay = 167, or a’ = 9 1 's9 
S 4 
' 
1674.” pees 0! C—O me OLN s0 6 ge OL Once 
ig Oe oe 177, or ed’ =104 « # 


We see from equation (15), page 259, that 
for small values of y A is negative, or, theoret- 
ically, the curve overhangs the slope. The equation should not be used for y 


less than fo, and the upper part of the slope should be rounded off, as shown 
in the figure. 


A 


(8) It is desired to cut a bank 30 feet high into three terraces as 
shown in the figure with a factor of safety of 1.5. The height of 
each terrace is to be 10 feet and there 


Dis ey eer eee are to be two steps, ab and cd, each # 

1 \¢ feet wide. The mass per cubic foot is 

li : yi = 100 lbs., and ¢: and ho as found 

| 120 120 1 by experiment are di = 31°, ho = 5 feet. 
! 


Find the batter for each terrace. 


30 Ans. We have “4; =ian @; = 0.6, and 
from equation (8), page 257, c= 71, and 
equation (15), page 209, becomes 


—~ 4 (2 — 24/189(90y + 142) 
Ae o( 84 + 90y — 24/189(90y + ). 


PST ree ek Ge 


A From this, when y = 10, A = 27; when 
y = 20, A = 159; and when y = 30, A = 421. 
We have then 


NLOn Daas ele Ora — ore tte: 


jeer cee ao MOC a— 1D 9 OLN IOC, —=10.La ce 


159+ 40 + a a (Oe S421) (or ide 8.9% 


Hence we have for the batter-angles : 


5. 


i 


For Da, tan 6 = 97 °F DP ohes 
6.1 a 

For bc, tan 6 = io (of fet ales 
te 3 

For dA, tan 6 = jp fp =41R. 


(9) Design a terrace of four planes, the upper one being 6 feet 
in height, the lowest 10 ft., and the others 8 ft. The steps to be 5 feet 


cm 
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in width, and the earth such that ho =3 ft., y: = 100, and (4; = 0.66, 
Take the factor of safety at 2. f 


Ans. ¢='40, A= al 32 +160 — 29/115(138y + 80) ]. 


Wihenty) = 6,524) = 10°9% y=14, A= 843; 
¥y = 22, A=226.4; = 32, -A—b0re. 


: 105 Da —=A0/9 Moree Dga—i5-pocube 
LIE EE teak ase 9 
eat 10.94.3042" ye — a4, 
1 1 ad 
tae | or Die! = 4.34 ft.; 
| 139 
1 
: 84.3204 + ae — 236.4, 
if w 
or de’ = 4.5 tt.; 
i 
| 236.4-+ 110-4 a Sg = 569.2, 
A 
ty OL G) =a Snes 
We have then for the batter-angles: 
3.63 ° 
For Da, tanh =——-, or f= 381°; 
4,34 
For bc, tan 6 = eet P= 287; 
4.5 
For de, tan 6 = ‘eon oF B = 294°; 


Hor fay stan) 6) - or £ = 89}. 


(10) Find the batter-angle 6 for a railway embankment 30 ft. 
high, 12 ft top base. Let vy; = 100 lbs. per cubic foct, d: = 34°, ho = 
4 ft., and factor of safety 2. Let the locomotive weight be about 
6000 pounds per linear foot of track. 

Ans. If the top base is 12 feet, the weight of locomotive causes a pressure 
of 6000 Ibs. on 12 square feet, or 500 lbs. per square foot. This is equivalent 
toa mass of earth 5 feet high. We take then 4, = 35 feet in equation (11), 
page 258, and have 

1 1 et aa 
= = 2 ) — 
tan 3h = tel 0-829-+ VOOR = 0.416. 


il 
Therefore 5 is about 224°, or 6 = 45°. 


The embankment with this batter contains 47 cubic i 

‘ yards per linear foot 
while with the natural slope of 34° it would contain 62 cubic yards per linear 
foot. There will then be a saving in cost of construction if the expense of 


protecting the slope to preserve the cohesion is not greater than the saving in 
embankment, : 


(11) A railway cut is made in material for which y, = 100 pounds 
per cubic foot, d1= 34, ho =5 ft. The depth of cut is hi = 40 St. 
and the roadbed is 16 ft. Find the batter-angle for a factor of 
safety of 3. . 
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Ans. We have 6 = 47°. The cut with this batter contains 87 cubic yards 
per linear foot. If it had the natural slope, it would contain 111 cubic yards, 
There will then be a saving in cost if the expense of protecting the slope is 
less than the saving in excavation. 


(12) At Northfield, Vt., on the line of the Central Vermont R. R. 
is a retaining wall 15 ft. high, top base 2 ft., bottom base 6 ft. The 
wall is composed of large blocks of limestone without cement, the 
density of the masonry about 170 lbs. per cubic foot. The earth sur- 
Jace is horizontal and level with the top of the wall; angle of repose 
38°, and density of earth 90 lbs. per cubic foot. The front face of 
the wall has a batter of 1 inch horizontal for every foot of height. 
This wall is over 30 years old and in as good condition as when laid. 
Investigate its stability and check results of computation by graphic 
construction. 

Ans. We have i =f, = 15 ft., c= 0°, 6 = 170 lbs. per cubic foot, 7; = 90 
dbs. per’ cubic foot, O) = 38°, 0, = 2tt., Oy) = 6 ft., tan 6 = we Ory L023 

Take a section of the wall one foot in length, sothat?=1. Then from 
page 204, Case 1, we have 


90 x 15? 1 2 468 
9 0.967 ~=—-2.6 


We have also from equation (8), page 254, 


P= = 2983 lbs. 


tanse an? 26> cor 10: 2314 one e= oe «267, 


Then from equation (9), page 254, 6 = 27° 11’. The angle of P with the 
horizontal is then (6 + 6) = 87° 34’, and the horizontal and vertical com- 
ponents of P are 


H = P cos (6 + 6) = 2864 lbs.; 
V =P sin @ + £) = 1814 lbs. 
The weight of a section one foot in length is 


W = 11200 lbs. 


If we take the coefficient of static sliding friction “ = 0.66 (page 229), we 
have from equation (1), page 233, for the factor of safety for sliding 


0.66(11200 + 1814) 


= = 026, 


2364 


or, if we neglect V, 7 = 3.1. There is therefore ample security against sliding, 
If there are no through joints, there is in any case no possibility of sliding. 

From equation (5), page 233, we have s. = 3.3 ft., and from equation (II), 
page 233,¢=2.1ft. The resultant of P and W, therefore, cuts the base 
within the middle third and just within the middle third. The proportions 
are then nearly economic. Thus from equation (III), page 234, we have bd, = 
5.86 ft., while the bottom base as built is 6 ft. 

From equation (7), page 234, we have for the greatest unit compression two 
tons per square foot, which, as we see from page 229, is abundantly safe. 


(13) In the preceding example, let the back be vertical. Find the 
bottom base. Check the computation by graphic construction. 

Ans. In this case, # = 0. From page 254, Case 2, we find the earth press- 
ure horizontal or 6 =0, 6 = 0, and if we take a section of wall one foot in 
length, so that / = 1, 

90 < 15? 


4) 


Bye 
P tan? (45° es =| = 2410 Ibs, 


4) 
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; hc 
From equation (III), page 284, we have for the bottom base when ¢ = 3 oa» 


or for economic proportions, 
bg => 4.8 ft. 


From (I), page 238, we have the factor of safety for sliding, n = 2.4. 
From equation (6) we have for the greatest unit compression 1,8 tons per 
square foot, which is much less than the allowable safe stress (page 229). 


(14) Find the bottom base of a trapezoidal wall of granite ashlar 
with vertical back, 20 feet high, to retain an embankment, the earth 
surface being horizontal and level with the top of the wall; i= 
33° 40’, v1 = 100 lbs. per cubic foot. Check the computation by 
graphic construction. 

Ans. In this case, 6 = 0. From page 254, Case 2, we find the earth press- 
ure horizontal, and taking a section of wall one foot in length, or 7=1, 


100 x 20? 


Vedas 5 tan? 28° 15° = 5774 Ibs, 


From equation (III), page 234, we have for the bottom base for economic: 


proportions, or for e = 3 Oa ; 
al 
6P.=h 
1 5b? 3 
eg dt) oy egret 5 


If we take the top base 6, = 2 ft. and 6 = 165 lbs. per cubic foot (page 229), 
we have 0, = 7.66 ft. 


From equation (6), page 234, the greatest unit compression is about 2 tons. 
per square foot, which is much less than the allowable safe stress (page 234). 


(15) Same as Haample (14), with back batter 6 = 8°. Check the 
computation by graphic construction. 
Ans. P= 6420 bss 0185 95 i= 75S. lbs: Vi 28200 lbs bat Oats 


Greatest unit compression 2.4 tons per square foot, which is much less than the 
allowable safe stress (page 229). 


(16) A rubble wall of limestone, 15 ft. high, retains an earth-jill- 
ing which supports a double-track railway. The top base is b: = 3.5 
ft. Find the bottom base when v1 = 100, d: = 88° 40’, 6 =8°, 6 = 170° 
lbs. per cubic foot. 

Ans. If we take the train load at 6000 Ibs. per linear foot, and top base of 
the fill 15 ft., the pressure per square foot on the top is 400 lbs., which is 


equivalent to a column of earth 4 ft, high. We have then h = 15 ft., 2; = 
15+ 4=19 ft., and 


P = 5795 lbs., 9—18°, H—=5200lbs., V= 2540 lbs., 


bo = 7 ft. Greatest unit compression 2.8 tons per square foot, which is much 
less than the allowable safe stress (page 229). 


(17) Find the bottom base for a retaining wall 20 ft. high, back 
batter 6 = 8°, 5 =170 lbs. per cubic foot. Earth surface inclined to 
horizontal at angle of repose b: = 33° 40', hi = 20 ft., vy: = 100 lbs. 
per cubic foot. 

Ans. In this case we have, from page 255, Case 4, « = 21° 22’, 6 — 32° 28’, 
P= 21740 lbs., H= 16522 Ibs., V = 18280 Ibs. 

If we take the top base 6, = 2 ft., we have, from equation (III), page 2384, 


A = 9.6 ft. The greatest unit stress of compression is 1.7 tons per square: 
oot. 
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(18) The San Mateo dam, California, is built of concrete weighing 
about 150 pounds per cubic foot. The height is h = 170 ft., top base 
b. = 20 ft., bottom base b. = 176 ft., back batter 1 to 4 or tan 6 = 0.25. 
Investigate the stability for depth of water hi =165 ft. ~ 


Ans. We have for a section one foot in length 


V = 212700 lbs., H=850780 lbs., W= 2499000 lbs. 2 

There are no through joints in this dam, and therefore no investigation for 
sliding is needed. If, however, we take the coefficient of static sliding friction 
jt = 0.66 (page 229), we have from equation (I), page 236, n = 2. 

If the dam is empty, we have from equation (5), page 237, s, = 75 ft. The 
weight then cuts the base near the middle and well within the middle third. 

From equation (II), page 237, we have, even when we take ice-thrust into 
account, e = 86 ft, The resultant of the weight, pressure and ice-thrust then 
cuts the base within the middle third. 

Hence from equation (7), page 238, we have for dam empty the greatest 
unit stress of compression 11 tons per square foot, and for dam full and ice- 
thrust 8 tons per square foot. 

The dam as built is then stable and safe even for a cold climate, and even 
for through joints. 


(19) Design a dam of sandstone ashlar, 60 ft. high, top base 9 ft., 
depth of water 57 feet. 

Ans. We have =60 ft., i, = 57 ft., 6: =9ft., y = 62.5 lbs. per cubic 
foot, and, from page 239, 6 =150 lbs. per cubic foot, C= 20 tons per square 
TOOb ie FG. 

From page 229 we take the back vertical for economic section. Hence: 
A) 

From equation (III), page 237, we have for economic proportions for the 
bottom base 0, = 32.7 ft. and hence A = 1250 square feet. 

Then from equation (6), page 237, the greatest compressive stress for reser- 
voir full is p=5.7 tons per square foot. For reservoir empty s2 is always 


greater than 5s when back is vertical (page 238), and the unit stress is still 


less. 

We have then for a foot of length of the dam, W = 187500 lbs., H = 101530 
lbs., and from equation (I), page 286, if there is no ice-thrust, we have for the 
factor of safety for sliding 7 = 1.1. This is small, but if there are no through 
joints the dam cannot slide. 

But now, if we suppose the ice-thrust of 7’= 40000 lbs. per foot to act, we 
must test and see if the dam with bottom base 6, = 82.7 ft. is still safe. 

From (5), page 237, we have s,;=11.6 ft., and from (IJ), page 237, using 
this value of s2., we obtain e = — 1.35 ft. The minus sign shows that the 
resultant passes outside of the base. The dam would therefore rotate under 
the ice-thrust. We must find d, therefore from (III’), page 288. This gives 
us 6, = 36 ft. and A = 1350 sq. ft., W = 202500 lbs, 

We have now for the factor of safety for sliding nm = 0.9. This is less than 
unity, and hence when the ice-thrust acts, the wall must depend for its safety 
entirely upon the fact that there are no through joints. It would be better, 
then, to give the dam a back batter of, say, tan 6 = 0.25. 

If we do this, we have from (III), page 287, b, = 43.6 ft. and A = 1578 
sq. ft. From (5) and (II), page 287, we then obtain s.= 21 ft. and e=8 ft. 
Then from (8), page 238, we have p = 10.9 tons per square foot, so that so far 
as rotation and compression are concerned the dam is safe even with ice- 
thrust acting. 

We have now from (I), page 236, for the factor of safety for sliding, when 
the ice-thrust acts, 7 =1.1. We should then have no through joints in the 


dam. 
(20) The height of the proposed Quaker Dam, New York, ts 170 
feet, top thickness 20 feet, specific mass of the masonry 2.5, depth of 
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water 163 feet. Find the economic section for allowable compression 
of 10 tons per square foot. 


Co) 
Ans, We have 0, = 20 ft., Ai = 163 ft., A =170 ft., x, a Diy 92 SS PSD 


Ibs. per cubic foot, 6 = 156.25 Ibs. per cubic foot, T= 40000 lbs. per foot, 
CO = 20000 lbs. per square foot, u = 0.6. 

Ist. Ice-thrust Neglected.—Let us first neglect the ice-thrust. 

From equation (1), page 240, we have for the height h, of the first rectan- 
gular sub-section if the water is level with the top, 42=32ft. As the water 
is not level with the top, # must be greater than this. In equation (I), page 
240, 6b:2h2 = v(he—a)*, if we put a@=7 ft., dz =I — 7, and insert the values 
of 6, 6; and v, we have 


625000 he + 4875000 = 62.35/13. 


Solving this equation, we have for e = : b, = 6.66 ft., A, — 84.7 ft. Hence 


b 
Ae = 41.7 ft. and A; = 834 sq. ft. When the dam is empty s= = Oat: 


We have then from (7), page 288, when the dam is empty, the unit compression 
p = 8.26 tons per square foot on back edge, and from (6), page 237, when the 
dam is full, p = 6.52 tons per square foot on front edge. 

Below h; = 34.7 ft. we have the back vertical and the face battered and 
the second sub-section begins. 

Let us take for the height of the next trial section Az = 15.3 ft. Then 
Ay = 8447 4— 1553750 ft), Ar = "834 sq. it.) 0; 120) ft. ou Oe noi 10 


@ = 2.5. From (II]), page 248, when e = Hy we have 0. = 26.2 ft., and 


hettee e=8.7ft. The area of this trial section is then Az = 353 sq. ft. We 
have now from (2) and (II), page 242, s. = 11.6 ft. and s = 10.5 ft. Then from 
(7) and (6), page 238, the unit compression p = 5.66 tons per square foot on 
back edge for dam empty and p = 7.08 tons per square foot on front edge for 
dam full. 

Take for the height of the next trial section hz = 20 ft. Then hi = 70 ft., 


PRS Abe Oe Om a OR, OST : a5 


Just as before, from (II]), page 248, when e = ya, we now have bz = 387.4 


ft., and hence e= 12.5 ft., and A, = 636 sq. ft. Then from (2) and (ID, 
page 242,s=— 12.4 ft. Then from (6), page 288, the unit compression is p= 
7.62 tons per square foot on back edge for dam empty and p = 7.62 tons per 
square foot on front edge for dam full. Since for 4; = 70 we have s = 12.4= 
gon this is the limit of the second sub-section. 

Below h,; = 70 ft. we must batter both front and back. If then we take 
Aig = 20 ft. for the next trial section, we have f, = 90 ft., A, = 18.23 sq. 


ft. Oy = 37.4 ft.) si == Uev4ytt., es re .OF 
ve 


From (IV), page 244, we have then, when e = x, = 8, b2 = 53.4 Hence 


s=¢=17.8 and A, = 908 sq. ft., and from (V), page 244, we obtain tan 
= 0.114. Then from (4), page 244, the compression on front edge for dam 
full or on back edge for dam empty is p = 7.99 tons per square foot. 

Take hy = 20 ft. for the next trial section. Then h; = 110 ft., A, = 2731 


CO) 
sq. ft., db: = 58.4 ft., s, = 17.8 ft., — = 2.5, and we have from (IV), page 244. 


(a), bo = 67.5 ft , hence A, = 1218 sq. ft., e = s = 22.5 ft., and from (V) 

, ' Qt a5 , page 
244, tan G= 0.05. From (4), page 248 (a), the compression on front and back 
edge for dam full and empty is p = 9.14 tons per square foot. 
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Take h. = 20 ft. for the next trial section. Then %, = 180 ft., A; = 3949 

} 
sq. ft., d, = 67.5 ft., s, = 22.5 ft., = = 2.5. We find then for this section d,. = 
$1.6 ft., A, = 1490 sq. ft., e= s = 27.2 ft., tan 6 = 0.036, p= 10.4 tons per 


square foot. 

Below , = 180 ft., then, the fourth sub-section begins and we must use 
equation (VI), page 245. 

Take h. = 20 ft. for the next trial section. Then h,; = 150 ft., A, = 5489 
sq. ft., 6: = 81.6 ft., s, = 27.2 ft., ~ = 62.5 lbs. per cubic foot, 6 = 156.25 lbs. 
per cubic foot. Then, from (VI), page 245, 6. = 106.7 ft. and hence A, = 
1883 sq. ft., and from (5), page 244 (a), e=s=388ft. From (V) we have 
tan 6 = 0.18. 

For the remaining depth h, = 18 ft., A: = 168 ft., A, = 7322 sq. ft., 6, = 
106.7 ft., s, = 38 ft., and we find 6. = 123.6 ft., As = 1497 sq. ft.,¢ =s = 45.4 
ft., tan 6 = 0.00. 

We have then the following Table : 


h- hy b A tan B e s aoe Raat 
41.7 34.7 20 834 0 6.6 10.0 3.26 6.52 
57 50 26.2 1187 0 8.7 10.5 5.66 7.08 
77 70 87.4 | 1828 0 12.5 12.4 7.62 7.62 
97 90 63.4 | 2781 0.114 | 178 17.8 %.99 7.99 
gay 110 67.5 | 8949 0.05 22.5 22.5 9.14 9.14 
137 130 81.6 | 5439 0.086 | 27.2 27.2 | 10.4 10.4 
157 150 106.7 7322 0.18 38.0 38.0 | 10.0 10.0 
170 163 128.6 | 8819 0.00 45,4 45.4 | 10.0 10.0 


In this Table the first column contains the height # of the dam in feet 
above the base of each sub-trapezoid, the second the depth of water h; in 
feet above the base of each sub-trapezoid, the third the base 0 in feet of each 
sub-trapezoid, the fourth the total area A in square feet above that base, the 
fifth the tangent of the back batter-angle tan 4, the sixth and seventh the dis- 
tances ¢ and s in feet from front and back edges to where the resultant cuts 
the base of each sub-trapezoid for dam full and empty, the eighth and ninth the 
unit stress p of compression at those edges in tons per square foot. 

Comparing with Ex, (18), we see that the San Mateo dam, 170 ft. high, has 
about 88 per cent more material than this economic section of the same height. 

2d. Ice-thrust taken into Account.—Let us now consider the same dam, 
taking the ice-thrust into account. 

From equation (I’), page 241, putting iz=h, +7 and a = 7, we have, after 
substituting y = 62.5, 6 = 156.25, d, = 20, C= 20000, 7’ = 40000, 


fy? , 6250/,? ; ! a 
300 60000 — 4.200, = 64.896, or fs =! ft. 

Hence Az = 18 ft. and A; = 860 sq. ft., e=1.9 ft., »=10 tons per square 
foot. 

Below h, =11 ft. we have the back vertical and face battered, and the 
second sub-section begins. 

Let us take for the height of the next trial section h. = 23.7 ft. Then 
i Sei ie, li =O Epi (Op el) nth es MO Naias fh OG Gy, Moy 
156 25, O = 20000, 7’ = 40000. From (III’) we have d, = 28.76 ft ; hence A, = 
577.8 sq. ft., and from (3), page 242,e=4.8ft. From (2) and (II), page 242, 
we then have s = 11.4 ft. 

Take i, = 15.8 ft. for the height of the next trial section. Then #, = 50 
ft., A, = 938 sq. ft., b: = 28.76 ft., 3, =11.4 ft., @=0, and we can find do, 
A, and 82 for this section. 

We can then take 2 = 20 ft., and so on, until we arrive at a section for 


: 
which s = 5b. 
3) 
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Below this section we must batter face and back, still using (II/’), page 2438, 
for b, and finding tan @ from (V), page 244. 
he student should complete the example. 


(21) The Bear Valley dam in the San Bernardino Mountains, 
California, is an arch dam about 450 ft. long, constructed of granite 
ashlar, height h= 64 ft., radius r=300 ft., top base b: = 3.17 ft., 
bottom base b: = 20 ft., depth of water hi= 60 ft., face vertical. 

Other dimensions as shown in the 
oi6 figure. Examine its stability. 

Ans. We have from the given dimen- 
sions and from equation (2), page 246 (d),. 
neglecting the ice-thrust 7, 

for distance from top 
= 24 36 48 64 ft. 


li = 20 a2 44 COR 
(i= AAS ON Omit S470 20 lee 
C= 16.74 382.88 42.25 48,05 28.12 


tons per square foot. 


From page 229, the allowable unit com- 
pression C ought not to exceed 30 tons per 
square foot. The dam as built has then a 
higher unit stress than good practice would 
consider allowable. 


x 
! 
! 
| 
| 
! 
! 
! 
| 
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(22) Design an arch dam of the same height and radius as the 
Bear Valley dam, Hx. (21), and same depth of water, for an allow- 
able compressive stress of 25 tons per square foot. 

Ans. We have fh = 64 ft., 4, = 60 ft., » = 300 ft., C = 50000 Ibs. per 
square foot, 7 = 62.5 lbs. per cubie foot. 

In default of local or practical considerations to guide us in choice of the 
top base d,, let us suppose an ice-thrust of 7 = 40000 lbs. per foot. 

Then from (8), page 246, we have for the top base 


_ 300 x 40000 


c= S000 eho 

1st. Without Ice-thrust.—Let us take then 6, = 3.75 ft., and suppose first 
that there is no ice-thrust. 

Then from (4), page 246, neglecting 7, we have for the distance h, below 
the water level for which the cross-section may 
be made rectangular, 


ae 50000 x 8.75 
*~ 62.5 < 300 


The dam then is rectangular for 14 ft. be- 
low the top. Below this point we must in- 
crease the thickness as the depth of water 
increases. We have then from (2), page 246, 
neglecting 7, 


=——7 10) fb, 


for distance from top 
4, 24 386 48 64 ft. 
iin == 10) AD Gy AHL (BN) 
t a OMe OMe 2 Meme OL OMOOE DESO 


If we make the face vertical and batter the 
back, we have then a cross-section as shown 


II 


es: as 
\ 
i 
ne ennme ene women = men om Eine sm oo Se opecran= ol 
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in the figure 3.75 ft. thick for the first 14 feet, and then with a back batter of 
18.75 Nets 
50 2 of tan # = 0.875. 


2d. With Ice-thrust.—If we consider the ice-thrust 7’ as acting, hen we 
have }, at least 3.75 ft. as already found. 

From (4), page 246, taking Z7’= 40000, we have for the distance h, beiow 
the water level for which the cross-section may 
be made rectangular 


Pig sat 50000 x 3.75 ., 40000 
Aer 68,5 5<¢ 800 4. 62.5.% 64 
The dam then is rectangular for 4 feet below 
the top. Below this point we must increase 


the thickness as the depth of water increases, 
We have then from (2), page 246 (d), for 


dist. from top 
et 24 36 48 64 ~—Ss ft, 


a0 20 32 4h CO 
(PeStD alles alin) Ueda abet 


If we make the face vertical and batter the back, we have then a cross-sec- 
tion as shown in the figure 3.75 ft. thick for the first 4 feet, and then with a 


_ 99 
back batter of a” or tan 6 = 0.875. 


CHAPTER II. 


APPLICATIONS OF STATICS—STRENGTH AND ELASTICITY 
OF MATERIALS. 


MOMENT OF INERTIA OF AN AREA. RADIUS OF GYRATION. DETERMINATION 
OF MOMENT OF INERTIA OF AREAS, STRESS AND STRAIN. EXPERI- 
MENTAL LAWS. COEFFICIENT OF ELASTICITY. WORK AND COEFFICIENT 
OF RESILIENCE. EQUILIBRIUM OF A DEFLECTED BEAM, SHEARING 
FORCE AND SHEARING STRESS. BENDING MOMENT. NEUTRAL AXIS, 
RESISTING MOMENT. COEFFICIENT OF RUPTURE FOR FLEXURE. TABLE. 
OF PROPERTIES OF MATERIALS. FACTOR OF SAFETY AND WORKING 
STRESS, VARIABLE WORKING STRESS. STRENGTH OF PIPES AND CYLIN- 
DERS. RIVETED JOINTS. THEORY AND PRACTICE OF RIVETING. DESIGN- 
ING OF BEAMS. BREAKING WEIGHT. SHAPE FOR UNIFORM STRENGTH. 
THEORY OF PINS AND EYEBARS, TORSION. COMBINED STRESSES. 
STRESS DUE TO TEMPERATURE. 


Moment of Inertia of an Area.—The term “moment of inertia. 
of an area” is used to designate a quantity which occurs so fre- 
quently in the application of statics to the strength and elasticity 
of materials that a special name and symbol for it is essential. 
Before taking up such application, then, it is necessary to define 
what is meant by the term and to show how the quantity it stands 
for may be computed. The use made of it will appear later. 

Definition of Moment of Inertia of an Area.—Any indefinitely 
small area we call an elementary area. Thus the rectangular areas 
abcd are elementary areas if in the one case the height and breadth 
ab and cb are indefinitely small, and if in the other case, whatever 
the breadth bc, the height ab is indefinitely small. An elementary 
area, then, has one or both of its dimensions indefinitely small. 

Take O as origin and draw the co-ordinate axes OX and OY in 
the plane of the areas, parallel to the base and height. Then in the 
first case, since both dimen- 
sions are indefinitely small, 
they can be neglected with 
reference to any finite dis- 
tance. The perpendicular 
a from ab on OY is then 
the distance of the area abcd 
from the axis of Y, or the 
same as the distance of the 
centre of mass C of the area 
from the axis of Y, and the 
perpendicular y from ad on 
OX is the same as the dis- 
tance of the centre of mass 
C of the area from the axis 
of X. 

In the second case the height ab can be neglected with reference: 
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to any finite distance, and the perpendicular y from ad on OX is 
the same as the distance of the centre of mass C of the area from 
the axis of X. The perpendicular « from C on OY is the distance 
from the axis of Y. 

In either case, the product of the elementary area by the square 
of its distance from any axis in the plane of the area is called the 
moment of inertia of the elementary area with reference to that 
axis. 

Thus if @ is the elementary area, ax’ is its moment of inertia 
with reference to OY in its plane, and ay? is its moment of inertia 
with reference to OX in its plane. 

In the same way if r is the distance OC of the elementary area 
from the axis of Z, a7’ is its moment of inertia with reference to 
the axis OZ perpendicular to the plane of the area. This is called 
the polar moment of inertia of the area with reference to OZ. But: 
evidently a7’ = aa’ + ay’. Hence, the polar moment of inertia is 
equal to the sum of the moments of inertia with reference to any two 
co-ordinate axes in the plane of the area. 

Now any area may be considered as made up of an indefinitely 
great number of elementary areas. The moment of inertia of an 
area with reference to any axis is then the sum of the moments of 
inertia of all its elementary areas. 

Thus the moment of inertia of any area with reference to the 
axes of X and Y in the plane of the area is given by 


Soy wand S007 


and the polar moment of inertia, or the moment of inertia with 
reference to the axis of Z at right angles to the plane of the area, is 
given by 

SO Oe yy) Soa Say 


or the sum of the moments of inertia with reference to the two 
co-ordinate axes in the plane of the area. 

If the axis is taken through the centre of mass C of the area, we 
denote the corresponding moment of in- 
ertia by J. If it is not taken through the 
centre of mass, we call it an eccentric axis, 
and we denote the corresponding moment 


of inertia by I’. 4 x 
Let OX be an axis which passes through id 

the centre of mass C of a given areainits © 

plane, and O’X’ a parallel eccentric axis, 

at a distance d from the first axis, also in 

the plane of the area. 


Then the moment of inertia of the area with reference to OX is 
I= S010 
and the moment of inertia of the area with reference to O'X’ is 
I’ =Saly + d)? = Say’ + 2dsay + asa. 


But since OX passes through the centre of mass of the area, 
Smy = 0 (page 17), where m is the mass of an elementary area. 
But m = 6a, where a is the area and 6 the surface density. Hence 
Ssay = 6Say = 0, or Zay=0. Therefore, since +a = A = the 
entire area, we have 


Lf Ssay7 + Ad? Sf + Ad*. 
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‘4 


That is, the moment of inertia of an area with reference to an eccen- 
tric axis is equal to the moment of inertia with reference to a par- 
allel axis through the centre of mass plus the area into the square 
of the distance between the two axes. 

Radius of Gyration of an Area.—The square root of the quotient 
obtained by dividing the moment of inertia of an area with refer- 
ence to any axis by the area is called the radius of gyration of the 
area with reference to that axis. We denote the radius of gyration 
by «. Then by definition 


= ara n K= ant 
Av A? 
where «' and I’ indicate an eccentric axis, and « and J an axis 


through the centre of mass. 
We have then 


Ac=l, or Ak? =I’. 


That is, the radius of gyration of an area is that distance at which, 
if we suppose the entire area to be concentrated into a point, the 
moment of inertia is the same as for the given area. 

Determination of Moment of Inertia of an Area.—To determine 
the moment of inertia of an area with reference to any axis, we have 
simply to perform the summation indicated by Saa*, or Zay’, or Dar’. 

(1) Moment of Inertia of the Area of a Rectangle.—Let ABDE he 
a rectangle of base AB = 06 and height BD=h. Take the axis CY 
through the centre of mass C in the 
plane of the rectangle and parallel to 
the base b. Let abde be an elementary 
area or strip parallel to the base at a 
distance y from the axis. Then the 
height of this strip is dy and its area is 
, a = bdy and its moment of inertia is 
ay’ = by’dy. The moment of inertia of the rectangle with reference to 
the axis C1’ is then, since the area of the rectangle is A = 0h, 


-|- 


2 bns h? 
TL; = by?dy = == A © wee 
ee 
The radius of gyration is K;= / i = ais 
A 243 


If we take the axis in the plane of the rectangle thr 
ang ough th 
mass C and parallel to the height h, we have in the same ae otnee 


b 


aia 
5) 3 2 — 
¥ i hate = = Ao Ky=4/l = f 
a ” 1 A 273 


2 


For the polar axis through the centre of mass C at right angles to the 
plane we have a 


hh? 2: 2 im ap 
Fo MEN 55) petri ote 


“12 


whered = Vh? + B° is the diagonal of the rectangle. 
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(2) Moment of Inertia of the Area of a Triangle—Let ABD be a 
triangle of base AB = 0 and height A. Take the axis XJ" through the 
apex parallel to the base and in the 
plane of the area. 

Take an elementary strip at a dis- 
tance y from 1” parallel to the base. 
We have for the length & of this strip 


ASO) SSM S05. Oe) ee es 


The area of the strip is then. a =ady oaks and the moment of 


inertia of the triangle with reference to X_X' is then, since the area of 


the triangle is d = Be 


We have then for the moment of inertia with reference to the axis 
XX through the centre of mass C, parallel to the base and in the plane of 
the area, 


Ie = Ip" Alay ae d aes é 
Pen ES Nom (5*) = 8° an Ky = Aras. 


Again, we have for the moment of inertia with reference to the axis 
‘coinciding with the base AB, 


: re \s ? ve h 
(acre 4(54) = 4% ana mafia * 


Take the axis AY through the vertex A in the plane of the triangular 

area ABD. Drop the perpendiculars di and 

¥ d, from Dand B upon AY. Produce the side 

DB to intersection # with AY, and let the dis- 
tance AH = J. 

Let A, be the area of the triangle AHD so 


that 41 = op The moment of inertia of this 


a 
triangle with reference to the axis AY conciding 
with the base A# is, as we have just seen, 


A 


/ jos dz 1day8 
H = —_— —_ 
F i cies oY ake r ee 
| Ve Let A, be the area of the triangle AHB, so 
7 that A, =. The moment of inertia of this 


v F n . : ‘ 
E triangle with reference to the axis AY coincid- 


, ; ihe ale 
ing with the base AZ is LI’ = A; 3: 
Hence the moment cf inertia of the triangle ABD with reference to the 
axis AY is 


~ 


y tba Ss 
L, = dR — Vie = me _— d,°) == (di = dy) . a -- did, + Ona 


2 
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But a — dz) is the area A of the triangle ABD. Hence we have 
2 
Ly = fas + did + di’). 


If the axis AY is at right angles to the side AB=8, ane ais the angle 
zi DAB at A, then we have di = — d, = b, and 


c 


ee eA oe bh h? ) 
Ay =F( Yiang + tanta)” 


4 The distance from A to the centre of mass C is: 


Peet 078 
| ie es MR lle i 
Vi 27 3\tana 2)~ 8 tan a)" 
| y The moment of inertia with reference to an ’ 
V axis in the plane through the centre of mass 0 
E| parallel to AY is then 
1 h 2 A bh he 
— = ae eS }? : 
iby Sil 4.5 (b+ =) sl ian 


For the polar axis through the centre of mass C at right angles to the 
plane we have then 
A 
~ 18 
(3) Moment of Inertia of the Area of a Parallelogram.—We can. 


divide the parallelogram ABDZ into two triangles by the diagonal HB. 
The moment of inertia of the 


Tz 


(a wl 


+ 
tan @ tan? a 


7 E UZ = 

triangle ABH with reference to the = — 
axis HD is, as we have already par | 

‘oh? tage In 
founda pa— Te The moment of ,. = = x 

3 i ~ ! 
inertia of the triangle HDB with 
reference to the axis HD is, as al- j & ; y 
bh§ 

ready found, Jj’ = on The moment 


of inertia of the parallelogram with reference to the axis HD or AB is 
then ie. 
bhs I? / iE 

ts — A Oe c — —_ = 
To 3 3 and Kb zi 


h 
7/3 
The moment of inertia of the parallelogram with reference to the axis. 
YY in the plane through the centre of mass C parallel to the base AB is 


then 

Oe nV? ye h 
Lj lo a) eye x= ae ee 
wl A(5 79° cyaKel fs 

or the same as for a rectangle. 


In the same way if. is the acute angle at A, we have for the moment 
of inertia with reference to the axis AE or BD, 


Ty 0? sin Ba Pres fo ee 
3 A V3 
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and with reference to the axis parallel to AH in the plane through the 
centre of mass C, 


2 ain? 
ne. b a oh nad wees oe 6 sin a 
te Ao 2v8 


We have also for the polar axis through the centre of mass C at right 


angles to the plane ; 
L NV? 
j= al? shy ov pees ) 


tan? a]” 
(4) Moment of Inertia of the Area of a Hexagon.—We can divide 


the hexagon into six equilateral triangles of side 6 and area Ai = Ls V5 


4 
Take an axis YY in the plane 
of the area through the centre of 
mass perpendicular to the sides. 
For the triangle ABD we have 
from page 273, since di = — a 
2 Eqs erey 


d, = + a the moment of inertia 


Ab? 
24 - 


For the triangle ABE we 


3 b 
have, since d, = >, d2=8, the mo- 


2 
ment of the inertia is tee : 


For the total moment of inertia with ref- 
erence to YY we have then 
7Aib* A,b?  15A,0? 


in a 
Wearpt aa 15 2” 


or, since A=64A), 


L2 /5 
i and ee ee oa 


2 2 4/6 
If we take the axis 7 through the centre of mass, we have, from 
page 273, ae, and for 
the moment of inertia of the triangle ABD, ae . The total moment of 
inertia with reference to XT is then 
Pe Ail? | 34,0? 5A, 
ial Fe aera 
or, since A = 6A1, 
5 AD? HE. V5 
= d = —_—_ = b. at) 
I ve and Kz Zi WE 


For the polar axis through the centre of mass, perpendicular to the 


plane, et VE 
5AD? Vs ne 65 

= and = == =. 
I; 12 » an Kz # 9 V3 
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(5) Moment of Inertia of the Area of an Octagon.—We can divide 
Y the octagon into eight isosceles triangles. 
D B We find the moment of inertia with 
reference to an axis YY in the plane of the 
cen area, through the centre of mass perpendic- 
E ular to the sides, 


Al? —— 
Ly = wa V2 +4), 


Ve _ , V5Al4 
Ky = Sa ae £ a eee 
: a 276 


For the polar axis through the centre of mass, perpendicular to the 
plane, we have then 


~, 


aX and 


ite Te 5.414 
pes, +74), and Kp = deg v _ 
12 A 9 V3 
For the axis 42 in the plane of the area, throggh the centre of mass, 
coinciding with the sides, we obtain 
VW 5.414 


AP = I 
= ( 2+ 4) atid Kae —=b 
x 5) x zi 


(6) Moment of Inertia of the Area of a Circle.—The area of any 
circular strip of radius a and thickness dx Y 
is 2xada. Its moment of inertia with ' 
reference to the polar axis through the 
centre of mass is then 27a*da. The polar 


moment of inertia is then, since zr? = A lan? 

= the area, j 

I Ve ad rr y 7? x ZEN x 
a CLO = —— = = 
d 


an 
ee 
pie WN yee 


The moment of inertia with reference to any axis in the plane through 
the centre of mass, as XY or YY, is evidently the same, and, since 
ge + ly = 2I= Iz, we have for any axis in the plane through the centre 
of mass 


rr* 7 
ime iy ghre ire and ke— ——— 


_ (4 Moment of Inertia of the Area of a Circular Ring.—Let 7, = the 
internal radius and 7, the external radius, so that the area is 2(7.? — 71°) 
= A. Then in the preceding case we have simply to integrate between 7 
and 71, and we have for the polar axis through the centre of mass ‘ 


Tos PAW ae raat Pa UU Nm ; - 
i= \f “sxatae = 2G =f) _ 2(T TY) (Te Se Pay ‘A jie tS Fee 
ry 


wa 


5) 9g = f4. 3 > 


and for any axis through the centre of mass in the plane of the area 
Te re 
ae 


Te al, 
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(8) Moment of Inertia of the Area of an Ellipse.—Let a = the 
semi-major and 6 the semi- minor 
axes, and take the origin at the 
centre of mass. Then 


Gilad, 54 
TES AO a 


and the area A = zab. The area of a 
strip, as PQ, is 2yda, and its moment 
of inertia with reference to the axis 
YY in the plane through the centre 
of mass is 2ya°da. 

Hence the moment of inertia of 
the area with reference to YY is 


ey ee : E T 
Ly Sat Pieaade Se = AC a or eye 
a = 2 4 4 


In the same way we have for the moment of inertia with reference to 
the axis 17 in the plane through the centre of mass 


== A y= or re 


The moment of inertia with reference to the polar axis through the 
centre of mass at right angles to the plane is then 
a+ Vee 


or Kz 
) 
4 2 


iiss LN 


Rule for Moment of Inertia of the Area of a Rectangle, Paral- 
lelogram, Circle or Ellipse with Reference to an Axis of Symmetry 
through the Centre of Mass.—The preceding is sufficient to illustrate 
how the moment of inertia of any area may be found. The use 
made of the moment of inertia will appear later. The various roll- 
ing mills furnish their customers with extensive Tables giving the 
moment of inertia of the cross-section of the different sizes and 
shapes of iron and steel beams rolled by them.* It is therefore un- 
necessary to multiply illustrations here. 

We give here a simple rule which will enable the student to find 
at once the moment of inertia with reference to an axis of symmetry 
through the centre of mass, for the area of the rectangle, parallelo- 
gram, circle or ellipse. This rule is as follows : 


Axis of symmetry in ) square of the other perpendic- 
plane of area through ¢ 7 ~ area x ular semi-axis ; 
centre of mass: \ 3 or 4 } 

, ; sum of squares of two perpen- 

Polar axis through cen- ( dicular semi-axesof symmetry 


tre of mass: ae area x ced 


The denominator 3 or 4 is taken according as the area is a paral- 
lelogram or an ellipse. The rectangle and circle are special cases 
of parallelogram and ellipse. - 


* A most extensive collection is the ‘‘ Pocket Companion” of Carnegie, 
Phipps & Co., Pittsburgh, Pa. 
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(1) Parallelogram and Rectangle.—Thus for the parallelogram 
ABDE of base b and height h, we have 


y for the axis of symmetry XX through 
i the centre of mass C 
2 h? 
Ig = A h => Segre 
8 \2 12 
and 


lie h 


For the axis of symmetry YY we have 


i 2 gin? (Tye sun 
By= 4 (752) = are and “y=-V t= ze 


Bae ‘Pe? 24/3 
For the rectangle we have 
é +(3) eh Le. 
cee ip: 
and. Peas we BON 
ie 
A [b\? b? 
4y=3(3) = 45 
and Vale 
A 243 
and for the polar axis through C, 
Ajj Rano h* + b? a ate d 
SS = 4) == A . — — — ——— 
Are ae Pie i ies At moGet 


where d is the diagonal of the rectangle. These are the same, 
results as already obtained pages 272 and 274. 
(2) Ellipse and Circle.—For the ellipse let a = the semi-major and 
6 the semi-minor axis. 
7 Then for the axis of symmetry XX 
through the centre of mass C we have 


bo? ‘i 
GAN le= AT, and we= 5 =% 
x 


a Ra Tor the axis of symmetry YY we have 
a Lom 
ty = A. and Ky = Vi 
y 


For the polar axis through C 
2 2 Se JAG s 
Le and x= ee ee 


Yor the circle a =b =r = radius, and we have 


Tp = Iy= A’, and I= AS. 
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seis ale are the same results as already obtained pages 276 and 
c (. 
_ Stress and Strain.—When a force is distributed over some defi- 
nite portion of the surface of a body, we call it external stress, or 
stress on a body. A force between two particles or portions of a 
body is called internal stress, or stress in a body. External stress 
causes change of shape or volume of a body. Internal stress 
opposes such change of shape or volume. 

We distinguish three kinds of simple stress : 

Tensile stress, tending to pull the particles of a body apart in 
parallel straight lines, or resisting such separation. 

Compressive stress, tending to push the particles of a body 
together in parallel straight lines, or resisting such approach. 

Shearing stress, tending to cut a body across or to make the par- 
ticles move past one another in parallel lines at right angles to the 
line joining the particles, or resisting such action; as in cutting 
with a pair of shears or in punching a plate. 

We measure stress, then, whether external or internal, in 
pounds per square inch or per square foot. 

The change of distance between two particles of a body in a 
direction opposite to coexisting internal stress between those par- 
ticles is called strain. We distinguish strain according to the 
character of the internal stress to which it is opposite in direction, 
as tensile, compressive or shearing stress. We measure strain, 
then, in feet or inches. 

It will be observed that when there is no coexisting internal 
stress, or if the internal stress is not opposite in direction to the 
change of distance, there is no strain. Internal stress and strain 
must coexist and be opposite in direction. 

Thus when a spring is compressed the external and internal 
stresses balance, and the strain is the distance through which the 
end of the spring has been moved, counting from the unstrained 
position or the neutral point, where there is no external or internal 
stress. Now let the external stress be removed or the spring re- 
leased. Then during the first portion of the expansion the internal 
stress acts in the same direction as the expansion, and this expan- 
sion cannot then be considered as a strain. The spring is not 
strained by such expansion; on the contrary the original strain is 
diminished. 

But after the end of the spring passes the neutral point, if the 
spring still continues to expand, the internal stress is opposite in 
direction to the expansion, and any expansion beyond this point is 
astrain. The spring is strained by such expansion. In this case, 
then, we have strain without any external stress. 

Experimental Laws.—Experiments made upon materials have 
established the following laws: 

1. When a small stress, either tensile or compressive or shearing, 
is applied to a body, a small corresponding tensile, compressive or 
shearing strain is produced, and on the removal of the stress the 
body returns to its original dimensions. 

When the stress, either tensile or compressive or shearing, ex- 
ceeds a certain amount, which varies according to the character of 
the stress and the material, the body on removal of the stress does 
not return to its original dimensions. The portion of the strain 
which remains permanent is called the set. The unit stress for 
which set is first observed is called the elastic hmit for tension, 
compression or shear. ; : 
3. So long as no set is observed, or so long as the unit stress is 


| 
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less than the elastic limit, the strain is proportional to the stress 
which produces it. After set is observed, or when the unit stress is 
greater than the elastic limit, the strain Increases more rapidly 
than the stress which produces it, until finally rupture occurs. 

4, A suddenly applied stress or shock is more injurious than a 
steady stress or a stress gradually applied. ' 

Determination of the Elastic Limit.—Let a bar AB of uniform 
cross-section A have an external stress or force ” 
applied to it which elongates, compresses or shears. 
the bar. In the figure we suppose elongation. As 
the bar then elongates, internal stress acts in a 
direction opposite to the elongation. The elonga- 
tion is then a strain. Denote this strain by 4 and 
let the original length of the bar bel. Let s be the 
strain per unit of length. Then we have 


Xr 
deat Se 


If the external stress or force Fis applied in the axis of the bar, 
the internal unit stress or stress per square unit of cross-section is 


de 
SST is oe ee ee eee 
saX @) 


Now according to the laws just stated, so long as the unit stress. 
is less than the elastic limit ae the strain ts proportional to the 
applied stress which produces it, and no set will be observed upon 
removal of the stress. 
If then we double the external stress /, we shall observe a double 
strain 2A, and so on. . 
2 


yi 
It is evident that if we lay off the unit stresses S= 7, 2S =], 


3F ; 
3o= T= etc., to scale along a horizontal line, and lay off the cor- 


responding observed strains A, 21, 3A, etc., as ordinates, we shall 
obtain, so long as the unit stress S B 
does not exceed the elastic limit 
Se, a straight line OP. : 

By thus carefully plotting the 
results of experiment, whether of 
compression, tension or shear, we pb 
can detect the point P at which 
deviation from the straight line 
occurs. The corresponding unit | 
stress Se is the elastic limit for 
tension, compression or shear. 

The elastic limit is then the unit stress within which the law of 
proportionality of strain to stress holds good. 

When the unit stress exceeds this limit, we no longer have a 
straight line, but the strain increases more rapidly than the stress 
until rupture occurs, and we have from P a curve convex to the 
horizontal. Also if we observe the set, we have a similar curve 
se@, ine ordinates to which give the set for any unit stress greater 

an we. 

Coefficient of Elasticity.—If we suppose the law of proportion- 
ality of strain to stress to hold good without limit, it is evident 
that the results of experiment represented by the preceding figure 


\ 
EP ee NN 


SSeS SG: E 
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will enable us to calculate the unit stress which would cause a 
strain equal to the original length 7. This unit stress is called the 
coefficient of elasticity. We denote it by HE. 

The coefficient of elasticity, then, is that unit stress which would. 
cause a strain equal to the original length provided the law of pro- 
portionality of strain to stress were to hold good without limit. 

We can easily compute it from the preceding figure. Thus let 
the straight line OP be produced indefinitely and let the strain 
EB =/= the original length. Then OF gives the coefficient of 
elasticity #, and we have by similar triangles 

Smee UEe 
Bh 300 TH 3 = — = raabte Seah 
SPO SBI 31h Ole fa woes (1) 
since the unit stress S = ee where Fis the applied stress and A is. 
the area over which it is distributed. 


: : ; Xr 
Since the strain per unit of length s = qT we also have 


S 
Hea i: et diel) fe . Co air . . . (2) 


or, the coefficient of elasticity is the ratio of the unit stress to the 
unit strain. 

From (1) we can determine # by experiment for any given ma- 
terial. When His thus known we can find in any case the strain 
caused by any unit stress within the elastic limit, by the equation 


LS ee : 7 

hee Tc a oe a ee (3) 

Inversely, the stress F’ corresponding tothe strain 4 is given 
within the elastic limit by 


He pAH= 0A). Soe fhe pee 


These formulas apply either to extension, compression or shear. 
Work and Coefficient of Resilience.—If the unit stress S does not. 
exceed the elastic limit Se, we see from the figure page 280 that 
since OP is a straight line, the work done per unit of area is equal to 


the unit stress multiplied by the mean strain which is 3° We have 


then for the work per unit of area done by the unit stress S in 
causing the strain a a 


1 
Ei 
A pe 


or, since the total stress F' = SA, 
APU Vere tee Ni onl, Sande Potah 


or the work of the stress F in causing the strain 1 is one half the 
product of the stress and strain within the elastic limit. 

At the elastic limit we have from equation (3), 
1Se 
H ? 


= and = SA. 
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Hence the work done in straining the body to the elastic limit is 


See Se 3 

op ol = oR: 5 oe Le) 

where V is the volume of the body, or V= Al. Since at the elastic 

limit there is no set, this is the work which the body can do in re- 

turning to its original dimensions. It is therefore called the work 
2 


of resilience. The coefficient =, or the work per unit of volume, 


w= 


is called the coefficient of resilience. 

The work of resilience is then the work which a body can do in 
returning to its original dimensions when it has been strained up 
to the elastic limit. 

The coefficient of resilience is the work per unit of volume done 
by the body under such circumstances. 

The work of resilience measures the ability of the material to 
withstand shock or the suddenly applied stress produced by a 
moving body. To bring such a body to rest requires work. If this 
work is not greater than the work of resilience, the elastic limit is 
not exceeded. 

From the Table of Average Properties of Materials given on 
page 290 we can compute the following average values of the coef- 
ficient of resilience: 

Coefficient of Resilience. 


Tina be tran 3 inch-pounds per cubic inch. 
(Casteiron te eee 1D mse te “6 “ “ 
Wironehtironeees sd 2)5mee & “ 6 és 
Steel. fi inna 20500 te ‘e “s « 


We see from the figure page 280 that we cannot express the 
work done in straining a body to the breaking point by a formula, 
because the law of the relation of stress to strain beyond the elastic 
limit is unknown. Moreover, such work could not be properly 
termed work of resilience, since it can not be performed by the body 
when the stress is removed. The body if strained beyond the 
elastic limit does not return to its original length. Work of 
resilience then is a measure of capacity to resist shock within the 
elastic limit only. 

Conditions of Equilibrium of a Deflected Beam.—A bar of any 
cross-section, constant or variable, whose length is great compared 
to its other dimensions and which is acted upon by forces at right 
angles to its length is called a beam. A cantilever beam is fixed at 
one end and free at the other. A beam in general rests upon sup- 
ports at both ends. When a beam rests on more than two supports 
it is said to be continuous. 

Reactions of the Supports.—The supports of a beam exert 
pressures called reactions. When a beam resting upon supports 
and acted upon by external loads or forces either concentrated or 
distributed, is at rest, we must have for equilibrium, since the 
loads and reactions may be considered as co-planar (page 99): 

Ist. The algebraic sum of all the vertical forces = 0; 

2d. The algebraic sum of all the horizontal forces = 0; 

3d. The algebraic sum of the moments of all forces with refer- 
ence to any point in the plane of the forces = 0. 

If the Ist condition is complied with, there is no motion up or 
down. If the 2d is complieé@ with, there is no motion right or left. 
If the 3d is complied with, there is no rotation. 
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In taking the algebraic sums, forces upwards or to the right are 
positive, downwards or to the left are negative. Moments which 
tend to cause counter-clockwise rotation are positive, clockwise 
rotation negative. 

Thus suppose we have a horizontal beam AB of length J, resting 
on the supports A and B in a horizontal 
line, and loaded with a weight W ata Re 
distance 2, from the left end, Then there 
are no horizontal forces and condition (2) 
is satisfied. i 

In order that condition (1) may be 9 “71— 
satisfied, let Riand R: be the reactions. w 


Then 
Ri > Ra, I W= 0. 


Take Basa point of moments. Then in order that condition (8) 
may be satisfied, we must have 


From these two equations, if we put / — 2: = 2:, we obtain 
Wil — 21) a W2, = Wa 

TNT Tag 
or the reactions are positive and therefore act upwards and are 
inversely as the segments 21, 2 into which the span / is divided by 
the load W. 

If the load is w per unit of length, uniformly distributed, then 
the entire load is wl, and we can 


consider this entire load as a single 
force acting at the centre of mass 


en 


R= R= 2k 
| 


of the loading, or at the distance 3 


3 eae mea from each end: 
Y s Since there are no horizontal 
aut forces, condition (2) is satisfied. In 

order to satisfy condition (1), we must have 


+ Ri + Rs — wl= 0. 


Taking B as a point of moments, in order to satisfy condition (3) 
we have 


l 
= fal + WE x = 0: 


l 
From these two equations we obtain Ai = R, = , or the reac- 


tion at each support is positive and therefore upwards and equal to 
one half the total distributed load. 

We can find in similar manner the reactions at the supports in 
any case. (For determination of reactions in general, see page 100.) 

Shearing Force and Shearing Stress.—The algebraic sum of the 
components parallel to a section at any point, of all the external 
forces on the left of that section, we call the shearing force of that 
section. 

It is the force which tends to make the section slide upon the 
next consecutive section on the right. 

It is resisted by the shearing stress or resistance of the section to 
sliding. In the case of a beam acted upon by vertical forces, the 
algebraic sum of all the vertical forces on the left of any vertical 


/ 


284 APPLICATIONS OF STATICS. [cHAP. II. 


cross-section is the vertical shearing force at that cross-section. Ifa 
is the distance of the cross-section from the left origin, we denote 1b 
by Ve. If then Sws is the allowable or working unit shearing stress. 
of the material and A is the area of vertical cross-section of the 
beam at any point, the safe resistance to shear or the shearmg 
stress of the beam at that point is SvsA. This must be equal and 
opposite to the vertical shearing force Vz. We must have then for 
safety as regards shearing at any point : 


Sich SHVn jp 


If Vx is positive or upwards for horizontal beam, SwsA is nega~ 
tive or downwards, and inversely. 

Thus for a horizontal beam of length J, resting on the supports. 
A and Band loaded with the weight 
W at a distance 2: from the left end, 
the left reaction is, as we have just 

wil — 21) 
seen, Ri = i] . 

This then, according to definition, 
is the shearing force Vz for any 
point P between the load W and the 
left end A. 

For any point between the load 
W and the right end B the shearing 
force is 


Ve=+Ri—-W=- 2 =_ Ry, 


The shaded area in the figure gives the shear at any point. 

If we have several loads Wi, W:, Ws, etc., then for any point @& 
between the left support and Wi 
we have Vz = Ri. For any point 
b between Wi and W. we have 
Viz = Ai — Wi. For any point c 
between W.and W; we have V; = 
fii — W.1— W2. Wor any point d 
between W; and the right end 


Ve= hi Wi— We — Ws— — fia 


The shaded area gives the ver- 
tical shear at any point. 

If we have a load w per unit of 
length uniformly distributed, we 
have at any point distant x from the left end 


Ry Re 


which is the equation to a straight 
line AB’. The ordinate at any 
point a@ to this line is the shear 
at that point. The shear at the 
centre is evidently zero. At the 


left end Ant iaie: e adie 


right end B itis — o 
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Bending Moment.—In the case of the horizontal beam with a con- 
centrated load W at the distance z: from the left end, let Mz be the 
algebraic sum of the moments M M 
with reference to any point P Rj=W2: 7 SP a a ess 
distant x from the left end, of l : 
all the external forces between 
that point and either end. 

This moment tends to turn 
that portion of the beam on the 
left or right of any point about 
that point, or to cause bending. It is therefore called the bending 
moment. 

We have evidently two cases: when « is less than z: or when 
the point Pis on the left of W, and when «& is greater than z1 or 
when the point P is on the right of W. 

Let us take the algebraic sum of the moments of all the forces 
on the left of the point P. Then we have for the bending moment 
at the point P for the case represented by the figure, 


go ee 
whenax<2Z:, Mr=—Raw=— ae eee, j eye. 
awhen 2% > 2:1, 

My = — Rix + W(a— BD) = = ce =—_ Rl — ay 


The minus sign shows that the forces on the left of any point P 
in the case represented by the figure tend to cause clockwise rota- 
tion of the left-hand portion AP of the beam about that point. 

If we take the algebraic sum of the moments of all the forces on 
the right of the point P, we evidently have tor the bending moment 
at the point P, 


whena<2z:, Mzy=+Rhix; whenx>2:; M=+ &(l- x). 


The plus sign shows that the forces on the right of any point P 
in the case represented by the figure tend to cause counter-clock- 
wise rotation of the right-hand portion BP of the beam about that 
point. ; 

In general, since the beam is in equilibrium, the bending moment 
due to,all the forces on one side of any point is always equal in 
magnitude and opposite in direction to the bending moment due to 
all the forces on the other side of that point. 

In the case, again, of the horizontal beam with the load w per 
unit of length uniformly distributed, the load over any distance x 
from the left end is wa, and we 
can take this load as acting at its 


; ay 
centre of mass, or at a distance 3 


from the left end and from P. 

If we take the algebraic sum 
of the moments of all the forces 
on the left of the point P, we have 
for the bending moment at the 


My = — Rin + wa x = — Sd — 2). 


Here again the minus sign shows that the forces on the left of 
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any point F’ tend to cause clockwise rotation of the left-hand portion 
AP of the beam about that point. 


If we take the algebraic sum of the moments of all the forces on 


the right of P, we obtain Mz; = + aU — x), or counter-clockwise 


rotation. ; 

We see from the preceding illustrations how to find the bending 
moment M, in any given case at any point P. 

Although the beam bends under the action of the external forces, 
the deflection in all practical cases is always very small in compari- 
son to the length. : ‘ : 

We therefore always consider the beam as straight in finding 
the reactions and bending moment; that is, we assume the deflection 
as very small in comparison with the length. ; 

Graphic Representation of the Bending Moment.—The graphic 
method of page 148 can be used to determine the bending moment. 
at any point of a beam. 

For a beam with a single concentrated load we see at once from 
the preceding Article that the mo- 

1 ——-—-——=4 ment ati the load is greatest and: 
Waka 
i 
each end is zero, and the ordinate 
at any point to the lines AC, BC 
gives the bending moment at that 


The moment at. 


equal to — 


point. 
For a load w per unit of length uniformly distributed, the bend- 
ing moment Mz; = — > (l— x) is the equation of a parabola whose 


maximum ordinate at the centre of | - ; 
ee 


2 
the span is — The ordinate at any 


A Doro B 


point to this parabola gives the 


ut HUGHABAGUSLASUGEAOHUGHAELENILG 
bending moment at that point. | 
Neutral Axis—We consider a 


Tm i 
iii 
beam to be made up of an in- 


definitely great number of horizontal or parallel fibres of indefinitely 
small area of cross-section, placed side by side. 

When a beam bends, the fibres on the convex side are elongated 
and those on the concave side are shortened. Near the centre, then, 
we must have a plane of fibres which are neither extended nor com- 
pressed, but remain of the same length before and after bending. 
This plane is called the neutral plane, and the line in which the 
neutral plane cuts the plane of any cross-section of the beam is the 
neutral axis for that cross-section. 

Thus in the figure AC represents the neutral plane and XX the 
neutral axis. 

Position of the Neutral 
Axis.—We assume that any 
cross-section, as DD, which 
is plane before flexure, re- 
mains plane after flexure. 
Thus let the plane DD before. 
flexure be represented by the 
plane BB after flexure. Then 
the strain of any fibre is pro- 
portional to its distance from the neutral axis. 
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We also assume that the elastic limit is not exceeded. Hence 
the stress in any fibre is proportional to the strain and therefore 
proportional to the distance of the fibre from the neutral axis. 

Let Sy be the unit stress within the elastic limit in the extreme 


outer fibre of the cross section,or the fibre most remote from the neutral 
ais, and v its distance from the neutral axis. Let a be the cross- 
section of a fibre. Then the stress in the extreme outer fibre at the 
distance v is Sya, and the stress in any other fibre at a distance y 


from the neutral axis is i Sa. The sum of all the fibre stresses. 


above and below the neutral axis is then 
Ss" Sa = Bt Say. 
v v 


But since the beam is in equilibrium and all the external forces. 
are vertical, the sum of all the horizontal fibre stresses in any 
cross-section must be zero. We must have then Say = 0, or the 
neutral axis must pass through the centre of mass of the cross- 
section (page 17). 

The line AC passing through the centre of mass of every cross- 
section is the neutral axis of the beam. 

Resisting Moment.—We have seen, page 285, how to find the 
bending moment Mr at any point Rr, 
of a beam distant a from the left 
end. The bending moment bends 
the beam or tends to cause the 
portion of the beam between the 
point and the left end to turn 
about that point. 

In the figure take the point C 
on the neutral axis, distant x 
from the left end. Then, as we 
have seen (page 285), we have for ; 
the case represented, for the bending moment at any point of the 
cross-section at C, 


Wall — 0) 
l 


ifx>z:. This moment is negative and hence the effect of the ex- 
ternal forces R: and W on the left of C is to cause clockwise rota- 
tion of the portion AC of the beam about C. 

But if the beam is in equilibrium, the bending moment Mx must 
be balanced by the sum of the moments of the fibre stresses of the 
cross-section above and below CO, with reference to C. f 

Now any fibre stress of the cross-section, at a distance y from 


i = 


Oe ; 1 ; 
the neutral axis, is, as we have just seen, “Sra, where a is the cross- 


section of the fibre and S; the unit stress within the elastic limit in 
the most remote fibre of the cross-section at the distance v from the 
neutral axis. The moment of any fibre stress at the distance y 


from the neutral axis is then ay, and the sum of all the fibre- 
stress moments of the cross section with reference to the neutral 
axis is SF ayy. 

But (page 271) Say’ is the moment of inertia J of the cross-sec- 
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tion with reference to the neutral axis. Hence the sum of the 
moments of all the fibre stresses of the cross-section with reference 
to the neutral axis at Cis 
ST 
ae 
We call this the resisting moment, because it resists the action 
of the bending moment M;, and thus prevents the portion of the 
beam AC from turning about the neutral axis at C under the action 
of the external forces on the portion AC. The bending moment M, 
is therefore always equal in magnitude and opposite in direction to 
the resisting moment. If we consider always the fibres belonging 
to that portion of the beam on the left of the cross-section, then the 
resisting moment of these fibres is always opposite in direction to 
the bending moment of all external forces on the left and in the 
same direction as the bending moment of all external forces on the 
right. We have then ° 


Be Sey, oe 


where we take the minus sign if we take MM, for all external forces 
on the left, and the plus sign if we take M; for all external forces 
on the right, the resisting moment being always that due to the 
fibre stresses of the left-hand portion. If this latter moment comes 
out minus, it indicates then compression in the bottom fibres; if 
plus, tension in the bottom fibres. 
By the use of (II) we can find, in any given case, the load which 
a beam will carry for any given value of S; within the elastic limit. 
Wecan also determine the shape of the beam for uniform strength, 
that is, for Sy the same at every cross-section. 
Equation ([]) takes into account the fibre stresses of the entire 
(Se a A cross-section whatever its shape. If 
i a beam consists of two flanges and a 
i, Web, it is sometimes customary to 
| disregard the web. In such case, if 
h is the effective height or distance 
from centre to centre of flanges, and 
A is the area of one flange at any point, and S the unit stress, we 
have, taking moments about the centre of the other flange, 


SA aaa 


Coefficient of Rupture.—In all the preceding discussion of the 
equilibrium of a beam we have assumed— 
1st. That the deflection is very small compared to the length. 
2d. eee any cross-section plane before flexure remains plane 
after. 
3d. That the elastic limit is not exceeded. 

When a beam is loaded to the point of rupture, the third as- 
sumption is violated. The strain is then no longer directly as the 
cistance from the neutral axis, and the second assumption no longer 
holds. Also, the first is often not allowable. 

We can therefore properly apply equation (II) only when the 
elastic limit is not exceeded. 

Now when a beam is loaded to the point of rupture, we assume 
an equation of the same form as (II), and write 


ST 
(0) 


= 


= SE Myo 5. ore herd ec ae gS eee) 
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where M, is the bending moment at the cross-section where rupture 
occurs, or the dangerous cross-section, J is the moment of inertia 
with reference to the neutral axis of that cross-section, and S; is the 
unit stress in the most remote fibre of that cross-section at the dis- 
tance v from the neutral axis where rupture occurs. 

When the cross-section of the beam is constant, J and v are con- 
stant, and we see from (II) that the outer fibre stress S; is greatest 
at the point where the bending moment Mz is greatest. The dan- 
gerous cross-section for a beam of constant cross-section is then the 
one for which the bending moment is a maximum. 

The value of S; determined from equation (III) by experiments 
made at the breaking point is called the coefficient of rupture. 

Let S: be the unit stress of direct tension and S. the unit stress 
of direct compression which ruptures a bar. We call S; the ulti- 
mate tensile strength, and S. the ultimate compressive strength. The 
ultimate compressive strengths of tension and compression are not 
in general equal. Thus for timber (Table page 290) the tensile 
strength is the greater, while for cast iron the compressive strength 
is the greater. 

If equation (II) held good beyond the elastic limit, we should 
expect to find S; in (II1) equal to the least ultimate strength of the 
material, either tension or compression as the case may be. But as 
a matter of fact S; is always found by experiment to lie nearly 
midway between S; and Se when they are different. 

Experiments upon the valueof S; are not numerous; and when in 
any case the value of S, is not known, but S; and S; are known, we 
can find an approximate value for S; by taking the mean value of 
St + Se 

ar 

By the use of (II), then, we can estimate more or less accurately 
the breaking weight of a beam. 

Table of Properties of Materials.— We give in the following 
Table average values of the ultimate compressive strength S-, the 
ultimate tensile strength S;, the coefficient of rupture S;, the elas- 
tic limit S. and the ultimate strength S,—all in pounds per square 
inch. We also give the coefficient of elasticity # in pounds per 
square inch as determined by experiments in direct compression, 
tension and shear. Also the density * or mass of a cubic foot of 
material in pounds. lex 

All these values are averages and liable to great variations for 
different grades and qualities of materials. Thus, for instance, 
timber varies in its qualities according to kind, and each kind 
varies according to soil, climate, season when cut, method and 
duration of seasoning, direction of fibres with reference to stress, 
form and size of test specimen, etc. So, also, iron and steel vary’ 
according to quality, process of manufacture, whether in bars, 
plates or wire, etc. Such average values as we give, then, can only 
be used in preliminary computations. In actual cases of investiga- 
tion and design, special experiments must be made with the 
materials actually used. , } 

As to density or mass per cubic foot, a rule which should be 
noted by the student is that a bar of wrought-iron one square inch 
in cross-section and one yard long (or 36 cubic inches) weighs ten 
pounds. Thus the weight per foot in pounds of a bar of uniform 
cross-section is at once given by multiplying the area of cross-sec- 
tion in square inches by 10 and dividing by 3. Inversely, if the 
weight per foot in pounds is given, multiply by 3 and divide by 10 
for the area of cross-section in square inches. 


St and Sc, or putting S; = 
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Steel is about two per cent heavier and cast iron six per cent. 
lighter than wrought iron. 

Stone is about one third, brick one fourth, timber one twelfth 
the weight of wrought iron. - 

When a test specimen is ruptured by direct tension, it elongates. 
rapidly after the elastic limit is reached, and the area of cross-sec- 
tion is in general greatly reduced. The ultimate elongation, taken 
in connection with the reduction of area, indicates the ductility of 
the material. 

Thus a material which has a high ultimate strength but shows. 
little elongation and reduction of area is brittle. We have there- 
fore given in the Table the average value of the ultimate elonga- 


tion per unit of original length § =;- 


TABLE OF AVERAGE PROPERTIES OF MATERIALS. 


Ultimate . Ultimat ‘ i 
eas betes Elongation sna i Elastic Limit. 
Gone Strength. res x Rupture. 
Se St l Sr Se 
lbs. per sq. in.|lbs. per sq. in.|in, per lin.in.| 1bs.per sq.in. lbs. per sq. in. 
Timber ovate are 8000 10000 0.015 9000 3000 
BTC Ka vercvcoretenele ts DOOD! i eras teceso a9: if cece tere code coltle, etre here ence ee Rate eee 
Stone. /icccves. GOU0 re meet eaten) NTT ie Dk Se 
Cast iron....... 90000 | 20000 | 0.005 | 35000 | $0000 tension 
; (60000 compression 
Wrought iron. 55000 55000 0.15 55000 25000 
Steel (structural)} 150000 | 100000 0.10 120000 40000 
| Ultimate Coefficient of ‘ 
Shearing Strength. Elasticity Density 
Su E 2 
> lbs, per sq. in, Ibs. per sq. in. Ib. p. cu.ft. 
TNS noe ee 600 longitudinal | § 1500000 tens. or compress. 

: { 8000 transverse i 400000 shear ; t 40 
LA eocenicn todos loadoacane oasaoee coals Sorte eater 125 
Ptole yeaa i] eee eee React ee compression 160 
Casi uiror eee 15000000 tens. or compress. ) 

20000 8000000 shear eee ote 

Wrouchtiivone 25000000 tens. or compress. 
ah 50000 1 15000000 shear t 480 
teel (structural) 70000 30000000 tens. or compress. 490 


Factor of Safety and Working Stress. —Th io i 

t bi aMaVes ath: iia &) 

pus ultimate strength to the actual working unit stress ey Y lod tie 
actor of safety. Thus if the ultimate stength or unit stress at the 
poiny of dees in any case is denoted in general by S,,, and if Sj 
Shes working unit stress, we have for the factor of safety in that 


n= = or nSy = Soe 


The factor of safety, then, is a number whi 
FE i a) t ’ y ch iF 
times the actual unit stress are necessary to rites aes nee 
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The safe or working unit stress is then found by dividing the 
ultimate strength by the proper factor of safety. It should always 
be well within the elastic limit. If then the elastic limit is known, 
the working stress can be chosen with reference to it. This is the 
best and most rational method of determining the working unit 
stress. But it is in many cases difficult to determine the elastic limit, 
while the ultimate strength is more readily and definitely deter- 
mined and in general better known. Hence the employment of a 
factor of safety in connection with the ultimate strength. 

The following Table gives the average values of the factors of 
safety usually adopted. 'These values are not to be used arbitrarily, 
but in the light of judgment and experience. In any important 
engineering structure special experiments upon the materials actu- 
ally used should be made in order to determine their properties as 
to coefficient of elasticity, elastic limit, ultimate strength, etc., and 
materials not coming up to a specified standard rejected. From 
such experiments the working stress can be decided in view of the 
actual qualities of the material. The average values in the Table 
can, however, be used for preliminary estimates. 


TABLE OF AVERAGE FACTORS OF SAFETY. 


For Steady For Varying 
Material. Stress Stress Oe es 
(Buildings). | (Bridges, etc.). 2 


HTN DET PAN arais Saloie veel oisiv ela ea eis oes 8 10 15 
TICK ANG SHON sereaie wo creie eerie sere 15 25 30 
Gash aTOWoh ce 5 ai toca aoa tater 6 10 15 
i[Wirouphi itons\. o.- «ccc csrperrcieie. is - 4 6 10 
Seeelu(Sheucharall)s...cssesn were leke se oie 5 ii 10 


In order, then, to find the working unit stress Sw in any case, we 
divide the ultimate unit stress S. by the factor of safety n, as given 
by the preceding Table. This gives us in any case a constant work- 
ing unit stress Siw = me For average values we have then the 
following Table for working unit stress, which may be used for 
preliminary estimates. 


TABLE OF WORKING UNIT STRESS S, IN POUNDS PER SQUARE INCH. 


Steady Stress Varying Stress Shocks 
(Buildings). (Bridges, Roofs, etce.). (Machines, etc.). 
Material. Sw Sw Sw 
Tens.|Comp.| Shear. Tens. |Comp.| Shear, | Tens. |\Comp Shear. 


6Otone. 40 tong. 
Timber ....| 1800} 1000/4 57%")! 1000) 800] { 412%, | +700) 600] | sq aon® 


Bric kes cele Neenese | WAU) Re, Aceon oA, MAO eam oeneteceal ort SO are. carves 
UGE. onc estiean AQ ee Cinteo kil scone AO i ee esaroterile cis te 200 faerie. 
Cast iron ..| 8300)15000) 3300 2000) 9000} 2000 1300! 6000} 1800 


Wrought 
iron 1400014000) 12500 9000, 9000} 9000 | 5500} 5500) 5000 

Steel (struc- 
tural)..../20000/30000} 14000 | 14000/21000; 10000 |10000| 15000 7000 
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In order to determine the area of cross-section A for simple 
tension or compression or shear, we have then simply to divide the 
total stress by the working unit stress S,. We have then, when 
jexure is not to be apprehended, for steady or varying stress or 
shocks, 

Pires total stress 
Sw ‘ 

Sometimes we have alternating stress, i.e., sometimes tension 
and sometimes compression, as in the connecting rod of a steam- 
engine. In such case it is a common practice, for the sake of 
security, to find the area of cross-section for each stress and take 
the sum. Thus, if flexure is not to be apprehended, 


total tensile stress + total compressive stress 


A= 
Sw Sw 
When flexure is to be provided against, we must proceed as on 
page 361. ; 


Variable Working Stress.—The fact that the working unit stress 
Sw, as determined in the preceding Article, is constant in any case 
is by many engineers considered objectionable. 

he total unit stress can in general be divided into two portions. 
The one portion is a steady unit stress always existing, such as that 
due to weight or dead load. The other portion is a repeated unit 
stress such as that due to loads recurring at intervals. 

Evidently, when the ratio of the steady stress to the total stress 
is great, we should be able to take a greater working unit stress 
than when it is small. Thus when the steady stress is equal to the 
total stress, there is no repeated stress at all and the working unit 
stress should have its greatest value. On the other hand, when the 
steady stress is zero, we have repeated stress only and the work- 
ing stress should have its least value. 

It is therefore customary to take for the working unit stress, 
when flexure is not to be apprehended, for repeated stress, 


) 


Su — Sp _ steady stress 
Sp . total stress 


From equation (I) we see that when the steady stress is equal to 
the total stress, that is, when there is no repeated stress, we have 


S 
Sw = oc where S, is the ultimate strength and n the factor of 


‘ 


safety, just as in the preceding Article. 
But when the steady stress is zero, we have only repeated stress, 


and equation (1) gives us Sj =", Hence S, must be the ultimate 


strength for repeated stress. We call this the ‘ repetition strength.” 
In like manner, when flexure is not to be apprehended, we have 
for the working unit stress, for alternating stress, 


_ Sp Sp— Sv _ least of the two opposite stresses 
Sw =—{1-— A ; = a (IT) 
n Sp greatest of the two opposite stresses/’ 


From equation (II) we see that when one of the two opposite 
é i p a 6 
stresses is zero we have Sw =: a? as in the previous case for 


steady stress zero. 
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But when the two opposite stresses are equal we have Sy = Se. 
Hence Sy» must be the ultimate strength for equal alternating 
stresses. We call this the ‘‘ vibration strength.” 

The difficulty and uncertainty of determining Sp and Sy by 
experiment, and the few experiments available, make the method 
of the preceding Article the most generally accepted. 

The method of equations (1) and (II) of the present Article is, 
however, the most rational, and it is quite extensively used with 
certain assumed average values for Su, Sp and Sv, as given in the 
following tabulation : 


Sp Su — Sp Sp — Sv | 


n Sp Sp 
1 
WV @OG ecw eee atae torts ci 400 2 5 
Wrought irony. ccc sesc ee: 7500 1 ; 
; 4 2 
Gast arony aa enmsteesiers 3 10000 3 5 
Steel (Structural)........ 17870 1 ie 


L 


These values are for direct stress of tension or compression. For 
shear we take four fifths of Sw as determined above. 

In order to determine the area of cross-section A, we have in all 
cases 
__ total maximum stress 


a Sw 


: When flexure is to be provided against we must proceed as on 
page 361. 

Strength of Pipes and Cylinders. — Let p be the pressure per 
square inch on the interior surface of a pipe or cylinder due to the 
pressure of water or steam. It is a well-known principle of physics 
that the pressure of a fluid in any direction is equal to the pressure 
on a plane perpendicular to that direction. 

Hence in the figure the pressure P, say in a vertical direction, is 
equal to the pressure on a horizontal 
plane /d, where / is the length and d is Ee 
the interior diameter. We have then 


P=pld. If Sw is the safe working 
unit stress for the material for tension, __ 
and ¢ is the thickness, we must have NN 
then enema 
pd 
pld = 2tlSw , Ce he aS, fi (1) Pp 
w 
Pipes come in commercial sizes, and the preceding formula en- 
ables us to select the nearest commercial size for given pressure, 
diameter and safe working unit stress. 


If we consider the preceding figure as a closed cylinder, then the 
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B : : . 
pressure on the head is p x ae and the area of cross-section is 
mdt. We have then 

2 ad 
x 1F = ndtS0, or t= fe eee 


Hence the thickness to resist longitudinal rupture is twice that 
necessary to resist end rupture. For water pressure, if the head h 
is taken in feet, the pressure in pounds per square inch is p = 0.434h. 

Riveted Joints.—In a riveted joint the resistance of the rivets 
due to shear should equal the tensile strength of the plates joined. 

Kinds of Riveted Joints. — We may distinguish the following 

joints : 
: ist. Simple “Lap” Joint, Single-riveted.—Fig. 1 shows this 
joint front and side. The two plates overlie 
each other by an amount equal to the ‘‘lap” 
and are united by a single row of rivets. The 
distance p from centre to centre of a rivet is 
called the pitch. We denote the diameter of 
rivet by d and the thickness of plate by f. 

2d. “Lap” Joint, Double - riveted. — This 

t joint is similar to the preceding, except two 
rows of rivets are used. In both cases the 
rivets are in single shear. 
In all cases where more than one row of 
eet rivets is used the rivets are ‘‘ staggered,” or 
AS dag so spaced that those in one row come midway 
between those in the next, as shown in Fig. 2. 
Lap joints are used in tension only. 


Pre. 2: Fre. 3. 


3d. “* Butt” Joint, Single-riveted, Two Cover-plates.—Her 

two plates are set end_to end, making a “butt” coon and ae 

cover-plates” are placed on the back and front and_ riveted 
through by a single row of rivets on each side of the joint (Fig. 3). 
The plates in such a joint are in general not allowed to actually 
touch, and the entire stress, whether tensile or compressive, is there- 
fore transmitted by the rivets. The thickness of the cover-plates 
should not be less than half the thickness of the plates joined, ex- 
cept when this rule would give a thickness less than 4 inch. Owing 
to deterioration of the metal by the action of the weather. no plate 
is used in construction less than } inch in thickness. Hence if the 
plates joined are less than 4 inch, the cover-plates should be + inch. 
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4th. ‘‘ Butt” Joint, One Cover-plate, Single-riveted.—This is the 

same as the preceding except that one cover-plate only is used, of 
the same thickness as the plates themselves. 
_ dth. Double-riveted ‘* Butt” Joint, Vwo Cover-plates.—This joint 
is the same as case 8, except that we 
have two rows of rivets on each side 
-of the joint. 

The thickness of the cover-plates 
is determined by the same considera- 
tions as in case 3. 

6th. ‘‘ Butt” Joint, One Cover- 
plate, Double - riveted. —This is the 
same as the preceding case, except 
that there is only one cover-plate of 
the same thickness as the plates them- 
selves. 

7th. Chain Riveting.—When we 
have more than two rows of rivets on 
each side of a butt joint, the system 
is called chain riveting. Such a dis- 
position becomes necessary when the Fra. 4. 
requisite number of rivets is so great that they cannot be disposed 
in two rows without unduly weakening the plates. 

Theory and Practice of Riveting.—A rivet may fail by shearing 
across or by being crushed. The plate may fail by rupture between 
the rivets or by tearing through of the rivets at the edge of plate. 
The rivets should be so proportioned and spaced that the strength 
for any method of failure may be equal and the plates weakened as 
little as possible. 

Notation.—Let Sw be the working unit stress of the plates, either 
compression or tension, Swe the working unit stress for compression, 
Sws the working unit stress for shear, t the thickness of the plates, 
d the diameter of rivet, p the pitch of rivets ina row, or the distance 
from centre to centre in a row, and n the number of rivets. 


Diameter of Rivets—Then the area of a rivet is ee = 0.7854d?. 


The shearing resistance of a rivet is 0.7854d?Sws, and the total shear- 

ing resistance of 1 rivets is 0.7854nd*Sws. The bearing surface of a 

rivet is dt, of n rivets ndt, and the resistance to crushing ndtSvwe. 

For equal strength of crushing and shearing we have for single 
shear, or lap joint, He 

7854n@? Sus = ndtSue, or d= ——~_. 

0.7854nd? Shes ndt Src ’ 0.7854,Sres 

For double shear, or butt joint with two cover-plates, we have 


t Swe 

1.5708 Sws- ss 

For threefold shear we have 3 x 0.7854 in place of 0.7354 in (1), 
and so on. ; 

It is customary to take Sj-- = 12500 lbs. per square inch and 
Sirs = 7500 Ibs. per square inch for wrought-iron rivets in single 
shear. 

We have then 


(1) 


1.5708n07Sins = ndtSwe, or d 


d = 2.12t for single shear; (3) 
d =1.06¢ for double shear. . es Oeie 


Practical Value of d—Owing to risk of injury to the material in 
“punching, the diameter of rivet must always be at least as large as 
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the thickness of the thickest plate through which it passes, and the 
diameter as given by (1), (2) or (8) must be chosen with reference to 
this restriction. The least allowable thickness of a plate is 4 inch. 
We should have then as a lower limit for double shear, d = 4 inch. 
But rivets as small as this are rarely used. Usually } inch is the 
least diameter allowable. A common practical rule is 


3 
= Sasa. bg! jug Mah pa ae ae nL 
d it +7 (4) 


where d is the diameter of rivet, and ¢ the thickness of the plate in 
inches. When this rule gives d greater than (1), (2) or (3), we use 
it; otherwise we use (1), (2) or (3), wnless considerations of pitch, as 
given in what follows, prevent. 

Pitch of Rivets.—The area of plate between two rivets is (p— d)t; 
and if Sis the working unit stress of tension or compression for 
the plates, and Sis the working unit stress for shear, we have for 
equal strength: 

for single shear or lap joint 


(p—@tSw = mo Sie , OF f= Te + 0.7854 


Sis ‘ 
tSw ; 


for double shear or butt joint 
md? anol Sws 
(p — @)tSw = —Sus, or 10, 1 + 1.5708——— |- 
2 tSw 
Since Sws and Sy» are nearly equal, we have practically, if A is. 
the area of cross-section of a rivet, 
for single shear 
d 


p= di + 0.78544 ) =d+ 


for double shear at ge tate gens 


p= a(t 4 1.57085 pee 


a 
fm 


t 
The plate section is reduced by punching from pt between two 


rivets to (p — d)t, so that in the case of a tension joint the strength 
is reduced in the ratio * 


pale it oF 
1 — ps 
rd ae 


We see at once that for a given thickness ¢ a large rivet gives a 
large pitch and less reduction in strength than a small rivet. Small 
rivets allow a less pitch at a sacrifice of strength. But the less the 
pitch the tighter the joint. When strength rather than tightness is 
desired, as in bridges and parts of buildings and machines, we should 
then use a large rivet. When tightness is essential, as in steam- 
boilers, we should use a small rivet with a sacrifice of strength. 

_ Practical Restrictions.—Owing to risk of injury to the material 
in punching and liability to tear out, rivets are not allowed a pitch 
of less than 3 diameters, or, if this distance is less then 3 inches, as 
it usually is, less than 3 inches. Rivets should not be spaced farther 
apart than 6 inches in any case, or, when the plate is in compres- 
rape ete ue Sg me of Hey thinnest outside plate. This last is. 
u against buckling of the outside i ji 
these restrictions we ake apply (5). miimansniesr ee 
Number of Rivets.—Guided by the preceding restrictions and 
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rules, we can select in any case a suitable size of rivet. This done, 
we can easily determine the number required. 

A rivet is considered as failing either by shearing across or by 
crushing. In any case, then, the diameter being chosen, we must 
take such a number as shall give security against these two methods 
of failure, choosing the greater number. In general the number to. 
resist crushing will be more than enough to resist shear. Still we 
should try for both. The bearing area of a rivet is the projection 
of the hole upon the diameter, or dt. 

The allowable compressive stress is about 12500 Ibs. per square 
inch. The allowable shear is taken at 7500 lbs. per square inch for 
single shear. 

In the followingTable we have given the safe shearing and bearing 
resistance for rivets of different sizes and for different thicknesses 
of plate. Having chosen, then, the size of rivet, an inspection of 
the Table will give its resistance. The stress to be resisted being 
known, the number to resist this stress either by bearing or shear- 
ing is easily determined. The greatest of these two numbers is 
taken, with enough over in any case to complete the row or rows. 
As most practical cases are double shear, the greatest number will 
usually be determined by the bearing resistance. 

Distance from End to Hdge.—The distance between the end and 
edge of any plate and the centre of rivet-hole, or between rows, is 
fixed by practice at never less than 1} inches, and when practicable 
it should be at least 2 diameters for rivets over 2 inch diameter. 

Joints in Compression.—The size and number of rivets are deter- 
mined for joints in compression precisely as for joints in tension, 
because the joints are not considered as in contact and hence the 
rivets must transmit the stress in either case. 


RIVET TABLE. 
SHEARING AND BEARING RESISTANCE OF RIVETS. 


Diameter of Area Single Bearing Resistance in pounds for Different Thicknesses of 
Rivet in inches, of |Shear at Plate at 12500 lbs. per square inch = 12500 x dt. 
Rivet | 7500 lbs. 
in per 
Frac- De- square | square an |) 5 iat | al an |g tt 5tr deaitie SUN pnt yee 
tion. cimal. inches.| inch. |4 |i & \tis 2 jae 8 16 4 16 8 


2 0.275 | 0.1104 | 828 |1170]1465)1760 
shy 0.4375 | 0.1503 | 1180 |1370/1710)2050|2390 

4 0.5 0.1963 | 1470 |1560)1950]2340|2730|3125 

=*s | 0.5625 | 0.2485 | 1860 |1760/2200/ 2640) 3080 /3520)3955 


5 0.625 | 0.3068 | 2300 {1950 2440)2930'3420/3900/4390| 4880 
ai 0.6875 | 0.3712 | 2780 |2150|2680/3220/3760)/ 4290/4830} 5370 | 5908 
} 0.75 0.4418 | 3310 |2340)2930/3520/4100|/4690/5270) 5860 | 6440) 7030) 


13 0.8125 | 0.5185 | 3890 |2540)3170/3800/4440/5080/5710| 6350 | 6980) 7620 8250 
Z | 0.875 | 0.6013 | 4510 |2730/3420)4100 4780/5470) 6150 6840 | 7520) 8200, 8890) 9570 
18 0.9375 | 0.6903 5180 |2930)3660)4390)5130/5860)6590| 7320 8050) 8790, 9520} 10250: 
1 1 0.7854 | 5890 |3125)3900/4690/5470/6250'7030| 7810 | 8590] 9370, 10160) 10940 


175 | 1.0625 | 0.8866 | 6650 |3320)4150)4980)5810)6640)7470 8300 | 9130) 9960 10790) 11620 

13 1.125 | 0.9940 | 7460 /3520/4390)5270,6150)7030,7910] 8790 | 9667) 10550, 11420) 12800: 

1,8, | 1.1875 | 1.1075 | 8310 {3710 4640/5570 6490)7420) 8350 9280 | 10200) 11130} 12060) 12990: 
| 
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Investigation and Designing of Beams. — From page 284 we 
must have for safety, as regards shearing, at every point of abeam 


5.4 2 Ve ee ee 


where A is the area of vertical cross-section at any point, Sws is the 
working unit stress for shear and Vz is the vertical shearing force 
at any point, or the algebraic sum of all the vertical external forces 
between any point and the left end. 

From page 288 we have 


Syl _ = uy, i. 5 ee ee CL 
Vv 


where Sy is the unit stress within the elastic limit in the most 
remote fibre of any cross-section at a distance v from the neutral 
axis, I is the moment of inertia of that cross-section with refer- 
ence to the neutral axis, Mz is the bending moment at that cross- 
section of all the external forces on either side between the cross- 
section and either end, the minus sign being taken for forces on 


the left and the plus sign for forces on the right, and ae is 


the resisting moment at the cross-section of the fibres belonging ¢o 
the left-hand portion of the beam. If then this comes out minus 
we have compression in the bottom fibres, and if it comes out plus 
we have tension in the bottom fibres. 

We have also, from page 288, 


ot eu, 


where S;, is the coefficient of rupture, or the breaking unit stress in 
the most remote fibre at the dangerous section, and MM, is the bend- 
ing moment at that section. 

From (IIT), if S; is known, we can find in any case the breaking 
weight. Average values of S; are given in the Table page 290. 

When experiments upon S; are lacking we may use a mean 
value between the ultimate tensile and compressive strength for 
approximate calculations. If we divide the breaking weight by 
age of safety (page 291), we obtain the allowable or working 

oad. 

From (II) we can find the load for any value of S; within the 
elastic limit Se (page 290). If we put for S¢ the working unit stress 
Sw (page 292), we also obtain the working load. 

We can also find from (II) the shape for uniform strength. The 
following cases will make plain the application of these equations. 

Case 1. Cantilever Beam—Load W at the Free End. — Let J be 
the length of the beam and & the distance from the free end of any 
cross-section through the point C of the neutral plane (page 286). 

Then the bending moment at that point is 


M;, =+ Wa, or My — Wx, 


according as the weight W is on the left or right of the point P. 
In both, cases, then we have from (II), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam AC, 
Sl 


a = — Wx, 
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where J is the moment of inertia of the cross-section at C, and 5} is 

the stress in the most remote fibre of that cross-section at the dis- 

tance v from the neutral axis. The minus sign denotes that we 

pee compression in the lower fibre in both cases, as shown in the 
gure. 


We have then, without reference to direction of rotation, 


Wvx 
y= Ta (1) 
or 
wa wt. (2) 
VA 


From (2) we can find in any case the load W which will cause a 
given stress S; in the most remote fibre of any cross-section at any 
distance « from the free end. 

From (1) we can find the stress S; for any given load W. 

In any case we have only to substitute the value of v, « and I. 

1. Breaking Weight— Constant Cross-section. — Rupture will 
occur at that section for which S¥¢ is the greatest. 

If Tis constant, vis constant and we see from (1) that Sy? will be 
greatest when «=I. The dangerous section is then at the fixed 
end. We have then from (III), page 298, 


ey, 
VU 


where the minus sign denotes, as before, compression in the lower 
fibres and S;- is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 


Ve rd eo) 


If, for instance, the beam is rectangular in cross-section of 
: 1 ] 
breadth 6b and height h, then (page 278) J= 790! v=5, and the 
breaking weight is 


S,bh? 
V= 6l 
If the beam is triangular in cross-section of horizontal base b 


and height h, then (page 271) I = oe = h and the breaking 
weight is 


S,-bh? 
ee a 
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In the same way we can find the breaking weight for any form 
of cross-section by substituting in (8) the value of J and v._ The 
value of S,; can be taken from our Table page 290 for approximate 
determinations. We see that the strength of a beam is directly as 
the breadth and as the square of the height, and inversely as the 
length. 

2. Shape for Uniform Strength.—Let the cross-section vary SO 
that J is the moment of inertia of any cross-section at the distance 
a from the free end, and Ji the moment of inertia of the cross- 
section at the fixed end. 

Then from (1) the unit stress in the most remote fibre of any 


cross-section 1s 


where, v is the distance of that fibre from the neutral axis. 
For the most remote fibre of the end cross-section we have then 


Sa Wai where wv: is the distance of that fibre from the neutral 


vie 
axis. 

Now for uniform strength the outer fibre stress must be the same 
at every cross-section. We have then for the condition of uniform 
strength 

Wve _ Wull ee ae vil 
Ti Ties if Te 

If, for instance, the beam is rectangular in cross-section at every 
point, the breadth and height at the fixed end band hi, and at. 
any point b and h, we have (page 278) 


(4) 


i h 1 h 
l= . tn a SOW (ae = 
Dhee Mie ue jg Ove’, v a3 
and hence, from (4), we have for the condition of uniform strength 
Se l 
Bye bd 0 


Now if the height is constant, h =h.:, and we have for the 

breadth at any point distant w from the free end 
bi 
b = ee . . . . : . . . . (6) 

The breadth then varies as the ordinate to a straight line from 
b; at the fixed end to zero, theoretically, at the free end. Practi- 
cally the breadth cannot be zero at the free end, but must have a 
‘es bo such that the area A = buh: at the free end may resist the 
shear. 
Ww 
<—, Or we 
Sws 
must have &, at least equal to 


We have then from (I), page 284, boi at least equal to — 


Substituting this value of bo for bin 
(6), we find that the cross-section must 
be constant for a distance a from the 


Wi 
XH = = 
libiSws 


free end at least equal to 
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For any value of « greater than x the breadth is given by equa- 
tion (6). 

If the breadth is constant, b = b1, and we have from (5), for the 
height at any point distant a from the free end, 


hV? 


= hi 


i x (7) 


The height then varies as the ordinate to a parabola from bi at 
the fixed end to zero, theoretically, at the free end. Here, again, 
we must have the height at the free 
end practically at least equal to 

Ww 
ho = ——. 
biSws 


Substituting this for h in (7), we 
find that the cross-section must be 
constant for a distance a» from the 
free end at least equal to 


at tae a Ne 
te Wieor Somes 

For any value of x greater than a the height is given by equa- 
tion (7). 

If both 6 and h vary, but the cross-section at every point is rect- 
angular, we have 


Ho 


Bish hib 
(On. SH On SOMO 10, or ae h= Bie 
Substituting these in (5), we have 
=. B= eh eee oe meee) 


The height and breadth vary then as the ordinates to a cubic 
parabola from ii and b: at the fixed end to zero, theoretically, at 
the free end. The areaat any point 
is then, from (8), 

Bat 
th = Ids V 

The area A at the free end should 

be at least, from (1), page 284, 


Ww 
ALS ily = ee 
The cross-section should therefore be constant and equal to 
bolo = ms at least, for a distance a» from the free end given by 
ws Wi Fede wo 


cy AE TRAP Moe 

For any value of « greater than a the height and breadth are 
given by (8). Inserting the value of a in (8), we obtain ho and bp at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section, by substituting in (4) the values of 
I, fi, v and v1. 


* 
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Case 2. Cantilever Beam——Load per Unit of Length w Uniformly 


Distributed—The total load on the whole beam is W=wil. The 
load over any distance a from 


the free end is wx, and we can 
take it acting at its centre of 


mass or at se from the free 


end. 

We have then for the bend- 
ing moment at any point dis- 
tant a2 from the free end 


Wax? wa? 
Me Sia ig Ss oe es lease 
according as the load wa is on the left or right of the point. 
In both cases, then, we have from (I]), for the resisting moment. 
of the fibres belonging to the left-hand portion of the beam AC, 
Bilis Pee 
v om 
The minus sign denotes that we have compression in the lower 


fibres. 
We have then, without reference to direction of rotation, 


wae? 
Se= oP? . . . . . . . . . @) 

or I 
twa = EE jab Se eto 


From (2) we can find the load which will cause a given stress S¥ 
in the most remote fibre of any cross-section at a distance a from 
the free end. From (1) we can find the stress S; for any given load 
wx. In any case we have only to substitute the value of J, x 
and d. 

1. Breaking Weight—Constant Cross-section.— Rupture will occur 
at that section for which S; is greatest. If J is constant, d is con- 
stant, and we see from (1) that S; will be greatest when a = 1. The 
dangerous section is then at the fixed end. We have then from 


(III), page 298, 
See 
Came Ge 
where the minus sign denotes, as before, compression in the lower 
fibres, and S;- is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 
2S8,-L 
ish! === 2 ee 
ae cle S) 
or twice as much as for the same beam with the same load W at the 
Sree end (page 299). 
If, for instance, the beam is rectangular in cross-section, of 


breadth b and height h, then (page 278) I= ohh’, a es and the 
breaking weight is 
S,bh? 


W=wl= : 
3l 
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If the beam is triangular in cross-section, of horizontal base b 
bh’ 


36” 


S,bh? 
ieyh * 


In the same way we can find the breaking weight for any form 
of cross-section by substituting in (8) the values of Zand v. 

2. Shape for Uniform Strength.—Let Ibe the moment of inertia, 
at any cross-section and J, the moment of inertia at the fixed end, 
the distance of the outer fibre being vand wm. Then for uniform 
strength we must have S; at the end equal to S7 at any cross-sec- 
tion, or, from (1), 


and height h, then (page 273) I= v= sit and the breaking 
weight is 


W=wl = 


wee’ wl? hige Son 


Tae Take TS py @ 
For rectangular cross-section 
a h 1 h 
T= 70h, bess Lh = 7g 0h’, es 
and hence 
aor [B 
be Bh 0 
For constant height h = hi and 
bi 
= pe ge es eek) 


The breadth then varies as the ordinate to a parabola. From 
equation (1), page 284, we must have for 
the breadth 6. at the distance x from 
the free end 

wae 
ee 
S 

Substituting this in (6), we find that 
the cross-section must be constant for the distance a from the free 
end at least equal to 


ee bl ale 
: bihiSws ‘ 
and the breadth at the free end is then 
ie! we 
ae OO See 


For any value of x greater than x the breadth is given by (6). 
For constant breadth 6 = b: in (5) and 
pare gO nomen 7) 
From equation (I), page 284, we 
have for the height ho at the dis- 
Dy tance a» from the free end 


a hy — 0% 
Ay ve biSiws ” 


Substituting this in (7), we find 
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that in order to resist shear we must have the end cross-section 
A, = bili at least equal to 


Ot Ae wl 


Sws ; 

If then the end cross-section is safe for shear, every cross-sec- 
tion is safe, and for any value of x the height is given by (7). 

The height varies then as the ordinate to a straight line, from hi 
at the fixed end to zero at the free end. ; 

If both 6 and h vary, we have for rectangular cross-section at 
every point 


(on 2 /in 82O 210, CP es ae! 
hi by 
Substituting in (5), we have for the height and breadth at any 
point 
hi? faye 2 
he pe, pe pe (8) 


From equation (I), page 284, we must 
have at least 


Wo" 
bo? ho® = . 
Sows 
Hence, from (8), the cross-section 
must be constant and equal to bho = yells, least, for a distance %o 


Sws 
from the free end given by 
ee 
Ene’ OLS ne 


For any value of « greater than a the height and breadth are 
given by (8). Inserting the value of a in (8), we obtain fo and bs at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section by substituting in (4) the values of 
I, f,, v and v1. ; 

Case 3. Beam Loaded with W Between the Supports.—Let J be 


ax 


the length of the beam, 2: the dis- W22 We 
tance of W from the left end and Fry] Ro 
22 from the right end. t 

Then the left reaction Ri = ee 


For any point distant a from the 
left end we have for the bending 
moment (page 285), 


when « < 21, MV, — a We a 
l 1 ’ 
when ®> 2, Mex ~T# + Wn —2) = — Wal 2) 


eg case, then, we have for the resisting moment, from (11), 
Srl Wil — zx Sell 
when a < 21, ——=- = ee 
v l et val ~ 21)’ @ 
Srl St Wa. (l — x) on We SrIl 


v l ; wel — ay 


when @% > 2, (2) 
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The plus sign denotes tension in the lower fibres. 

From (1) and (2) we can find in any case the load W which 
placed at any given point will cause a given stress S; in the most 
remote fibre of any cross-section at a distance a from the left end, 
or we can find the stress S; for any given W. In any case we have 
only to substitute the value of J, v and a. 

1. Breaking Weight—Constant Cross-section.—We see from (1) 
and (2) that for constant I and v, S¢ is greatest when « < z, for 
the greatest value of x or x=2:, and when x > 2, for the least 
value of # or 2 =z, The dangerous section is then at the weight. 
We have then from (II]), page 288, 


ee ey ee ee 
vD 1 UZ122 
Wa: 


or the same as for a cantilever beam of length z: with a load oie 
at the free end (page 299). 

All the results of page 299 hold, then, in this case if we put 1 = 2 
and W= "4, For the load at the middle of the beam W= oes 
or four times as great as for a cantilever beam of the same length 
similarly loaded. 

2. Shape for Uniform Strength—.The shape for uniform strength, 
in any case, is for each portion of the beam 2: and 22, precisely the 
same as for a cantilever beam of length 2: or Z: with the weight 
us a foe ; ~ at the free end, instead of W (page 300). 

Case 4. Beam Loaded with w Uniformly Distributed.—The reac- 


’ 


tion at each end is LED 


R= wl R,=wl 
For any point distant x from the : 
left end the bending moment is , aA 
wl wae WH, Deas ak ta 
Mz 9 r+ 5 5) ( x) 


The resisting moment is from (IT), page 288, for the fibres belong- 
ing to the left-hand portion of the beam, 
Sl wee, 
aa a ae (l— x). 
The plus sign denotes tension in the lower fibres. 
We have then 


rvar(l — at 

Spee lea Pere Fr eal 
ua eee Ee) 
St ae 


1. Breaking Weight—Constant Cross-section.—We see from ) 
that for constant I and d, Sy; is greatest when # = (l — %) or «= x 


The dangerous section is then at the middle of the span. We have 
then from (III), page 288, 
} 8S: TEN 
ST _ ey On = Wl = eplt erties lO) 
v 8 ul 
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or eight times as much as for a cantilever beam with the same load. 
t the free end (page 299). : ; 

4 2. inte: for Guitare Strength.—Let I be the moment of inertia 

at any cross-section distant « from the left end, and J: at the middle 


of span, the distances of the outer fibre being v and vi. Then, from. 


(1), for uniform strength 


well — x) wil? val — a) _ uP . eas 
at or Sl? f 4], 
For rectangular cross-section 
ie bh, yak, ee ahh’, bee fas 
and hence 
EU eee foo 6 oo 5 (G> 


bh? < 4b;h;* , 


For constant height h = fi and 


b= ad —2).. Merten aa eae 5. a 
The breadth then varies as the ordinate to a parabola, as on page: 
303, and the end cross-section must have a constant breadth 


he aml aS Bes) 
eae uSis 4bihiSws 
for a distance from the left end 


( wl 
pe a La; Ee 


For any value of x greater than 0 the breadth is given by (6). 

In the same way we can find the shape for uniform strength: 
when the breadth is constant, or when both b and h vary and the 
cross-section is rectangular, as on page 304. Or, by substituting in 
(4) the values of J, 4, vand v,, we can find the shape for uniform 
strength for any form of cross-section. 

Theory of Pins and Eyebars.—The bearing resistance of a pin 
should equal the greatest pressure upon it due to any plate through 
which it passes. 

Bearing.—If d is the diameter of pin, t the thickness of any plate 
through which it passes, then dt is the bearing area. Let Sic be 
the working unit stress for compression, then dtSwe is the bearing 
resistance of the pin. This should equal the stress transmitted by 
the plate, or 

dt Swe = stress. 


We may take Swe at 6.25 tons. The stress transmitted is always 
known. Fora transmitted stress of one ton the required bearing: 
area is then 


fipesn ae. 
6.25 
and hence we have 
lineal bearing on pin per ton of stress = ae 5 6 GD 


6.25d° 
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From (1), having given the diameter d, we can find the corre- 
sponding lineal bearing or thickness of plate for every ton of trans- 
mitted stress. We have only to multiply this by the number of 
tons transmitted stress in any case to find the requisite thickness of 
the plate. 

biameter of Pin——Let ¢t be the thickness of plate or eyebar, and 
h its depth, then th is the area of cross-section of plate or eyebar. 
If Swe is the working unit stress for tension, then thSw¢ is the trans- 
mitted stress. Now if d is the diameter of the pin, and the thickness 
of the eyebar head is equal to the thickness of the bar, we have td 
for the bearing area of pin, and tdSwe for its bearing resistance. 
We must have, then, for equal strength 


Swt 


we 


td Swe — thSwt , or d = ae 


Swt 


we 


We can take the ratio -. Hence the least diameter of 
pinis 
3 


Since Oe: Poo. Vaiss Meee me) 


cae 


The diameter of pin may need to be greater than this, but it 
cannot be less, unless the thickness of eyebar head is made greater 
than the thickness of the bar itself. 

When this is the case, if ¢: is the thickness of the bar and ¢ the 
thickness of the head, we have for the least diaineter of pin 


tdSwe =tihSwt, or i= ah, Be ae) 
and for the thickness of head 
8hti 
Ne orn pica ore se a (29) 


The pin is a round beam subjected to flexure. The size of pin as 
thus determined is greater than the diameter required for safe 
bearing or shearing. For a beam we have (page 288) 

Srl 
ip 


where r is the radius of the pin and { is the unit stress in the 
4 


— Mmax, 


outer fibre, and J= ~ Hence 


os a Syd? 
Mmax 39 .° 
where Mnax is the maximum bending moment. The usual value 
for S; is 15000 lbs. per square inch for iron and 20000 lbs. per square 
inch for steel). 

We have then, in any case, to find the maximum bending mo- 
ment Mz, and then, from (5), we can find d. 

Maximum Bending Moment.—In general for any pin, we must 
resolve the stress in every bar through which the pin passes into its 
vertical and horizontal components. The stress in each bar is 
considered as acting along the centre line or axis, and hence the 
point of application of each vertical and horizontal component is at 
the centre of the bearing of the corresponding bar. 


(5) 
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Let M, be the maximum bending moment of all the horizontal 
and M, of all the vertical forces. Then the resultant maximum 
bending moment is 

Mmax = VI_n? + M.’. 
From (5) we then find the diameter d of the 
in. 

Let the parallel horizontal or vertical 
components on one side of the centre of pin 
be #1, F., Fs, F., ete., the odd indices 
F,, Fs, etc., acting in one direction, and the 
even indices F’,, F’,, etc., acting in the other. 
Let 1, be the distance between centres of 
bearing F: and F., Jl, the distance between 
F,and F, etc. We can now easily find the 
maximum moment by trial. 

Thus the moment at F2 is fil. Add to this (7: — F:)l, and we 
have the moment at F;. Add again (Ff: — F. + F)l, and we have 
the moment at Ff:, and soon. The greatest of all these is the mo- 
ment required. 

Since all the forces Ff, F:, F's, etc.. on one side are equal to all 
on the other, /:, f,, Hs, etc., they reduce to a couple on each side 
of centre of the pin, and hence the moment at any point P beyond 
the last force, as #s, is constant. We have then only to find the 
greatest moment M;, or M, by trial as directed. 

Practical Sizes for Pins.—Pins are furnished in sizes differing by 
+ inch, and all sizes are an even number of sixteenths. A pin must 
always be ordered at least one sixteenth larger than the hole itis to 
fit, in order that it may be turned down to fit. We must then add 
zs Inch to the calculated size, and if this gives an even number of 
sixteenths it can be ordered; if not, add =, more. 

Thus if the size of a pin is 4% inches by calculation, it should be 
ordered at least 4,; but since only even sixteenths are furnished, 
we should order 44 and turn down to fit the hole. 

Torsion.—Torsion occurs when the external forces acting upon 
a body tend to twist it, so that each section turns on the next ad- 
jacent section about a common 
axis at right angles to the plane of 
section. 

Let a horizontal shaft of length 
Z be fixed at one end, and let a 
force couple + F, — Fact at the 
free end whose moment about the 
axis AC is Fp. 

The shaft will be twisted about 
the axis AC so that any radial line as aC moves to bC through the 
angle aCb = 6. 

If the elastic limit is not exceeded, any longitudinal plane aBAC 
before twisting remains plane after, as bBAC, and when the couple 
+ F, — Fis removed the line 6C returns to its original position aC. 
Also the angle aCb is proportional to F and to the distance AC — 1 
of the cross-section from the fixed end. Thus if 6 is the angle aCb 
at the distance / from the fixed end, the angle aiC,b: at the distance 


ax from the fixed end is =. If the elastic limit is exceeded, this 


proportionality does not hold, the line bC does not return to its 
original position when the couple + F, — F is removed, and if the 
twist is great enough we have rupture. 


fi Leet 


5 


Fo Fy Fe 
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These facts are but a restatement of the general experimental 
laws of page 279. 

Neutral Axis.—Consider the shaft to be made up of an indefinitely 
great number of parallel fibres. Since within the elastic limit stress 
is proportional to strain, as one cross-section of the shaft turns 
about the axis and shdes upon the adjacent cross-section, the strain 
and therefore the shearing stress on each fibre of a cross-section is 
proportional to its distance from the axis AC. For the fibre at the 
axis AC there is then no shearing stress. The axis AC is then the 
neutral axis. (Compare page 286.) 

Position of the Neutral Axis —Let a be the cross-section of any 
fibre, and S; the unit shearing stress within the elastic limit for 
that fibre in any cross-section most remote from the neutral axis at 
the distance v. Then the shearing stress for the most remote fibre 
in any cross-section at the distance v is S,a, and for any other fibre 


in that cross-section, at the distance 7, it is ~ Sod The sum of all 
the fibre stresses of any section in any straight line per- a 
pendicular to the axis is then are. 


But the sum of the external forces + F, — Fis zero, 
hence for equilibrium we must have Zar = 0. 

Therefore the neutral axis AC must pass through the 7 
centre of mass of the cross-sections. (Compare page 287.) 

Twisting Moment and Resisting Moment.—All the external forces 
acting upon the shaft reduce to a couple + F, — F’, as shown in the 
figure, whose moment F'p with reference to the neutral axis is the 
twisting moment M;. This moment is the same at every point of 
the neutral axis AO, and therefore tends to make each cross-section 
turn on its adjacent cross-section nearest the fixed end, about the 
axis AC, so that there must be for equilibrium between every two 
cross-sections an equal and opposite resisting moment due to the 
shearing stress between these two cross-sections. 

Since for any cross-section the shearing stress for any fibre at a 


distance r from the neutral axis is “S00, the moment of that stress 


about the neutral axis is 24 a, and the sum of the moments of all 


the stresses for any cross-section about the axis, or the resisting 
moment, is then a. 

For equilibrium this is balanced by the twisting moment M,. 

But Sar’? is the polar moment of inertia I, of the cross-section 
with reference to the axis through the centre of mass (page 271). 

We have then for equilibrium, without reference to direction of 
rotation, 


Bere Mien ol Suess ee a ee 


where Ss is the unit shearing stress within the limit of elasticity in 
the most remote fibre of any cross-section at the distance v from the 
neutral axis, J; is the polar moment of inertia of the cross-section 
with reference to that axis, which always passes through its centre 
of mass, and M; is the twisting moment. 

The student should note the analogy of this equation with that 
for flexure of beams, page 288. 
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From (I) we can find M; for any given Ss when J, and v are 
known and the elastic limit is not exceeded. Sorin 

Coefficient of Rupture.—Kquation (1) holds within the elastic limit. 
The value of Ss computed by means of (I) from experiments carried 
to the point of rupture we call the ; 

Uveutcient of Rupture for Torsion.—It is found by experiment to 
agree closely with the ultimate shearing strength as given in our 
Table page 290. 

We have then for rupture 


Silt — Mi; ce ee ee 


where S; is the shearing unit stress in the most remote fibre of that 
cross-section where rupture occurs, or the dangerous cross-section. 


This is evidently the cross-section for which ~ is a minimum, 


since M; is the same for every cross-section. 

From (II) we can find M: for S,, J; and v given, at the point of 
rupture. 

Coefficient of Elasticity for Shearing Determined by Torsion.—Let 
the length of shaft be 7 and let the angle of torsion or the angle of 
twist of the end cross-section be 9 and the twisting moment M. 
Then within the limit of elasticity the strain of the outer fibre for 
the end cross-section 1s dé and the strain per unit of length is 


$= o The unit shearing stress of the outer fibre of the end cross- 


section is S;, Then from page 281, since the coefficient of elasticity 
is the ratio of the unit stress to the unit strain, 
Ss _ Ss 


A= == 
Ss oe) 


? 


where v is the distance of the outer fibre of the end cross-section 
from the neutral axis. 
If we substitute for S; its value from (I), we have 


BS), oe eee 


from which E' can be computed if the other quantities are known 
and the elastic limit is not exceeded. 
Inversely we have 


ESI. 
pe Ue 


_ From (IV ) we can find M for any given 6, when Z, J; and l are 
given and the elastic limit is not exceeded. 

Work of Torsion. —If 4 is the angle of torsion for any cross-section, 

the strain of any fibre in that cross-section at a distance r from the 


neutral axis is r0, and the stress for that fibre is 7. S.a. The work 
of the fibre is then one half the product of ve stress and strain 
(page 281), or Se a The work of all the fibres is then OS ears 
or, since Sar? = Iz, we have from (IV) and (1), for the bee 
Wwe OSL. _ M6 Hie Mil 
2v 2 RE SIntL, 


(V) 
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Transmission of Power by Shafts.—Work is the product of a force 
by the distance through which it acts. Power is rate of work A 
horse-power is 33000 ft.-lbs. of work per minute. Ifa shaft makes n 
revolutions per minute and the twisting force is F with a lever-arm 
p, then 27p x nis the distance and 27npF' is the work per minute, 
and the horse-power is, if p is in inches, 


— _2ankp _ 
~ 33000 x 12° 
But Fp = Mi; = Bee Hence 
_ anSslz 
sh— 1980000’ . . . . . . . Oy ° (VI) 


where n is the number of revolutions per minute, H the horse- 
power transmitted, J; and v must be taken in inches and Ss; in 
pounds per square inch. 

Combined Stresses—We have thus far considered stresses of 
pure tension, compression and shear, also flexure and torsion. But 
we may have tension or compression combined with flexure, as when 
a beam is in direct longitudinal tension or compression and at the 
same time supports aload. We may also have tension or compres- 
sion combined with shear, as when a shaft is in direct longitudinal 
compression or tension and at the same time in torsion. We may 
also have torsion and flexure combined. 

Combined Tension and Flexure.—F or flexure alone we have, page 


288, 
Mav 
— 7 ’ 

where S; is the unit stress in the extreme outer fibre in any cross- 
section at the distance v from the neutral axis. If this cross-section 
is also in direct tension, then the tensile fibre stresses due to flexure 
will be increased and the compressive fibre stresses due to flexure 
will be diminished. The neutral axis is then no longer at the centre 
of mass of the cross-section; and if we consider the deflection, a 
strict discussion leads to results of great complexity. 

If, however, we neglect the deflection, and let 7’ be the direct 


Sr 


tension over the area A, then 4 is the unit stress of direct tension. 
In the extreme outer tensile fibre, then, the total unit stress is 
Sp + - 
If Smax is the maximum unit stress, we have then at the cross- 


P es hae er 
section where S;7 + q 8 4 maximum 


= = ee bears UL. 
a alee. (1) 
where M; is the bending moment at that cross-section of area A for 


which S¢ + ai isa maximum, T is the direct tension, S¢ is the unit 


stress due to flexure in the extreme outer tensile fibre of that cross- 
section at the distance v from the neutral axis. 


From (1) we have 
S —- -)I 
oOimax 4 


VU 


Mz = 
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If we put for Tits value Ax’, where « is the radius of gyration. 
of the cross-section of area A, for which Sf + it is a maximum, we 
have, putting Smax = the working unit stress Sw, 


Mav T 
= a, a eee mC) 
A S wk a S Ww ‘ : 


From (1) we can find in any case the maximum unit stress in 
the extreme outer fibre on the tensile side. From (2) we can find 
the area of cross-section by taking for Sj its value as found on 
page 291, by dividing the ultimate strength by the factor of safety, 
or as found by the method of page 292. 

Combined Compression and Flexure.— This case is the same as 
the preceding, except that we must put the direct compression C in 
place of 7 and take for S,. the working stress for compression. If 
flexure is to be apprehended, we must take i, as givenon page 291. 

Combined Tension and Shear.—If a body whose cross-section at 
any point is A is subjected toa direct tension 7, the direct unit 


tensile stress is t = Suppose at the same time a direct vertical 


shear S, then the unit shearing stress is s = a 


+Sh 


Take any element of breadth 6, height h and unit thickness. 
Then we have acting on this element the tensile stresses + th, — th, 
and the shearing stresses + sh, —sh. The two equal and opposite 
stresses + th, —th hold each other in equilibrium. The couple 
+ sh, — sh can only be held in equilibrium by the opposite couple 
+ sb, — sb. Let d be the diagonal, and @ the angle of the diagonal 
with the side 6. Then we have the components parallel to the 
diagonal forming the combined shearing stresses + sd, — s.d, and 
the components perpendicular to the diagonal forming the com- 
bined tensile stresses + sd, — s:d. 

For equilibrium we have then 


+ ssd — th cos a — sb cos a + sh sin a= 0; 
+s,d — th sin a — sb sin a — sh cos a = 0. 


: , h 
Since we have sina =—, cosa pan) 


q aq dividing these equations 


by d, we obtain 


ss = t sin «cos a + 8 costa —s sin’ a =F sin 2a + 8 cos 2a; 


, : Caee 
S =tsin’ a + 2s sin a cos a = 7 cos 2a + s sin 2a. 
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From these equations, by placing the first differential coefficient 
equal to zero, we have, when s; is a maximum, 


tan 2a = bsg sin 2a = See cos 2a = Re 
ee Visi +t V4s? + 
when s; is a maximum, 
tan 2a = — me sin 2a = — — es —, cos 2a = ee 
t 743 + 2 V43° + 
Therefore we have eens 
2 
Max Ss =e +, a Oar eae cee HE) 
t srt he 
LOE Se s cag Ae wreeh Ble. MP4) 


Equation (1) gives the unit shearing stress when we have the 
direct unit tensile stress ¢ and unit shearing stress s combined. 
Equation (2) gives the unit tensile stress when we have the direct. 
tensile stress ¢ and unit shearing stress v combined. 

Combined Compression and Shear.—Let the direct unit compres- 
sive stress be c, and the direct unit shearing stress be s. Then, just: 
as before, we have for the combined unit shearing stress 


og 
PN eer a ain) aon wars egy 
and for the combined unit compressive stress 
c e 
Sc = 9 + /° + Te sere a 6 mks: e ° (2) 


Combined Flexure and Torsion.—Let S; be the greatest unit stress. 
for flexure as given by equation (II), page 288, viz., 


xo Mav 
Sr = ary ee 
and S; the unit shearing stress for torsion as given by equation (1), 
page 309, viz., 
Mv 
| 


Then, as we have just seen, we have for the combined unit 
stresses of shear and compression or tension 


es — // Si+ oe 


St Or so = + sr 4 
Stress Due to Temperature.—We have from equation (3), page 
281, 
_ 
=F 
where A is the strain produced by the unit stress S in a bar of 
length J, the coefficient of elasticity being H. 


Se 


A 
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If a bar is constrained so that it cannot change in length and 
then exposed to change of temperature, a unit stress will be pro- 
duced equal to that which would cause a strain equal to the change 
of length of the unconstrained bar under the same change of tem- 
perature. ; 

Thus if ¢ is the coefficient of linear expansion for one degree of 
temperature, ¢ the number of degrees of change of temperature and 
1 the original length, the change of length of an unconstrained bar 


: ny 
is’ =etl. The strain per unit of length is then ie et. The coef- 


ficient of linear expansion e« = i is then the strain per unit of length 


per degree. 
If the bar is constrained so that it cannot change its length, we 
then have a unit stress 
EX 


S= afte Eet, 
which is independent of the length /. The total stress, if the area is 
A, is then 

EAS = AHEts 


We give the following average values of the coefficient of linear 
expansion ¢ for one degree Fahrenheit : 


ibrickwandestoneseeeeereeees e = 0.0000050 

Castitoneer tee oe meee e = 0.0000062 

AMARC MGR S so oaconpedoo oe € = 0.0000067 

Steel ee 5 eee ey ee e = 0.0000065 
EXAMPLES. 


(1) A wrought-iron tie-rod, 30 ft. long and 4 sq. in. in area of 
cross-section, vs subjected to 40000 lbs. tension. Find the unit stress. 
If the coefficient of elasticity is 30000000 lbs. per square inch, find the 
elongation. 


Ans. Unit stress = 10000 Ibs. per square inch, Elongation = 0.01 ft. 


(2) An iron bar 10 ft. long has a strain of 0.012 ft. under a unit 
stress of 25000 lbs. per square inch. Find the Mersep ls of elasticity. 
Ans. H = 20833838 Ibs. per square inch. 


(3) A rectangular timber tie is 12 inches deep and 40 ft. long. I 
H = 1200000 lbs. per square inch, find the thickness se that tie 
elongation under a pull of 270000 lbs. may not exceed 1,2 inches. 
Ans. Thickness = 7.5 in. 


(4) A wrought-iron tie-rod 142 ft. long and 4 sq. in. area is sub- 


jected to a stress of 80000 lbs. If H = 300000 Wi 
Jind the elongation. Oe eee 


Ans. Elongation = 1,186 in. 
(5) The length of a cast-iron pillar is diminished From 20 ft. to 


19.97 ft. under a given load. Find the unit str ] 
: 1d. ess "ess 
EH being 17000000 lbs. per square inch. REE Ee. 


Ans, Unit stress = 25500 lbs. per square inch. 
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(6) A wrought-iron bar 2 sq. in. area of cross-section has its 
ends confined between two immovable blocks at a temperature of 60° 
Fahr. Taking the Sea of expansion at 0.000006944, find the 
pressure upon the blocks when the temperature is 100° Fahr., sup- 
posing there is no flexure. 

Ans. Pressure = 0.00055552 #. If H = 80000000 Ibs. per square inch, 
pressure = 16665.6 lbs. 


(7) The dead load of a bridge is 5 tons and the live load 10 tons 
per panel, the corresponding factors of safety being 3 and 6. Find 
the combined factor of safety. 

Ans. Factor = 6. 


(8) The dead load upon a short hollow cast-iron pillar, with a 
rectangular area of 20 sq. in., is 50 tons. If the compression is 
not to exceed 0.0015 of the length, find the greatest live load, E' being 
17000000 lbs. per square inch. 

Ans. Live load = 410000 lbs. = 205 tons. 


(9) A steel suspension rod in a suspension bridge carries 3500 
lbs. of roadway and 3000 lbs. of live load. Its length is 30 ft. and 
sectional area one half square inch. Find the gross load and the 
extension of the rod, Hi being 35000000 lbs. per square inch. 

Ans. Gross load = 6500 lbs. Extension 0.133 inch. 


(10) A beam 40 ft. long carries a load of 20000 lbs. Find the 
shearing force at 15 ft. from one end, and also the maximum bend- 
ing moment: (a) when the beam is supported at the ends and loaded 
in the middle; (b) when it is supported at the ends and loaded 
uniformly ; (¢) when it is fixed at one end and loaded at the other; 
(d) when itt is fixed at one end and loaded uniformly. 

Ans. (@) Shear = 10000 lbs., max. moment = 200000 ft.-Ibs. at middle; 

(0) Shear = 2500 Ibs., max. moment = 100000 ft.-lbs. at middle; 
(c) Shear = 20000 lbs., max. moment = 800000 ft.-lbs, at end; 
(d) Shear = 7500 lbs., max. moment = 400000 ft.-lbs. at end. 


Draw the diagrams for shear and bending moment in each case, ° 

(11) A beam 20 ft. long rests on two supports and carries a 
load of 10 tons at 5 ft. from one end. Find the maximum bending 
moment. 

Ans. Maximum moment 87.5 ft.-tons at the weight. Draw the diagrams 
for shear and bending moment. 

(12) Find the breadth and depth of the strongest rectangular 
beam which can be cut from a cylindrical log of diameter D 


( /2 
Ans. Breadth = D ge, depth = D / 3 : 


(13) A round and a square beam are equal in length and equally 
loaded. Find the ratio of the diameter to the side of the square, so 
that the two beams may be of equal strength. 

Diameter fa 

Se ietieneee. Vw 

(14) Compare the relative strengths of a cylindrical beam and the 
strongest rectangular and square beams that can be cut from tt. 
Strength of cylindrical 97 73. 


aes Ao. 

oa Strongest rectangular ~———s 82 tae 
Strength of cylindrical 87 4/2 1.66 

= = 1.09. 


Strongest square 8 
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(15) Compare the relative strengths of a solid square beam to 
that of the solid inscribed cylinder. 


Strength of square _ 16 __ 1 


Secale 
* Strength of cylinder 37 


Ans 


(16) Compare the strength of a square beam with its sides vertical 
to that of the same beam with a diagonal vertical. 


Side vertical 
* Diagonal vertical 

(17) A beam of yellow pine, 14 inches wide, 15 inches deep, resting 
upon supports 10 ft. 9 in. apart, was just able to bear a weight of 
34 tons at the centre. What weight at the centre will a beam of 
the same material, 3 ft. 9 in. between the supports and 5 inches 
square bear ? 

Ans, 8.86 tons. 


(18) Compare the strengths of two rectangular beams of equal 
length, the breadth and depth of one being respectively equal to the 
depth and breadth of the other. 

Ans, The strengths are directly as the breadths and inversely as the 
depths. 

(19) A cast-iron beam 4 inches square rests upon supports 6 ft. 
apart. Find the breaking weight at the centre, taking S; = 30000 
lbs. per square inch. 

Ans. Breaking weight = 17777% Ibs, 

(20) A yellow-pine beam, 14 inches wide, 15 inches deep, resting 


upon supports 10 ft. 6 in. apart, broke down under a uniformly- 
istributed load of 60.97 tons. Find the coefficient of rupture S;. 


Ans. S; = 3658.2 Ibs. per square inch. 


Ans = 72 = 1.414. 


(21) A cast-iron rectangular beam rests upon supports 12 ft. 
apart and carries a weight of 2000 lbs. at the centre. If the breadth 
zs one half the depth, find the sectional area so that the unit stress 
may nowhere exceed 4000 lbs. per square inch. 


Ans, Area = 18 sq. in., depth = 6 inches, breadth = 8 inches. 


(22) A wrought-iron beam, 4 inches deep, % inch wide, fixed hori- 
zontally at one end, gave way when loaded with 1568 lbs. at the free 
end, at a point 2 ft. 8 in. from the load. Find the coefficient of 
rupture S;,. 


Ans. Sr = 25088 lbs. per square inch. 


(23) A wrought-iron beam 2 inches wide and 4 inches deep rests 
upon supports 12 ft. apart. Find the uniformly distributed load it 
will carry in addition to its own weight if S, = 50000 lbs. per square 
inch and the factor of safety is 4. A bar of iron 8 ft. long and one 
square inch in cross-section weighs 10 lbs. 

Ans. Load = 3884 lbs. 


(24) Find the length of a beam of ash 6 inches square which 
would break of its own weight when supported at the ends, the 
weight of the timber being 30 lbs. per cubic foot and S, = 7000 lbs. per 
square inch. 


Ans. Length = 1492 ft. 


(25) A cast-iron cantilever beam 8 ft. long and 12 inches deep 
centre to centre of the flanges, carries a uniformly-distributed load. 
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of 16000 lbs. Find the area of the top flange at the fixed end, neg- 
lecting the web, so that the unit stress shall not exceed 3000 lbs. per 
square inch. 


Ans. Area = 21.3 square inches. 


(26) A cast-iron beam 274 inches deep, centre to centre of the 
flanges, rests upon supports 26 ft. apart. Its bottom flange is 16 
inches wide and 3 inches deep. Neglecting the web, find the break- 
ing weight at the centre, the coefficient of rupture S, being 15000 lbs. 
per square inch. 

Ans. Weight = 258846 lbs. 


(27) A cantilever plate girder 44.7 ft. long and 22.25 ft. deep, 
centre to centre of the flanges, supports a uniform load of 1.82 tons 
per foot and a weight of 161.6 tons at the free end. Find the unit 
stress on the net section of the tension flange at the point of support, 
neglecting the web, the gross area being 132.6 inches but reduced by 
rivet-holes two ninths. 

Ans. Unit stress = 3.94 tons per square inch. 


(28) A girder 50 ft. long and 4 ft. deep, centre to centre of flanges, 
supports a uniform load of 32 tons. Find the stress in either flange 
at 9 feet from one end, neglecting the web. 

Ans. Stress = 29.5 tons. 


(29) Required the depth of a rectangular beam supported at the 
ends and carrying a load W at the middle, in order that the elonga- 
tion of the lowest fibre shall equal 255 of its original length. 


2100 Wi 
~ <Hb 


(80) A beam of depth 8 inches, length 8 ft., swpported at ends, 
sustains 500 lbs. per foot. Find its breadth for a factor of safety 
of 10, S; being 14000 lbs. per square inch. 

Ans. Breadth = 3; inches. 


(31) A beam of length 12 ft., breadth 2in., depth 5in., is supported 
at the ends. Find the uniform load it will safely sustain for a 
Sactor of safety of 4, S; being 80000 lbs. per square inch. 

Ans. Weight = 9209 lbs. 


(32) A wooden beam of length 12 ft. is supported at the ends. 
Find its breadth and depth so that it may safely sustain one ton 
uniformly distributed over its whole length, for the factor of safety 
10, S, being 15000 lbs. per square inch and the depth 4 times the 
breadth. 

Ans. Breadth = 2.08 in.; depth = 8.82 in. 


(33) A wrought-iron beam 12 ft. long, 2 in. wide, 4 in. deep is 
supported at the ends. The material weighs } lb. per cubic inch. 
Taking S, at 54000 lbs., find the uniform load it will sustain. 

Ans. Without the weight of beam, 16000 Ibs. 

Over the weight of beam, 15712 lbs. 

(34) A beam is fixed horizontally at one end. Length 20 ft., 
breadth 14 in., S; = 40000 lbs. per square inch. IPf the weight of the 
material is + 1b. per cubic inch, find the depth so that it may just 
sustain its own weight and 500 lbs. at the free end. 

Ans. Depth = 4.05 inches. 


Ans, Depth = 
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(35) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 300 lbs. at the centre and has at the same time a 
direct longitudinal tension of 2000 lbs.; the working unit stress being 
taken at 1000 lbs. per square inch. 

Ans, 4.18 inches square. 


(36) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 50 lbs. per foot uniformly distributed and has at 
the same time a direct longitudinal tension of 2000 lbs.; the working 
unit stress being taken at 1000 lbs. per square inch. 

Ans, 4.18 inches square. 


(37) A beam of uniform cross-section A is inclined at the angle « 
to the horizontal and rests without slipping on two supports. The 
load is w per linear unit, uniformly distributed. Find the maximum. 
unit stress. 

Ans. This is the case of a roof-truss rafter at the bottom or at an inter- 
mediate panel, loaded by its own weight 
only. 

The vertical reaction at the top end 
is given by 

1 

priCOSiCae =D x 9/608 a, 


or 
wt 


2 


The bending moment at any point 
distant 2 from the upper end is then 


ib 
Me = 00s & x w — wx x =“ 


The unit stress in the outer fibre at the distance » from the neutral axis is. 
then for any cross-section at a distance z from the upper end 


_— Mev _ dwoosa 


Sp = = (la — 2°), 


Ve ar 
The direct compression at the distance x from the upper end is 
zs : we. w sin & 
C=ur sina — 9g sina= a (8 —l). 
The combined unit stress is then 
C  wweosa a GTN 
This isa maximum wh al ee 
é when # = = + — 
2 Av 


Hence the maximum unit stress is 
owl? cosa , wotan asina 

8T 242 

If there is an additional compression applied at the ends of O, the maximum 
unit stress is a + Smax- 


Sm a 


_ (88) The top rafter of a roof-truss of uniform cross- } } 
inclined at the angle « to the horizontal. The ond ie eugene 
unit uniformly distributed. Find the maximum unit stress. 


A 
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Ans, The reaction at the top end His horizontal. We have then 


Hi sina = wl X a 


or 


aol 
H = = cot a, 


At any point x from the upper 
end the unit stress for flexure is then 


2 wx? 
(Hz sin a — —— cos a). 
2 
if 


The direct compression is C = Hcos a+ wa sin a, 
The combined unit stress is then 


Se 


OU 
PW COS x wl ao aos a, wa sin @ 
Ce Liang y gai sGcke ee 4 
Itan a 
This is a maximum when z = — ee i 
0) 


Hence the maximum unit ees is 


owl? cos & wl cosee @ Tw tan a sin @ 
S, = : 
ea ip ee ag W omer 2A% 


If there is an additional compression applied at the ends of O, the maximum 


unit stress is roe Smax.- 


(39) A wooden beam 10 inches wide, 9 inches deep and 8 ft. long 
carries a uniform load of 500 lbs. per linear foot and is subjected to 
a longitudinal compression of 40000 lbs. Find the maximum unit 
stress. 

Ans. 800 Ibs. per square inch, 


(40) If the beam in Example (39) forms one of the panels of the 
rafter of a roof-truss of 40 ft. span and 15 ft. high, find the maximum 
unit stress. 


Ans. Let 6 = breadth, i = height of cross-section. 


Then » = e AND) i= ah and we have, from Example (87), 
; iat __ 40000 ie 8wil? cos a , wtan vsin a 
maximum unit stress = >> — The | 12 
500 
In the present case w = 3° =O} la INS eh tailawoe = (NY), Corser (fet 


tan a= 0.75. Hence 


maximum unit stress = 729 lbs. per square inch, 


(41) A rivet 4 inch in diameter is subjected to a tension of 2000 
lbs. and at the same time to a shear of 3000 lbs. Find the combined 
maximum tensile and shearing unit stresses and the angles they 
make with the axis of the rivet. 


Ans. Maximum shearing unit stress = 7155 pounds per square inch, making 
an angle of 9° 13’ with the axis of the rivet. 

Maximum tensile unit stress = 9420 pounds per square inch, making an 
angle of 54° 23’ with the axis of the rivet. 
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(42) .4 circular shaft 2 ft. long is twisted through an angle of 7 
degrees by a couple of + 200 lbs. with a lever-arm of 6 inches. Hind 
the angle for a shaft of the same size and material 4 ft. long when 
twisted by a couple of 500 lbs. with a lever-arm of 18 inches. 


Ans. 105 degrees. 


(43) A circular shaft when twisted by a couple of + 90 lbs. with a 
lever-arm of 27 inches has a unit shearing stress of 2000 lbs. per 
scuare inch. If the same shaft is twisted by a couple of + 40 los. 
with a lever-arm of 57 inches, what is the unit shearing stress 2 


Ans. 1877 pounds per square inch, 


(44) An iron shaft 5 ft. long and 2 inches diameter is twisted 
through an angle of 7 degrees by a couple of + 5000 lbs. with a lever- 
arm of 6 inches, and on the removal of the couple springs back to its 
original position. Find the value of E for shearing. 

Ans. 93890000 pounds per square inch. 


(45) What is the couple which acting with a lever-arm of 12 inches 
will twist asunder a steel shaft 1.4 inches diameter, the coefficient of 
rupture by torsion being 75000 lbs. per square inch. 

Ans. + 1683 pounds. 


(46) Compare the strength of a square shaft with that of a circular 
shaft of equal area. 
2a 

eb 

_ (4%) Find the combined unit stresses for a wrought-iron shaft 3 
inches diameter and 12 feet long, resting on bearings at each end, 
which transmits 40 horse-power while making 120 revolutions per 
minute, upon which a load of 800 pounds is brought by a belt and 
pulley at the middle. 


Ans. The unit stress for flexure is 
_ Met _ Wi 


Ans. 


Sf ae 10800 Ibs. per square inch. 
The unit stress for torsion is 


1980000 


Ss ntl; 


= 4000 lbs. per square inch. 


The maximum combined unit stresses are then: 


for tension or compression, 5400 + 4/4000? + 54002 = 12100 lbs. i : 
for shear 6700 lbs. per square inch. is et 


(48) A vertical shaft weighing with its loads 6000 lbs. is subjected 
to a twisting moment by a force of 300 pounds acting with a lever- 
arm of 4 feet. If the shaft is of wrought tron 4 feet long and 2 inches 
in diameter, find its maximum unit stress, provided the shaft is so 
supported that it cannot bend sideways. 

Ans, Compressive unit stress = 10170 lbs. per square inch 

Shearing Be Oe ee Uehliy 8 6t es ora 


(49) Find the diameter of a short vertical steel shaft t ° 
he as lbs en ae by a force of 300 lbs. Wee Pee 
of 4 ft., taking unit stress for shear at 7000 lbs. P ressi 
at 10000 lbs. per square inch. ond Ton compression 

Ans. About 2.5 inches, 
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(50) A cast-iron water-pipe 12 inches diameter and & in. thick is 
under a head of 300 ft. Taking the ultimate strength at 20000 lbs. 
per square inch, find the factor of safety. 

Ans. The unit pressure is 0.434 x 300 = 180.2 lbs. per square inch. Hence 


e ; 
the unit stress is S= eee kes = 1280 lbs. per square inch. The factor of 
eS 
a 8 
safety is then 4 = about 16. / 


1230 
(51) Find the thickness of a cast-iron pipe 18 inches diameter for 
a factor of safety of 10, taking the ultimate strength at 20000 lbs. per 
square inch and the head of water 300 feet. 
Ans. 0.586 inch. 


(52) A wrought-iron pipe, 4.5 inches internal diameter, weighs 
12.5 pounds per linear foot. What pressure can it carry with a 
factor of safety of 8, taking the ultimate strength 55000 lbs. per 
square inch 2 

Ans. A bar of wrought iron one square inch in cross-section and 3 ft. long 


weighs 10 lbs. Hence the area of the pipe metal is 12.5 x > = 3.75 square 


inches. The thickness is then ¢ = ene = : inch. 
amr 64 
55000 
Hence p = pees — : = 763 lbs. per square inch. 


(53) A boiler is to be made of wrought-iron plates % inch thick, 
united by single lapyjoints. Find the size and pitch of rivets. If 
the boiler is 30 inches in diameter and carries a pressure of 100 lbs. 
per square inch above the atmosphere, find the factor of safety, tak- 
ing the ultimate strength at 55000 lbs. per square inch. 

Ans. From (4), page 296, we have -in. rivets. But from (3), page 295, we 
have 2-in. This size would be chosen for ordinary construction work. In this 
ease we wish atight joint, and therefore use asmall rivet at sacrifice of strength. 
Let us take then 2-in. rivets. Then from (5), page 296, we find the pitch 3 in. 
But this violates the practical restriction that rivets should not have a less pitch 
than three diameters. We take the pitch then 2 inches. The pressure on a 
length equal to the pitch is 80 XK 2 x 100 = 6000 lbs. If Sis the unit stress, 

Np a once 6 = eed 
By. 62 pre Sees oe 
square inch. The factor of safety is then about 5. If this is considered too 
small, we should use a less pitch ora larger rivet. A larger rivet would not be 
tight enough. For a less pitch the holes must be drilled and not punched. 


the resisting stress is S{ 2 — 


(54) Required to unite two 4-inch plates by a butt joint with two 
cover-plates; the stress to be transmitted being 40000 lbs. and the 
unit working stress 10000 lbs. per square inch. 

Ans. The area of the plates must then be 4 square inches net if the joint is 
in tension, gross if in compression. The cover-plates can be each 4 inch thick. 
Our rule (4), page 296, gives for diameter of rivet d=4% inch. This is 
greater than given by (3), page 295, therefore we take it. From our Table 
page 297 we have for the resistance to shear of a 4§-inch rivet 3890 lbs. The 


; pe . 20000 
rivets are in double shear in a butt joint, hence we require 3800 = about 5 
rivets. The bearing resistance from our Table is 5080 lbs. We require then 


for bearing 40000 = about 8 rivets. This, then, is the number we should use. 


5080 
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For the pitch we have from (5), page 296, 2.887 inches. This is less than 
8 inches. We therefore take the pitch 8 inches, We must have at least 1} 
inches for distance from end and edge (page 297). 

If the plates are 8} inches wide,we must then have three rows of rivets, three 
in the first and last and two in the middle on each side of the joint. The cover- 
plates must then be 10 inches long. The student can now sketch the cover-- 
plates with the rivet-holes properly spaced, 


(55) A plate girder is 17 feet long and 27 inches deep. The uni- 
formly-distributed load is 55,000 lbs. The thickness of the web is + 
inch and of the flange angles +, inch. Find the size, number and 
spacing of the rivets to unite the web and flanges. 


Ans, From (4), page 296, we have d = % inch. This is less than the size 
given by (3), page 295. We take the rivets then 4 inch diameter. 

lf we neglect the web, the stress of compression in the upper flange or of 
tension in the lower, at any point distant @ feet from the end, is given by 


550002 teal xe 
4.5 , 


ify 
If we takea = 0, 2.5 ft., Dattes 8.5 ft., we have the stress at these 
points = 0, 26062 lbs., 43137 lbs, 51944 lbs. 


We have then for the first division of 2.5 ft. the horizontal stress 26062 lbs.,. 
or 18 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 43137 — 26062 = 17075 Ibs., or 
8.5 tons; and in the third division of 8.5 ft. we have 51944 — 43137 = 8807 
lbs., or 4.4 tons, to be taken by the rivets. 

For the shear at any point distant 2 feet from the end we have 


55000 ( 
- 1— -—}. 

9 17 

If wetake 2 =—0, 2.5 ft., 5ft., 8.5 ft., we have the shear 
at these points, = 27500 lbs., 19400 lbs., 113800 lbs., 0. 


We have then for the first division of 2.5 ft. the shear 27500 — 19400 = 
8100 lbs., or 4 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 19400 — 11300 = 8100 Ibs., or 4 
tons; and in the third division of 8.5 ft. we have 11300 lbs., or 5.65 tons, to be 
taken by the rivets. 

Hence the combined shear (page 318) in the first division of 2.5 feet is 


13? 
/# + oe aa 7.63 tons = 15260 Ibs. 


In the second division of 2.5 ft., 


/ a OTS 2 
Vet “4 = 5.9 tons = 11800 Ibs. 


In the third division of 8.5 ft., 


ene mee Ae 
5.60? ++ wigs 6 tons = 12000 lbs. 


The bearing resistance of a seven-eighths inch rivet is. fr b 
page 297, 2730 lbs. We require then for bearing, in the first 2.5 mate 
15260 ; : 
3750 = 6 rivets, in the next 2.5 ft., 3730 = 5 rivets, in the third division of 

12000 
* 2730 
We must not pitch the rivets less than 3 inches or more than 6 inches (page 


8.0 ft. = 5 rivets. 
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296). A pitch of 4 inches for the first 2.5 ft., then 5 inches for the next 2.5 
ft. and then 6 inches to the middle will therefore give more rivets than are 
necessary. 


(56) A pin 8 inches diameter passes through the web of a channel 
bar three fifths of an inch thick. The transmitted stress is 55500 
lbs. Find the thickness of re-enforcing plate necessary to give 
sufficient bearing ou the pin. 

Ans. The thickness for each ton (page 306 (0)) is 

eet 
6.25d 6.25 X 3 

For 55500 Ibs. = 27.75 tons we should have a thickness of 0.0583 * 217.75 

= 1.48 inches. 


The channel web is only - = 0.6 inch thick. In order to have the proper 


= 0.0533 inch, 


thickness for safe bearing on the pin, we must then increase the thickness by 
1.48 — 0.6 = 0.88 inch. Two re-enforcing plates on each side of the web, 
each 0.44 inch thick or about ;% inch each, will then give the required thick- 
ness. 


(57) If the depth of an eyebar is 10 inches, find the least diameter 
of pin which can be used without having the thickness of the head 
greater than that of the bar. 


Ans. (Page 307 (c).) d@ = 74 inches, 
(58) A bar 8 in. by § in. has a pin 4% inches diameter passing 
through it. Find the thickness of bar head. 


Ans. The least diameter without having the head thicker than bar is 6 
inches. As the pin is less than this, the head must be thicker than the bar 
and equal to 


a 
Uae ae eee 
if = dd = a x 48% a 135 inches, 


(59) In a panel of a bridge truss we have at each end of the pin 
two eyebars on one side, 4 in. by 1,%; in., and on the other side one 
eyebar 4 in. by 1,4 in. Also one tie on each side of centre of pin 
1,°, in. thick. The tie is packed close to the vertical post, which con- 
sists of two channels of £-in. thickness. The bars are packed snug. 
The vertical compression vn the half post is 40000 lbs. The working 
unit stress of the bars is 10000 lbs. per square inch. Find the size of 
pin required. 

Ans. We have here on one side acting horizontally 

FP, = fF; = 4 X 13; X 10000 = 47500 lbs., 
and on the other side 
F, = 4 % 14% X 10000 = 57500 lbs. 
The horizontal component of the tie-stress is 
FF, = 2 X 47500 — 57500 = 37500 Ibs. 


The distances are 


4=4= s(t + 1,%) = 1,5; inches; 


pie 5 (late 4+ 1,3) a = 24 inches. 
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We have then at J, the moment 77, = 47500 x 1,5, = 62844 inch-lbs,; 
at F’; we have 62344 + (Ff, — F,)lz = 49219 inch-lbs.; 
at #’, we have 49219 + (fi — 2% + #%3)ls = 183594 inch-lbs. 


The maximum horizontal bending moment is then 
Mn = 183594 inch-lbs. = 66.797 inch-tons, 


The vertical compression in post is 40000 lbs. Its lever-arm is 


1 7 
5 (te +g) = te 
My = 40000 X 13% = 48750 inch-lbs. = 24.375 inch-tons. 
The resultant maximum bending moment is then 
Mmax = ¥ Mn? + Me? = ¥'66.8? + 24.4 = 71.11 inch-tons = 142220 inch-Ibs. 


We have then for size of pin about 4% inches diameter, or 42 commercial 


Hence 


size. The least allowable diameter is ri = 3d inches. Hence the bearing is 


abundant. 


CHAPTER III. 


APPLICATIONS OF STATICS—THEORY OF FLEXURE. 


CHANGE OF SHAPE OF NEUTRAL AXIS OF A BEAM. ASSUMPTIONS OF THE 
THEORY. APPLICATION OF EQUATION I. DEFLECTION AND BREAKING 
WEIGHT OF BEAMS. DEFLECTION OF A FRAMED STRUCTURE. DEFLEC- 
TION OF BEAMS FOUND BY THE PRINCIPLE OF WORK. FORMULAS FOR 
LONG STRUTS. 


Change of Shape of Neutral Axis of a Beam.—tLet a beam be 
deflected from its original straight line by external forces, as shown in the 
figure. 

Let the two sections AC and BD be consecutive plane sections parallel 
before flexure and remaining plane after. 

Let the length of the neutral axis of the 
beam na =s, then the indefinitely small 
distance ba = ds. Let @ be the angle AOn. 
Then d@ is the angle BOA. 

If the deflection is small, we can take 
na = s equal to #, and ab = ds equal to da. 

Let the bending moment at the point a 
of the neutral axis of the beam of the ex- 
ternal forces be Jz, let Sp be the stress in 
the most remote fibre of any cross-section 
AC at the distanee y from the neutral 
axis of the cross-section at a, and J be the 
moment of inertia of the cross-section AC 
with reference to the neutral axis of the 
cross-section at a. 

Then, as proved page 288 (a), the resist- 
ing moment of the fibre stresses at the 


; So Ispal 
cross-section AC is —“, and we have 
4 


Sls i, ee hae ge te ee sce OD) 
Vv 
where we take the minus sign if we take Mz for all external forces on the 
left of AC, and the plus sign if we take Mz for all external forces on the 
right of AC. If then Mz, comes out minus, it indicates compression in the 
bottom fibres as in the figure; if plus, tension in the bottom fibres. 
Now the strain in the most remote fibre at the distance v from the 
neutral axis, we see from the figure, is y7@~, and the unit strain is then 
vd 


The unit stress in this fibre is 
dx 


325 


we or, since we can take da for ds, 
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ww 


Sp Since the coefficient of elasticity H is equal to the unit stress divided 
by the unit strain (page 281), we haye 


i oo or Sp => asa 
“da 
Hence we have 
Eldb 


=e Ma. © ee ee ee 
dz + Mx (2) 


But we see from the figure that a equals the tangent of the angle ¢. 
Since the deflection is very small, we can take the tangent as equal to the 


dy ay 
are, and hence ¢ = da Therefore dg = an’ and hence, from (2), 


ay 
ee 


From similar triangles we also have vd®@: v :: ds: p, where is the 


radius of curvature at a. Since we can take dw for ds, we have “< = 
Hence, from (2), ‘i 


HI 
a =F My. Par te e my . (4) 


We have then 
Sle EL ay 
eo A PM s) Oy ee eee 

These are the fundamental equations of the theory of flexure. 

The first of these equations, (1), we have already deduced in the pre- 
ceding chapter, page 288, and have used it to find breaking weight and 
shape for uniform strength for ordinary cases of beams (page 299). From 
(4) we can find in any case the radius of curvature of the beam at any 
point. From (3) we can find the deflection at any point of a beam Equa- 
ee en the ee equation of the curve of deflection. 

_ Thus by the app ication of one or the other of ati 
tions of flexure can he solved. Biman 
Assumptio — i 
sh caster: mv = of the Theory. The assumptions upon which the 
y. exure as expressed by equations (I) rests should be clearl 
recognized. Thus we have assumed: 
ist. That the deflection is very small, so that we can put x for s, da 
? 


for ds, dy for @. 
du 


2d. That a section plane before flexure r i 
FAS Ces . . . & ema. 
3d. That the elastic limit is not exceeded, Te ee 
ae sais the coefficient of elasticity Z is constant 
_ Upon these assumptions the theory rests. Gompari its result 
with the results of experiment shows that SS RESTA a ii ae 
theory is reliable. aglaw te 


Application of Equations (I).—The first of equations (1), 


Sel 
eee ei 


Vv 


we have already seen how to apply in the preceding chapter 
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The second of equations (1), 


pad — Mz , 
p 
needs no special explanation. 
The third of equations (1), 


GQ? 

EIWt = F Mr, Ducts 7 Rate coh PE (1) 
requires a little general explanation before we proceed to its special ap- 
plications, 

2 

In equation (1), AT oy is the resisting moment at any cross-section, 
that is, the algebraic sum of the moments of the fibre forces in the cross- 
section at any point with reference to the neutral axis of that cross-section. 
These fibre forces are always considered as belonging to that portion of the 
beam on the left of the cross-section. The bending moment, or the alge- 
braic sum of the moments of all the external forces either on the right or 
left of the cross-section at any point, is denoted by J. We always con- 
sider a moment positive when it tends to cause counter clockwise rotation, 
and negative when it tends to cause clockwise rotation. In any case, then, 
we can write the algebraic sum denoted by MZ, with the proper sign for 
each term, whether we take JZ; for all forces on the left or on the right. 
We then use in (1) the minus sign when J, is taken for all forces on the 
deft, and the plus sign when J/; is taken for all forces on the right, of the 
cross-section at any point. 

Thus, for example, take a beam AB of length 2J, resting on the support 
C at its centre, with a load Wat each end. The upward reaction is then 
2W. Let ACB represent the slightly 
deflected neutral axis of the beam. 

For any point P’ of the neutral 
axis of the beam distant a from the 
left end A we have, taking the alge- 
braic sum of the moments of all ex- 
ternal forces on the left of P’, 


M; = + Wa, 
where the plus sign indicates counter-clockwise rotation. If, however, we 
take the algebraic sum of the moments of all external forces on the right 
of P’, we have Mz=— W(l+1—a4) + 2W(— x) = — Wa, where the 
minus sign denotes clockwise rotation. In the first case we use in (1) the 
minus sign, in the second case we use in (1) the plus sign. We therefore 
write for both cases, as we evidently ought to, 


2 
ary 
an’ 


Again, take any point P distant a from the right end B. Here we 
have for the algebraic sum of the moments of all external forces on the 
left of P 


2W 


EI 


Mz = Wil +l—2)—-2Wi—2) = + We, 


and for the algebraic sum of the moments of all external forces on the 
right of P we have M, = — We. In the first case we use in (1) the minus 
sign, in the second case we use in (1) the plus sign. We therefore again 
write for both cases 


328 APPLICATIONS OF STATICS. [CHAP. III. 


We obtain then in any given case the same expression from (1) for 

ay 
EI An 
of P, no matter where we take P, and no matter whether we take MZ, for 
all forces on the left or right of P. 

The minus sign for Wx in the present case denotes compression in the 
lower fibre. If the sign had come out plus, it would denote tension in the 
lower fibre, because in each case the sign gives the direction of rotation of 
the fibre moments of the beam on left of the section. This is in accord 


2, 
with the principle of the Differential Calculus that is minus or plus 
according as a curve is concave downwards or upwards. In the present 
case the curve of deflection is concave downwards. 

The vertical shearing force at any section (page 288) is the algebraic 
sum of all the vertical forces on the left of that section. At any cross- 
section whose abscissa is @ the bending moment is M, and the vertical 
shear is Vz, At the next consecutive section the moment is 


AM, 
dx 


or the resisting moment of the fibre forces of the beam on the left. 


Uy + aM; = My + Vudu, or == se Vo. 


Hence from (1) we have 
,iy  dMy 
dict) ade 


== |e Va) clans oe ee ee 
where the minus sign is taken when da is negative and the plus sign when 
dx is positive. 

If we put a = 0, we obtain the value of x for which J is a maxi- 


mum ora minimum. Hence the bending moment is either a maximum or 
a minimum at the point where the shear is zero. 
If we integrate (1), we obtain 


vy 
dy _ Mrzdz« 
Fae =f EI + Const. 


dy . 
When « = 0, a is the tangent ¢ of the angle which the tangent to the 


curve at the origin makes with the axis of 4 Hence Const. =¢ and 


Mo 
dy _ Myda 
ers f Fro tt ye) 


onli : : 
which gv 8 * maximum ora minimum. Hence the tangent to the curve has 
either its maximum ora minimum inclination at the point where the bend— 


ing moment MM, is zero. 
Ii we integrate (8), we obtain 


By 
Mydz 
= tu di : 
Y 78 ff ET + Const. 
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For z= 0, y is the deflection y at the origin. Hence Const. = y and 


el 
pateeins fae 28 ate ce aa LC), 
0 0 


If we put . = 0, we obtain the value of 2 for which y is a maximum. 
Ona 


oraminimum. Hence the deflection is either a maximum or a minimum at, 
the point, where the tangent to the curve is horizontal. 

Let us now apply these principles to special cases. 

Case 1. Cantilever Beam—Fixed Horizontally at One End—Load 
W at the Other End.—We have already seen how to find the breaking 
weight and shape for uniform strength in this case (page 299). It remains 
to find the deflection. 

(a) Deflection—Uniform Cross-section.—Let the beam of length AB 
= 1 be fixed horizontally at one end 6 and carry the load W at the other 
end A. Take the origin at the end D before 
deflection, and let aw be the distance to any 
cross-section at P. 

We have then for the bending moment at 
any point P of the neutral axis, taking moments 
on the left of Pas in the figure, Wy; = + We. 
Hence, from (1), page 326, 


ay 
2 


ax 


Se Cetera eel se. et GN. 


If the cross-section is constant, Zis constant. We have then, by inte- 
grating (1), 


dy ss Wa? 
i= rime Deg ce meet a a oe 
Integrating (2), we have 
3 
Ely = _ Ee + 12% + (Obe, et) oy BO FS teks (3): 


The curve APS must pass through B, and the tangent at B must be 


horizontal. Hence we must have y = 0 for «=/ in (8) and o = 10) fora 


: dy , wr 
= in (2). If then we make Fae 0 andw =7in (2), wehave C, = + oa 
3 
If we make y=0 and 2 =/ in (8), we have (%, = — ee Substituting 


these values of the constants of integration in (2) and (3), we have 


dy _W ae 
EIT = + H)U— 4); ata are Cad fy eS 


WwW 
Ely =—7@l+a@~a. ... . . © 


Equation (4) gives the tangent of the angle which the tangent to the 
curve at any point makes with the horizontal. Equation (5) gives the 
deflection y for any point P of the neutral axis distant # from the free end. 
The maximum deflection 4 is evidently at the free end. Making, then, 
zx = 0 in (5), we have for the maximum deflection 

wi 


ee ee 
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The minus sign shows that the deflection 4 = AD is downwards or 
below the horizontal through the origin D. From (6) we can find the 
deflection for any form of cross-section, according to the value of J. Thus 


for rectangular cross-section of breadth } and height h, I= all! (page 


277) and 
4Wwis 


~~ Hoh™ 


[The student should solve this case taking the origin at B, Cand A. 
He should also draw the figure with the load W at the right end and take 
the origin at A, B, Cand D.| 

(0) Deflection—Beam of Uniform Strength.—If the beam is of uni- 
form strength, J is no longer constant. Suppose, for instance, a rectangular 
cross-section, the breadth and depth at the fixed end being 6: and fi. 
Then for constant height we have (page 300) for the breadth 6 at any point 


distant # from the free end b= bir. Hencery— aos, and from (1) 


Ha) 


we have 
d’y 12W 
= Ake 
oda Ebsh 


Integrating this we have 


dy 12 Wla p 
ip Hb Speer eoy St 0.) Oo). (2) 
6 Wla? 
Ye ans et ee ovale BEmge hae) 
2 
Making . =0 for # =/ in (2), we have (1 = ie ; and making y = 0 
for « = / in (8), we have 0, = — UNG . Hence 
dy 12Wl 
Samah meet 2. Eel Sew la cee mn) 
6 WZ 
Y= rie. To. we se Go A. 1D) 
The greatest deflection is at the free end and equal to 
6 Wi? 


=> Hh eos a en 


83 ons f 
‘or = times as much as for beam of constant cross-section. 


If we take the cross-section rectangular and the breadth constant. we 
have (page 301) for the height / at any point distant x from the free end 


x il a 
i= mg/ 2. ‘Hence i rea Pe and 
Ve ay 12Wly7 
— KM; = > = — ——_. 
dx Eb,hyY xe 


Integrating twice and determining the constants of integration as 
before, we obtain 


dy  24Wl 
doo ERs ee 
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— SW 2 Vea 
Y= — Hp aF — dle + 2aV/ie). 
For the greatest deflection at the free end we have 
eee ve 
= Hoh 


or twice as much as for beam of constant cross-section. 


; 615% 
eee 


For similar rectangular cross-sections we have (page 801) b = / 
1 


3 3/7 

Aisa 1 be Ae 

n=l opelence:/=——— 6; ye 
i nce 5 bihi i 7? and 


_ dy 1201 yl 


as ae RS Ss 
dx EHbihi? VX 


Integrating twice and determining the constants of integration as before, 
we have : 
dy 18Wi me 
da = Boas! — V2); 
18 Wi 


— D2 € 3/778 
smb (2! — dle + 8 via »), 


For the greatest deflection at the free end we have 


_ _-86 Wr 
~~ SEO he 


or nine fifths as much as for beam of constant cross-section. 
The volume of the beam in the first case is =? in the second case 4 


: ; 5 - : 
and in the third case 7 of the volume of a rectangular beam of uniform 


cross-section. Hence the deflection at the end for a rectangular beam of 
uniform strength is proportional to the volume of the beam. 

Case 2. Cantilever Beam—Fixed Horizontally at one End—Load 
Uniformly Distributed.—Here again we have already found the breaking 
weight and shape for uniform strength (page 302). It remains to find the 
deflection. 

(a) Defiection— Uniform Cross-section.—Let w be the load per unit of 
length uniformly distributed, / the length 4B 
of the beam, and take the origin at the end D 
before deflection. 

Since we can take the load wa as acting 


: : aw 
at its centre of mass or at a distance 5 from 


P, we have for the moment at P 


© w«0 
Ms, =WE X 5 = a” 
and from (I), page 326, 
ay wi? 
ae ANY fom ON ee ised. cee SOR itp ca A ar 
v1) be a 5 (1) 
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If the cross-section is constant, J is Oe We have then by inte~ 
grating (1) 


dy wae 
Se —— (Ghe ° . ° ° . ° ° ° ° 2 
Ely = — a iC 4 °C.” Ae ae) ee eos 


The curve APB must pass through B, and the ee at B must be 


horizontal. Hence we have y = 0 for # = 7 in (2) ana 2 oA = 0 for v=7 in 


y° is 
(8). The constants are.then Ci = + ae = = and 
ar =F - BO); Sea he ee ee oe 
w 
Ely = — ere —4le+3l) . . . - (& 
The maximum deflection is at the free end and equal to 
A a UE 
Py ESET tae Say, 


if we put the load wl = W, or only : as great as for an equal load at the 


end. 

[The student should note this case, taking the origin at B, C, and A. 
He should also draw the figure with the fixed end on left and take the 
origin at A, B, Cand D.] 

(0) Defiection—Beam of Uniform Strength.—For uniform strength 
Tis not constant. If we take the cross-section rectangular, the breadth 
and depth at the fixed end being 6, and 1, we have (page 3803) for con- 
stant height for the breadth 6 at any point distant w from the free end 


2 S72 
b= be Hence J = Ose and 


ay 6201? 
Casi aos 


Integrating this twice and determining the constants of integration as 
before, we have 
dy 6wl 


dx EHbshi3 


8wl? 
di eri. moe 


( — 2); 


The deflection at the end is then 
8lt 
Hb,h,® 
or 24 times as much as for the same beam of constant cross-section. In 


the same way we can find the deflection for breadth constant and for 
similar cross-sections. 


4=— 
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Case 3. Horizontal Beam Loaded with W between the Supports— 
Constant Cross-section. — Let 7 
be the length of the beam, 2, the 
distance of W from the left end, 
and take the origin at the left end. 
(For breaking weight see page 305.) 

The reaction at the left end is 
Wl — 21) 

l 
page 826, for any point P of the 
neutral axis distant # from the left 
end, 


Wil-2))_ WZ) \ 
l l 


, and we have from (1), 


ay te Wl — 21) as Wax 


when a < 2; M; = EI — 5 = eS a (1) 


when @> @ 


2 Wi, — 
— My = wrt = WE), He — 2) = Wa — M22 gy 


Tf the cross-section is constant, 7 is constant. 
Integrating (1), we obtain 
dy We Waa? 


oes ne eM ERP RN + 1) 


forw<Z HI 5 3 


ax 
Integrating (2), we obtain 


for “> 21 ar = Wain — 
dz 


Wax? 
21 


+ Oe et eS) 


Integrating again, we obtain from (8) 


Wa Waar 
TOPIC aa DLs — reat tf 


+Ce+O,.. . (8) 


and from (4) Wai? Waa 


for @> 21 Hy = — 61 
The curye APP must pass through A and B, and each portion AP and 


PB must haye a common tangent and deflection at P. Hence we must 
have y = 0 for e=0 in (5) and «=/ in (6). Also when e=2, e in 


Catt Os ene (6) 


q ‘ z 
(3) must equal = in (4), and y in (5) must equal y in (6). 
If then we make = 0 and y = 0 in (5), we find C; = 0. 
If we make « =/ and y = 0 in (6), we obtain 
Wat 


Th 28 (0h) = = 3 


d 
If we make w= 2: in (8) and (4) and place the two values of oe 


equal, we have se 
On a C2 => ~~. 
If we make a = 2; in (5) and (6) and place the two values of y equal, 


we have 
Wz? 


(C1 — Cr)zi — Cpe 3 
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Hence we find, for the constants of integration, 


s 
Wer Wal  Wa:° Wal Wai* = _ Wa 
Ci rahe = cance = rs aeenany COs One 6 
Substituting these, we obtain 
dy W(l—z : 
for @ < #1 EIS = eee — 2177-21) eG 
7 
for @> A: ery = We (6la — 8a? — 27 — 21"); . . . (8) 
dx 61 
fore B= ae ~ Ia +a). . % (9) 
Wal — x) 


for “> Zi Ely = (0? — 206 4 Zi) ee LO) 


61 

If we make a = @ in (9) or (10), we have for the deflection 4 at the: 
load 
he W272, 


Ye 


where 2: and 2 are the distances of the load from the right and left ends. 
l 
The deflection at the load is evidently a maximum when 2; = 22 = 9? that 


is, when the load is at the middle of the span. In this case the tangent. 
at the middle is horizontal. When the load is not at the centre of the 
span, the maximum deflection will evidently be at the same point C in the 
figure between the load and the farthest end. 

Let the distance of this point from the left end be m. If then 21 is less. 


than s m is greater than z:. If z, is greater than eS m is less than @:. If 


then we put wl in (8) equal to zero, we have for the distance m from the 
Ey 


left end to the point C at which the deflection is a maximum, 


when 21 < us m=t— o/s (2h — 2). Be  (ehl) 


dy . 
If we put ~ in (7) equal to zero, we find for the value of # which 


makes the deflection a maximum, 
Y 1 oe 
when Z; > 5 7 =a (20 —— Zila "9 eee 


_ The distance 2 — m from the right end in this case is the same as the 
Ferees from the left end in the first case, if z: in (12) is taken equal to 22 
in : 

If we substitute the value of m in (12) in the place of 2 in (9), or the 


value of m in (11) in the place of a in (10), we have for the maximum 
deflection, 


: Wane! one 
when Z > OY 4=- > Ovni V321(20 _ Az)3 ome (18) 
when 2 < u A — — Weie0(21 — 22) 


2 27 HI 322 (21 ier 2a). . . (14) 
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If the load W is at the middle of the span, 7: = z. = z and from (7) 


and (9) we have for any point between the left end and the centre 


dy _ W ip 

BI = ie |e ; 
e aC Al teed eee el) 

Wea 3P 

Hae eS pe ees 
y i (* rp epee es 1 

The maximum deflection is at the centre and equal to 
we 

~ 48BT’ C2 


1 
or only Fe much as for a beam of the same length fixed at one end and 


loaded at the other. 
Case 4. Horizontal Beam—Uniformly Distributed Load—Constant 
Cross-section. —Let w be the load per unit of length uniformly distributed. 
Take the origin at the left end A. 
Then the reaction at each end is 
ee and since we can take the load wa 
as acting at its centre of mass or ata 
distance of af from any point P of the 


neutral axis, we have for the bending 
moment at that point 


wl w 
Lg i aoe x 2° 


Hence, from (I), page 326, 
ay whe _ wx? 
Geen a 


— MM, = Fi (1) 


If the cross-section is constant, Jis constant. For « = 0 we must have 
l uf 2 
f— Osan tong — Ai we must have == 0, since the curve passes through 
dx 


A and B and the tangent is horizontal at the centre C. Determining the 
constants of integration by these conditions, we have, by integrating (1), 


wie we wi 


ge 
rN a 6 34° @) 
Integrating (2), we have 
pe 4 Sie 
ila wle wat wie (3) 


12 24. 94 
The maximum deflection 4 occurs at the centre for 7 = us hence 


ip 5wlt 
884. BT’ 


or only in of a beam of the same length fixed at one end and uniformly 


loaded. (For breaking weight see page 305.) 
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Case 5. Horizontal Beam Supported at Ends—Constant Cross- 
section—With Two Equal Symmetrically Placed Loads.—Let the 
beam AB of length 7 support two loads 
W, W placed at equal distances z, 2 from 
the ends. 

The reaction at each support is then 
W, and the maximum moment is at the 
centre and equal to Wz. 

For the breaking weight, then, we 
have 


where S; is the coefficient of rupture (page 288). 
We have from (I), page 326, 


Le) 


fora<zg —-Mm=L. aa 


= Wa i. 9. Wie ee ee (1) 
ay 


LOL a 
dx 


If the cross-section is constant, J is constant. Since the curve passes 
through A and B and is horizontal at the centre, we have y = 0 for a= 0 


ay l : : 
and ae =) Or — > Hence, integrating (1), we have 
dy Wi? 
HOPE g . Jas Saas 5 16 
aa ee a yee) 
Integrating (2), we have 
dy Wal 
Oe ASS HI, = Wee — sme’ oe (4) 
Integrating again, we obtain from (38), 
Veen 
for 7 <z Hiy = “= + Cia, . : (5) 
and from (4), 
forv>z iGo Wels + O30 eee 


dy . 
When x =z, aa in (8) and (4) must be equal. Hence we have 


i ven Wal 
2 a 
Also, when w = ¢, y in (5) and (6) must be equal. Hence we have 
0, = Wes . 
6 


Substituting these values of the constants of integration, we have 


dy W A 
for” <z He ee se s @) 


Wa 
Ely = ao ss 8lz + 32") ; . . . ° (8) 
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dy 


fora>z Why Ee 
dx 


Ww. 
=e — 0, . Re me aan) 


Ely = (@e — Ble + 2)... io oc oge CEM) 


The maximum deflection is at the centre and equal to 


te ke 
2441 
If the loads are uniformly distributed over the distance 2: — 21, instead 
of being concentrated, we can put 
wdzin place of W. Equation (11) 4 
then becomes 


I 

1 

I 
oe oe wedz 3]? — 422). te 
jk ) heen ses! 


If we integrate this between the limits z and 2, we have for the 
deflection at the centre 


ea 0 Ag aoe op, 4 
fA) ram) ae) (2a a1 |: Seah acre eh GD) 


(SR d2) eerie cas) 


I 
If the load covers the whole beam, 2: = = 0, and we have 


= 5el* 
~  884H#T’ 
as already found. 

Case 6. Horizontal Beam Fixed at one End and Supported at the 
Other—Constant Cross-section— 
Concentrated Load.—tLet / be the 
length of the beam, 2, the distance 
of the load W from the supported 
end, 2. from the fixed end. Take 
the origin at the fixed end and let 
R, be the reaction at the supported 
end A. 

Then from (1), page 326, we 
have 


ay 


for @> = Moe Hi — Bl — 2); ue Belo a ot ad) 

fora <% ~ My = BIT Sila) = er oe) 
For constant cross-section Zis constant. Integrating (1), we have 

for @> 2 art LS A) a A 5 Ae (3) 


dx 2 


Integrating (2), we have 


Rix? Wa" 
for @ <2. pr oe Pig peat = Wet ero Oa a (4) 
da 2 2 
Integrating again, we obtain from (3), 
(eae heres : 
for #> @ Bly = => ect Op ae bi 8 fee Bre) 
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and from (4) 


for @ < 4 


2 3 2 3 
Bly = 22 _ 28 a wee at we PRE Eh, os 4 5 (O) 


The curve APB must pass through A and B, have a horizontal tangent. 
at B, and each portion from A to W and W to B must have a common. 


tangent and deflection at the load W. 
dy 


Hence we must have y= 0 for a= 0 in (6) and #=/ in (5). Also wae 


= (0 for a =0 in (4); and when = 2, a in (3) must equal ee in (4), 


and y in (5) must equal y in (6). 
If then we make # = 0 and cu = 0 in (4), we have C. = 0; and if we 
x 
make w = 0 and y = 0 in (6), we have C1 =0. If we make vw =/ andy = 
0 in (5), we have 
Ri 


C2+ Cl= — 3 


If we make w = @ 2 in (3) and (4) and place the two values of a equal,. 


we have 
W: 2 
C1 = =— 3 . 
If we make # = 2 in (5) and (6) and place the two values of y equal,. 
we have 
3 
Ciz2 + Cs = — ie fs 
We have then 
Wz,' W227 
C3 = + 7 = Gl Jo ar (32 — 22). 


Substituting these values, we have 


dy — We: 
for & > és i =p -[(2Qle — a%)(B1 — #2) — 20); . . . (D 

dy Wea 
for 2 JEL = 
ore’ <2 i aE 


We? 
for@>a Ely = F57¢[(8la*— a*)(31 — a2) — 21(8x—%)]; (9) 


[22°(2d — x)(3 — 22) — 21°(2¢2— a]; . (8) 


Woe 


for @ <2, 8 ly Foi 


[22°(32 — a)(32 — 22) — 205(82. — a]. (10) 
roll we make # = 2a in (9) or (10), we have for the deflection 4» at the 
Wes! 


Siem ae 


Aw 
where 22 is the distance of the load from the fixed end. This deflection at 
the sae is a maximum when ¢ = d(2 — 4/2) 

If 2 is greater than this, the maximum deflection wi i 
‘ : 5 stion will be at 
C in the figure between the load and the fixed end. If z is joan haa nad 
_ 
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the point C will be between the load and the supported end. Let the dis- 
tance of this point from the fixed end be m. If then we purse in (7) and (8) 


equal to zero, we have for the distance m from the fixed end to the point 
C at which the deflection is a maximum, 


te. 
ayaa ye Ge aD) 


21z,(27 — 22) 
O72 + 29(20 = 2a). 


when z2 < U2 — 7/2) maT) 


when @: > U(2— 4/2) m= (12) 


If we substitute these values of m in the place of # in (9) and (10), we 
haye for the maximum deflection 


= We? / l— £2 
7 zZ a ys — > Ae 
when  < U( 72) A GAT (J — @) aaares (13) 


We.3(l — 22)(21 — 22)° 


h S/O] D) 4=— sar 
pase ee i) 3EI([2P + 2a(2l — ea) ) 


(14) 


These yalues of 4 are themselves a maximum and equal when 
Zo = U2 — 4/2) = 0.585751, 


The greatest possible deflection is then at the load when the load is at 
a distance of about 0.586/ from the fixed end. 
This greatest possible deflection is 


ae CLE 
bos 4800000 HT’ 
47 
or only about Zoo 3 much as for a beam supported at both ends. 


If the load is at the middle of the span, we have Ai = aw, instead of 
1 ° : : 
> W as it would be for a beam supported at the ends; and since in this case 
il = 5 : 
4 = 51 <U2—- 72), we have, from (11) and (13), the maximum deflection 


6 
at a distance from the fixed end « = WW and equal to 
wi 
=~ 48 /5ET 


or only a as much as for beam supported at the ends. 


There is evidently a point between the load and the fixed end for which 
the moment is zero. 

This is the point of inflection. At this point the curve changes from 
concave to convex. If we put equation (2) equal to zero, and insert the 
value of R:, we obtain for the distance of the point of inflection from the 
fixed end eI 

eg ab — a 
a a? + Qe = Py Cremer ree Nats (15) 


If the load is at the centre of the span. this becomes at 
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Breaking Weight.—Rupture will occur where the moment is greatest, 
that is, either at the load or at the fixed end. 
The moment at the load is, from the figure page 337, 


— Rie, = Ries — IG lh,. 
The moment at the fixed end is 
WZ. = Feats 


Now W is always greater than R:, and hence Wz, is greater than Fuze. 
The moment is therefore greatest at the fixed end. 
Inserting the value of #,, we have for the moment at the fixed end 
Wez* S,L 
We. = — pp (8l — #1) = 7 , 


q 


where 8; is the coefficient of rupture and v the distance of the most remote 
fibre from the neutral axis. Hence the breaking weight in general is 


= 28,1? 
~ Vae(2l — 22)(l — 22) Bee oe eCLO) 
The moment at the fixed end is a maximum for 
Tt) 
= ee 04267 
2 = i( t= = ) 261 


This maximum moment at the fixed end is then 


Wi ST 
ie. TOY 
and the least breaking weight is then 
eye 
v- ENE 
a ol 
3/3 : 
oO eet a 1.3 times as great as for beam supported at the ends. 


If the load is at the centre of the span, 2. = = and the breaking 
weight is 
168, 
i 301)? 
or as much as for beam supported at the ends. 

Case 7. Horizontal Beam—Fixed at One End and Supported at the 
Other—Constant Cross-section—Load Uniformly Distributed.—Let 7 
be the length of the beam, take the origin at the fixed end, and let R, be 
the reaction at the supported end and w the load per unit of length. 

Then from (1), page 326, we have, since we can take the load wil— a 
as acting at its centre of mass, or at a 


R, t‘—2 
distance 5 OEE 
ABo-------- 4<-——= Sn B d?y w(l—2)? 
‘ i ie ET et 2) = 5) . (1) 


t-l-a -<-- For constant cross-section I is con- 
i 2 stant. 
i Y 2 Since the curve passes throu 
SSE gh A and 
w (l—a) B and the tangent is horizontal at B, 


we must have y = 0 when # = 0 and a = 1, and ae 0 when x = 0 
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The constants of integration are therefore zero, and we have by inte 
grating (1) : 


dy Riv whe wie? we 
1 SING SS a ae 2) 
Gate as Tide ah: © 
Integrating (2), we obtain 
Ril Rie wee wile wat 
STNG — ———_ — SS OG 3 
hong 6 ime Stns ® 
Since for « = J, y =0, we have from (8) 
3 
Ry = gs 


instead of sul as it would be for a beam supported at the ends. 


Inserting this value of R, in (2) and (3), we have 


dy WH 
HI = = — — (6? — 2) eae Maes ts 
ns 2B (6 15l@ + 827); (4) 


Ely = — “2 - 2)(81— 22). . io: ee) 


Putting (4) equal to zero, we have for the distance of the point C from 
the fixed end at which the deflection is a maximum 


Bas , OP Wy Uses 


The maximum deflection itself is then 
_ 89 + 557/33 wit 
16* EI" 
If we put (1) equal to zero, and insert the value of Ri, we have for the 
distance of the point of inflection from the fixed end 


Yi — 


aay 
4 


Breaking Weight.—If we insert the value of A, in (1), we have for 
the moment at any point 
IE W. 
— My = — = ry = 61 — 42). 


we : ; A wl? 
This is a maximum whenaw=0. The maximum moment is then . 


at the fixed end. We have then 


we Srl 
ears, 
or the breaking weight 
ee 88,I 
vi 


ors as great as for the same load in the centre, and just the same as for 


beam of same length and load supported at the ends. 
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Case 8. Horizontal Beam Fixed at Both Ends—Constant Cross- 
section—Concentrated Load.—Let 7 be the length of beam, @: the dis- 
tance of the load Wfrom the left end, 2: from the right end. Take the 
origin at the left end and let Ai be the reaction at the left end. 


The left end must be fixed by a couple + 7, — F whose moment Ji, is 
the same at every point of the beam. 
Then from (I) page 326, we Lave 


2, 
for @ <a“ — Ma = BIO" = Rye — Mh. sh ¢ See 
for’ >a = io = EIT! = Re — We — 2) — Me ks Pee) 


For constant cross-section J is constant. 
Integrating (1), we have 


Rix? 
for % <a gree Wa +0. = eee (3) 
dx 2 
Integrating (2), we have 
2 2 
for @ > @ art 72 = ike + Wav—Mr+0..... 4 
AX J] 
Integrating again, we obtain from (8) 
mp3 2 
for v@ <& i Co Ca Act ee a ecemntCO}) 
and from (4) 
3 3 "rp 22 
for @> @ Ely = ee att Vee + 0,0+ 0,. (6) 


6 6 2 2 


The curve APB must pass through A and B, the tangent must be hori- 
zontal at A and B, and each portion from A to the load and from B to the 
load must have a common tangent and deflection at the load. Hence we 
must have y = 0 for «= 0 in (5) and wa=1 in (6). Also we must have 
dy 


a 


—~ = 0 for #=0 in (3) and « =1 in (4); and when a=, dy in (8) must 
da ax 


equal ee in (4), and y in (5) must equal y in (6). 
We have then, making # = 0 in (8) and (5), 0: = 0 and ©, = 0. Making 


2 
% = % in (8) and (4) and equating them, we have Q, = — wet Making 


; a 
# = % in (5) and (6) and equating, we have 0, = ae Making «= and 
y = 0 in (6) and inserting the values of 0, and Cs, we obtain 


38M? = 3Wle, — 3Wle? + RG — WE + Wa, 
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: d : 
Making a =/ and o = 0 in (4) and inserting the value of C, we have 


2M = 2Wle, —_ Wei? + Te = Wi. 


Eliminating M4, and #, from these equations, we obtain 


R — W227(821 + 22) R. *: Wai7(82? + @1) 
A ’ a pl 

Ware? Weeks? 

if, = M, = — =. 


Substituting these values of R, and M and also the values of the con- 
stants of integration in equations (8) to (6), we have 


é dy We.?x 
for @ <2 EI- = —yp [Ba + 2:)0 — 2a1]; OY A Sa SE BGS) 


dy W 

fora>e HI! = —[ (Be: + a)erta*—T@e—a)'—2eatle]; . ©) 
2 2 

fore <1 lg Se [ (82, + 22)@ — 8el |; a oe eee CO) 


forz>2  Hly= ar [ea + 22)207a* — (a — e1)* — 8erz,*10 |. . (10) 


If we make a = 4: in (9) or (10), we have for the deflection 4» at the 
load 
Wes721° 


Ae =] = SS 


BHI 
where #: and 2, are the distances of the load from the right and left ends. 
The deflection at the load is evidently a maximum when @: = # = . or 
when the load is at the middle of the span. If the load is not at the centre 


of the span, the maximum deflection will be at some point C in the 
figure between the load and the farthest end. Let the distance of this 


point from the left end be m. If, then @: is greater than eae is less than 


2,; and if 2, is less than . m is greater than ~. If then we put w in 
dx 

(7) and (8) equal to zero, we have for the distance m from the left end to 

the point C at which the deflection is a maximum, 


1 22,1 
he = Aa 11 
when 4 > > Die ce (11) 
if Zol 
i = = ———.. . 12 
when 71 < 2 m cae (12) 


If we substitute these values of m in the place of w in (9) and (10), we 
have for the maximum deflection 


j 2 W2i%22" 
: b LAS ee a ee. ct, LS 
when 21 > °) Bae, ea) ve 
2 Wae2i7 


j 
oA pee a 
when ai <= 3(822 + 2:)°HT 
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These values of 4 are themselves a maximum and equal when 


Ci ea 7 The greatest possible deflection is then at the load when the 
load is in the centre and equal to 

ee 

~ 192Her 


or only one fourth as much as for a beam supported at both ends. 
If we put (1) and (2) equal to zero, we have for the distances of the 


points of inflection 


gan 2 and pe 
321 + Za 322 + 21 


Tf the load is at the centre, we have 
3 


1 
= —l Fiemme HI 
x“ ri and a! 


Breaking Weight.—We easily find the greatest moment to be at the 
end nearest the load and equal to 
W227 SL 
aber 
where 2; is the distance from the load to the nearest end. 
Hence the breaking weight in general is 
2 
Wwe Seas 
V21Z2 


(16) 


The moment at the nearest end is a maximum for z; = af and the least. 


breaking weight is then 
Ww pulse 
40l 


Pate Ake 
or ae times as great as for a beam supported at the ends, 


If the load is at the centre, we have 

88,L 

al? 

or twice as much as for a beam supported at the end. 


Case 9. Horizontal Beam Fixed at Both Ends—Constant Cross- 
section—Load Uniformly Distributed.—Let / be the length of beam, : 


W= 


the load per unit of length, and take the origin at the left end. The reac- 
. “sie tees wl 

tion at each end is evidently oy The ends must be fixed by the moments. 

Ih, M,. We have then from (1), page 326, 


ay wl Wx" 
— Ne = hi = (i a 
x dv oye 5 Minny 2 ee (1) 
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For constant cross-section Jis constant. Since for # = 0, y and are 
x 
zero, we have, integrating (1), 
Ly en tO 2 
JOSS SO es 5 ae, 
de 4 6 oY > 


and integrating (2), 


_ wile wet Mya? 


Hly = — a ee eee (Oy 


Fora =, a = 0, and we have from (2) and (1) 
av 3 


wl we 
Mm, = Ss ia Bee ee 
il oes ; 12 
Substituting the value of JG in (2) and (8), we have 
dy WH 
ff fee = — l — @ l ee 2 5 3 . . . . . ’ 
EI. Ee eo x); (4) 


ae - 
Hly=— 9, — ay. . He es Stee Re oie 5s (G59) 


Putting (4) equal to zero, we have for the point C at which the deflec- 
tion is a Maximum, m = 7 The maximum deflection is then 
tiger 
> 384zr 
or only one fifth as much as for the same beam supported at the ends, 


If we put (1) equal to zero, we find for the distances of the points of 
inflection from the origin 


L l 1 l 


ee _ 
2 243 2 24/3 


or « = 0.2113/ and w = 0.788771. 
Breaking Weight.—The greatest moment is at the fixed ends. Hence 


we _ Sl 
(oo oe 
and the breaking weight is 
1287L 
ol — 5 
Oy 


or es as much as for beam supported at the ends. 


Deflection of a Framed Structure.—Let a framed structure as shown 
in the figure be acted upon by the loads Wi, W2, Ws, applied at the 
apices 6, d, f, and by the reactions Ai w 
and R, at A and B. R, , 

Let the deflection 4 at any apex e, 
loaded or unloaded, be required. 

Suppose a load w of any convenient a 
amount placed at that apex. Let the 4 b d i 
cross-section of any member, as ab, bea, a W. 
its length 7, and its stress due to the my 2 : 


a e g Re 


total loading, including w, be S. Then its unit stress is = and since # is 
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; : : rs} 
equal to unit stress divided by unit strain (page 281), its unit strain is i 


: : : 5 isl 
and its entire strain due to the total loading, including w, is aE’ 
Now let s be the stress in the same member ab, due to w considered as 


: 1 3 
acting alone. Then, since work = x stress x strain, we have for the work 


Ss 
on that member due to w alone, oak” 


F if 
The work on all the members due to wis then = 88 


2a 


A 
deflection at ¢, this work must be equal to = We have then 


But if 7 is the 


wa sit 1 sSl 
— = —— 4= — —— 
2 = ab veealt E = wak’ 


We can thus find the deflection at any apex ¢, loaded or unloaded. 
Whatever value we assume for w, the ratio = for any member will be the 


same, since the stress increases with the load. It is therefore convenient 
to take w unity. 

Example.—Suppose a girder consisting of two inclined rafters Ab and 
Be, 5 ft. long, and two vertical ties bf and ce, 4 ft. long; an upper chord 
be, 5 ft. long, aud a lower tie consisting of Af, fe and eB, 3 ft., 5 ft. and 
3 ft. long respectively. Let there be a diagonal brace fe whose length ts 
6.4 ft. The loads at f and ¢ are Wi =5 tons, W2=10 tons. Find the 
deflection at e, taking E = 12500 tons per square inch and the area of cross- 
section of each member as given in the following Table. 


Ans. We easily find (page 106, Example (4)) the stress S in tons in each 

b 5 ¢e member due to the total loading, 
also the stress s in tons in each 
member due to one ton at e, as given 
in the Table, (—) signifying com- 
pression and (+L) tension, 


The columns for eT and of are 
wH a 


then easily filled out. Multiplying 
these for each member and adding, 
W,=5Tons | We= 10 Tons we find the deflection at e, 7= 

; 0.1627 inches. 
In the same way we could find the deflection at f by supposing w=1 ton 
at f and placing the corresponding stresses in the fifth column, and the corre- 


eh) : 
sponding values of = in the eighth. 


i Observe that in such case s for the member cf would be (++) or tension, and 
os Ss 


would be (—), while all other values of = would be (+). Care should 
¢ 


a 
therefore be taken in any case to observe the signs in columns 4, 5 and 8 

The stresses S due to total loading are, strictly speaking, slizhtly changed 
by the change of shape. This can, however, be disregarded without percepti- 
ble error, as the deflection in all practical cases is very small, When it is not. 
a second approximation can be made by finding s and S for the new shape. The 
strain due to bending of compressed members is also neglected. The coefficient 
of elasticity H is assumed constant. All pins, if any, at the apices are presumed 
to fit tight, and all adjustable members, if any, to be properly adjusted. 

A girder after erection may then be tested by calculating the deflection at 
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aeons for a given loading and comparing with the actual deflection for this 
oading. 

A good agreement is thus a test of the close fit of all pins, of the proper 
adjustment of all adjustable members, of the agreement of the lengths and 
the areas of members with those called for by the design, of the constant value 


Length| . E aiee 
L in tons s i) 
ewe in faeh§ an Boe in tons eh eek eS a 
er. |; square . * jsection a in inches, 
inches. = an a wh a 
in sq in. 


85 | gee |+1.46616 
.00 | ge |+ .97689 
85 | sie |+5.30472 


Ab 60 12500 |— 7.954/— .341 
be 60 12500 |— 4.777/— .2045 
cB 60 12500 |—10.795;— .9091 


or 
me 
or 
ns 
CO a ee oe 


) 
| 
r 
Be | 36 | 12500 |+ 6.477/+ «5 | 3s |+2.355037] ) 
ef | 60 | 12500 |4+ 6.481/4+ .5454/1.5 | ges |42.856491 | 0.0979 
fA | 36 | 12500 4 4.777/4+ 12045] 1.5 | ay2ee 651264) | 
bf | 48 | 12500 |+ 6.3684 .2727/ 2.0 | 7885 [4+ .867595]) 
ce | 48 | 12500 |+ 8.636/41.00 | 2.0 | 7895 |+4.318 | 9 o2r7 
of | 7%6.84| 12500 |— 2.182/— .4366| 0.75 | 78:84 +1.270215] | 


A = 0.1627 inch. 


of # and its proper assumption as to magnitude, and finally of the fact that the 
limit of elasticity is not eaceeded by the loading. 

It is evident that when so many conditions must concur, a discrepancy be- 
tween the observed and the calculated deflection has little practical significance, 
The last-mentioned fact, that the limit of elasticity is not exceeded, is the most 
important, and this is proved, not by close agreement between the actual and 
the calculated deflections, but by the fact that the deflection is found to remain 
constant under repeated applications of the loading after the structure has at- 
tained its permanent set from the first application. Calculations of deflection 
are then of little value as a means of testing framed structures. 


Deflection of Beams found by the Same Principle. — We can 
make use of the same principle of work in finding the deflection of beams. 

Thus let APCB be the curve of the neutral axis of a deflected beam 
and let the tangent to the curve at the point C be horizontal. Take the 
origin at avy point D’ in the horizontal through C. Let 21, y: be the or- 
dinates of the point A at which curvature begins, the portion A’A, if any, 
being straight and tangent to the curve ACB at A. Let m be the distance 
of the point C from the origin, and let #, y be the ordinates of any point P 
of the curve, Let the moment at P of all the outer forces left or right of 
P be My. We can replace the moment J by the couple whose forces 
Ma and +- a2 act at A and P respectively. The force + _ Me 

UA a= 2 ' uv A 
at P is the stress which resists deflection at P. Since work is equal to 
4 stress x strain (page 281), the work of overcoming this resistance is 


seco Since y is positive above and negative below the horizontal D’C 
ie 
and M;, is positive when counter-clockwise, if we take Mz with a minus 


sign on the left of Pand a plus sign on the right of P we shall always 
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M: My, 
have gees positive. Now the couple whose forces + = are —- a 


az . 
act at P and A strains the fibres above and below P in the cross-section 
at P. We have then 


oe fs 1 
Mey é } work of straining all } total work on a t te: 


- ——— the fibres in the the fibres between 
2(@ — 21) cross-section at P Pand C 


For any fibre of the cross-section at P at any distance v above or 
Since / is. 


below the neutral axis tl 
equal to unit stress divided by unit strain (page 281), the unit strain of the 


fibre is ee If a is the cross-section of the fibre and da the distance to 
Mrvdxz 


EI 


Mxva . 
is the stress, and 


the next consecutive cross-section, then 


is the strain of the fibre between two consecutive cross-sections. 
The strain of the fibre limited by the cross-sections at P and C is then 


and its work is 


Myva M,vdx Mav 
aT ps = Er gh Meds. 
x 


: ise Zav’ = I, the work of straining all the fibres in the cross-section: 
at P is 


Again, the work of straining the fibre between two consecutive cross- 
sections is 


M00 y Mavde _ av’Myrde 
QI TAO IE 


Since Sav*= J, the total work on all the fibres between P and & 


is then 
1 me 
ORI yh M2: aa. 
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We have then, from statement (A), for any point P between A and C 


May 1 me B M m 
ae car /, Fn sone Madea. 
Hence 


ne 
for@>a Hly= rf F My(x — 2:)du — (@ — z1) ye ae Myda. (1) 
x2 
Differentiating (1), we have 


dy »m 
ii =), MEO eT) ey Ps!) Ca) 


Differentating again, 


which is the same as equation (I), page 326. 
If in () we make 2 = Z:, we have for the deflection at A 


ill mm 
n= ah. + Mz(« — z)da, 
cal 
and from (1) for the tangent ¢: of the angle A’AD” which the tangent at A 


makes with the horizontal 
nv 
ty => =f M,dx. 
2 


We have then for the deflection for any point of the straight portion A’A 


= + ( b= pp fs yeas uamlchled Bee 5 Fp 
4 — Yr 4 @— Ati = FF b + le — adden — ae F Mzdx, 


or 


am m 
for’ <Z Ely = i = Mala — 2:)da — (a — a) f + Mzdx. II) 
Zz Zz 


1 


In (J) and (II) Mz is always the moment at any point P of the curve 
between A, where curvature begins, and (, where the tangent is horizontal, 
The (—) sign is taken when Mz is taken for all forces on the left, and the 
(+) sign for all forces on the right. 

The application of these equations will give us 
the same value for the deflection as already ob- 
tained. 

Take the case of the cantilever beam of uni- 
form cross-section fixed horizontally at one end, 
with load W at the other end. Here m = J, 
Z, = 0, and for W on left of P, My = + Wa. 
From (1), then, 


y 1 
Ely = ff — Wa'dx + «x Wada. 
x x 


Integrating, we have at once 


Wr Wa? Wha Wa W 
ly = — 3 re 3 = op es eeeritg (ere te), 
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which is the same as already found, page 329. If 2 = 0, we obtain for 
the deflection 7 = DA at the end 


Wit 
3 . 


Hence if we take the origin at A, we 
have 


#HI4 = — 


Ely = FF (ata — i) ee 


Let the beam project beyond the load. 
W so that the portion A’A is straight, 
and let the distance of Wfrom A’ be z:. Here m =/, and 


for Won left of P My = W(a — #1). 
Hence, from (II), 


i l 
| Thy = vA — W(a@ — a)’*dx + (@ — ay f Wa — z:)da ; 
By zy 


for @ < 2; 


W 
Ely = — Le ye - Z1)° ae 3(Z —, Zi)(@ = 21) . 
( él 
If x = 0, we obtain for the deflection 4 = D’A’ at the end 
Ww ; 
HLTA = — + | 2 == Ea + 3(d —_— zy | 
Hence if we take the origin at A’, we have 
a 2 
for # < a, Bly = C= EO a  (G: 


From (I) we have 


1 1 
Ely = i — Wa — a)a’dx + « f we — 2)dx; 
x x 


for @> Z1 Ww 
By = | 2 — “:)§ — 80 — 2)*(a@ — 21) + (a — |. 


Hence if we take the origin at A’, we have 
WwW 
NOC Ss ey Thy = z| 8 — 2)'% — (@ — | cyt stem 4) 


Let the beam be acted upon by a couple whose forces + F, — Fact at 
A’ and A respectively. Take the origin at D, 

The moment of a couple is the same at every point in its plane, and 
equal to Fz = M,. We have then in 4F 
this case for any point Pon the right 
of D, My = M, and from (1), making D 
= Yes Uh 


If « = 0, we obtain for the deflection 4 = DA 


MiP 
a 


BTA = — 
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Hence if we take the origin at A, we have 


Mi? Mix 
he ae) 


Ely = Milx — CES Ob 6 6 o a 6 (& 


Let the beam be uniformly loaded with w per unit of length, and take 
the crigin at D. In this case we have for 
wi? 
5 
Hence from (J) taking m = land 7 = 0, 


7] ; itn’ 
wasda x warda 
= x 
2 2 
ef & x 


Ely = -- a (304 — 4x + at), 


any point P on the right of A, M= 


I 


Ely 


which is the same as already found, page 332. 
If « = 0, we obtain for the deflection 4 = DA, 
wl* 


BIA = = 
8 


Hence if we take the origin at A, we have 
Ely = —— (40x — a! 
; Y = of Gla — x"). one! ces s URO BLouure. (6): 


By using these equations we can find the deflection for all other cases. 
Thus let a horizontal beam of uniform cross-section have the load W 
between the supports and take the origin 


at A. The reaction at A is a 


The deflection due to this reaction at 
any point between A and the point @ at 
which the tangent is horizontal we find 
from (2), by making 7=m and Wa 
Wl _ 21) 

1 ? 

Wl _ 21) 


— —____—_ 2 —_— 3 
6 ETL (87% — 2), 


1 
J 
' 
‘ 
| 
! 


The deflection due to Wat any point between A and W when a: <m 
we find from (8) by putting / =m: 
Wim — 2:°)x 
2Er 
The deflection due to Wat any point between Wand @ when 2 < m. 
we find from (4) by putting 7 =m: 
W 
6 HL 


3(m — 21)’a — (@ — a)’ |. 


The deflection due to the reaction we at B at any point between @ 
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and the right end when z: <m we find from (2) by putting l1=l—™m, 


Var 
e=t—a,and Wa — 
Wz 
sep lees —m)(l— a2) — (1 — a)? |. 
lsd — mye — 2) — Cay] 
We have then, when 2: < ™, 
for% <a ; 
PT eee rg ey eee + ide ee 
61 2 
for w> z, and < 1m 
—_ = Fae W, 
An 2 SOE Deen) 4 ee eee 4 (3) 
62 2 6 
for z> m 
War 3 
Ely = — [8@ — m@ — «) —@— 2)’ ]. es 


If we make w = 7m in (8) and (9) and equate, we obtain 


when 21 < m mat W/L @ — 2) =1- Laan 


which is the same as already found, page 334. 


If we substitute this value of m in 
(7) and (8), we obtain equations (9) and 
(10), page 334. 

Let the beam sustain a uniformly- 
distributed load of w per unit of 
length. 


2 
In this case 1, = — uy, + ee 
2 2 
From (1), ifwe make z:= 0, m= ; 
we have 
l i 
2 2 
Te eee i wedx er wladx ra WE 
i 2 2 ‘ 2 2 


wie 3 : 
ee Biol % wla a wis ay wa 
128 12 24 24 


If 2 = 0, we obtain for the deflection 4 = DA 


5ewlt 
EIA = 5 


a 


Hence, if we take the origin at A, we have 


wl wat 3 
Ely = whe 


12 24 24” 
which is the same as already found, page 335. 
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Let the beam be fixed horizontally at one end and supported at the 
other and sustain the load W at the dis- 
tance 2: from the supported end A. 

Let Ai be the reaction at A, and 
take the origin at the fixed end B. 

The deflection due to A, at any point 
between A and BS we find from (2), by 
making #=/l—xand W=—R 


ly 


— [see -— » — day], 


The deflection due to Wat any point between A and Wwe find from 
48) by putting « =/1—2: 


WE — a) — 2) 
2ET 


The deflection due to W at any point between Wand B we find from 
(4) by putting 7 =1—2@: 


Wi 2 . 
Sarl 3 —a)(l —2) — ¢@—x#— a}. 
We have then 


for @> 22 
Ely = — 2 [3a (l—2) —— a) |+— a amen rar (10) 

for @ < 2 

1 (jen eae 
Bly =—* srd— 2) —¢— a9] 4 MAD Ma_ aay, (a) 
; 2 6 
If we make 2 = 0 in (11), y= 0, and we obtain 
We” 
Bi “op — 2), 


which is the same as already found, page 838. 

If we substitute this value of A: in (10) and (11), we obtain equations 
(9) and (10), page 338. 

Let the beam be fixed horizontally at one end and supported at the 
other and uniformly loaded with 
the load w per unit of length. Take 
the origin at the fixed end B. 

The deflection due to A, at any 
point P we find from (2) by making 
a=l—xand W=— Ri: 


— sa | BC 2) — d—a)'|. 


Y 
w (l—a) The deflection due to the distrib- 
uted load we find from Ss by making w =/—@: 


stat [ 42% (i — a2) —(l— a) i} 


Hence 


Ely = — [ard — == x) | oe ria =g)— (1 — a)* |. FED) 
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3 
For w = 0 in (12), y= 0, and we find R, = ge 


Substitute this value of R: in (12) and we obtain equation (5), page 
841. A 
Let the beam be fixed horizontally at both ends and have the load W 
at the distance 2: from the left end A. Then we have at A the reaction 
R, and the moment M.. 


Take the origin at A. 
Then we have for the deflection due to M, from (5) 


Mix 

2HT 

For the deflection due to A, we find from (2) by putting W=— Ai: 
Ry, 

~ 6ET 


For the deflection due to Wat any point between A and W we find 
from (8) 


(21 — 2). 


[BP?a — x*]. 


W(l — 21)°a 
2HI ; 


For the deflection due to W at any point between W and B we find 
from (4) 
Ww 


6EL 
iHienceym toni daz, 


Bly = — (she — at) + 2 (a —a) + WO are oa ae 


3 


[3@ — “Ayu — (e@ — a1)*]. 


“ 


forv> a 


Ry Au ae eye Wl of. ; 3 
Ly = — (shea) re (27-2) aa 7 [2(i2) x— (221) i (14) 


Differentiating (13), we have 
for“@ <A 


ay _ Un fe 2 : M, x W(l—z,)? 
r= —F(# — Ba") + : (21 — 22) te 


a a 


For «= 1, y = 0 in (14) and we obtain 


URED AGES GY 4 
sane ar 3 wea Z:)°(2l + 21) = 0. 


d : 
Horeaie—10: = 0 in (15) and we obtain 


RiP W(l — 2:)? 
— = 0 


2 2 


+ M+ 
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From these two equations we find 


Waiz2" W227 (821 + 2 
ie ee fee sms 2). 


which are the same as already found, page 343. 

If we substitute these values of M@, and R, in (13) and (14), we obtain 
equations (9) and (10), page 343. 

Let the beam Le fixed horizontally at both ends and be loaded uniformly 


with the load w per unit of length. Take the origin at A. Then for the 
deflection due to M, we have from (5) 
Mix 
2H 


(22 — a). 
For the deflection due to the reaction a at A we have from (2), put- 
wl 


S A221 
For the deflection due to the distributed load from (6), 


[sla — wx]. 


w 3, 4 
5 ter! «x — x), 
Hence , y 
aoe he we € 2a0 m3 LH 9 any Se San mf’ 
Ely Tedd a) + 5 ee a) + (ea x"), 
which is the same as equation (3), page 345. 

Formulas for Long Struts.—Let a long strut or vertical column of 
constant cross-section A sustain the load W, and let the deflected column 
be free to turn at both ends, as in the figure. Take 
the origin at the upper end A, and let a be the 
vertical and y the horizontal co-ordinate of any 
point P of the elastic curve. 

Equation (I), page 326, holds for flexure, pro- 
vided (page 326) that the deflection is small, that a 
plane section before flexure remains plane after, 
that the elastic limit is not exceeded and that the 
coefficient of elasticity # is constant. 

The bending moment at the point Pis Mz = Wy. 
Hence from equation (I), page 326, 


EI hace Wy. 
dx? 
Multiply both sides of this equation by 2dy 
and we have 


2, 
a = — 2Wydy, 
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Integrating, we have 


2 
Bre. =— Wy’ + C1. 
dx 
: dy . 
Let DC = 4 be the maximum deflection. Then when y= 4, oe is 


zero, and 0; = W4?, Hence, substituting this value of C1, we have by 
inversion 
a 
da — Ll 5 een ey : 
WwW W A? aa y 


Integrating again, we have 
ET oe) 
= / —— are sin + (2. 
W re sl yi + Os 


When y = 0, 2 is zero and therefore C, is zero. We have then for the 
equation of the elastic curye 


: W 
y sin &@ ; 


which is the equation of a sinusoid. If the length AB of the column is J, 
then when =J, y is zero. Hence if m is 1, 2, 3, etc., we have 
WwW nn? 
© = nn, or W=EI—. 
Since J = Ak’, where A is the area and « the radius of gyration of the 


cross-section for the axis through its centre of mass at right angles to the 
plane of bending of the axis, we have é 


Ww vr BK 
qo © 


This equation (E) is known as ‘‘ Hulers formula” for long struts. 
For n = 1, n = 2, n = 3, we have the curves shown in the following 
figure. In the first case the curve is entirely on one side of the axis of a, 


A A A 


Ronn nnn 


B B 


in the second case it crosses that axis at the centre, in the third case it 
1 2 : : 

crosses at a and 3 The greatest deflection evidently occurs for the 

case where n= 1. Hence for acolumn with vownd ends we have theoreti- 

eally 2 = 1 in Euler’s formula. 


A column with one end round and the other fixed is represented by 
the portion Aé in the second case, 6 being the fixed end. Here mn = 2 and 
the length Ad is three fourths of the entire length. Hence for a column 
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with one end fixed and the other round we have theoretically n = ; in 


Euler’s formula and 
W 9x Hk 
KE te 


A column with fixed ends is represented by the portion cc in the third 
cease. Here 2 = 3 and the length cc is three fourths of the entire length. 


Hence for a column with fixed ends we have theoretically n =: == 2 inn 


Euler’s formula and 
Wis An? HK? 
A=" FP 


These ideal end conditions do not, however, exist in practice. The 
nearest approach to round ends is for pins at each end. In such case 
there is always friction. The nearest approach to a fixed end is a square 
end abutting upon a rigid base. But since the fibres on the convex side 
are in tension, the end in this case is only imperfectly fixed. 

Practical Values for ». — Brittle materials, such as stone, brick, 
cement, or hard cast steel, when they fail by crushing, crack and separate 
into pieces. Tough materials, such as wrought iron, rolled steel, timber, 
ete., when compressed fail by slow flowing of the material. The crushing 
load, then, for such materials is the load which produces permanent set. 
We therefore consider the elastic limit Se as the ‘‘ ultimate strength” in 
such cases. From many experiments carried to the point of failure m in 
Euler’s formula has been found to have the following values : 


. One Pin 
Two Pin i | Two Flat 
Ends. Sposa Ends. 


If then we use these values of in Euler’s formula (E), we obtain for 
any value of 7 and « the so-called ‘‘ crippling unit load,” that is, the unit 


load ss which makes the unit stress in the outer fibre of greatest stress 


equal to the elastic limit Se when failure occurs. 

Limiting Length for Euler’s Formula.—-Let abv represent the cross- 
section of area A at the centre of the column where the deflection is greatest, 
C the centre of mass of this cross-section. The. plane of bending will 
always be parallel to the least radius of gyration of the cross-section. 
Let v and 2, be the distances parallel to the plane of bending of the axis, 
of the most remote fibres aa’, 6b’ from the centre 7 on the convex and- 
concave sides respectively. For symmetrical cross-sections » = 0. 

Let Se be the elastic limit and Sy the unit stress due to bending in the 
most remote fibre aa’ on the convex side. We also have a uniform unit 

; hae : : 
stress of direct compression |Z over the entire cross-section due to the 
load W. On the convex side this unit stress for the most remote fibre aa’ 
is diminished by the unit stress Sy due to bending. On the concave side 
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this unit stress for the most remote fibre 00’ is increased by the unit stress 
” y¢ due to bending. 
v : 

As long as the length 7 of the column is less than a certain length L, 


Wao ; 
we see from the first figure that when i + 30 on the concave side 


: ‘ WwW 
equals Se, the elastic limit, Syon the convex side will be less than = and 


we shall have compression at every point of the cross-section ab. So long 


as this is the case Euler’s formula (EK) does not apply. ‘ 
But now as the length / increases, we can evidently have a certain 


length Z for which, when the unit stress on 60’ equals the elastic limit Se , 


Sy, as shown in the second figure, shall be just equal to a When this 


is the case there is no compression at a. For any length greater than L, 
then, we shall have tension at a when the unit stress at 6 is equal to Se. 
At or above the length Z, then, Euler’s formula applies. 
We have for this length the condition 


Ww ww W Se 
“At tae oe ek Aas Ea 1 
v 
But since Euler’s formula applies, we have also 
W nw? 
vie 


Equating these two values of ve we have for the length Z 


NK V(1 + a 
VS ot UN) eyes aera (1a) 


Equation (L) gives then the limiting length above which we can use 
Euler’s formula (E). If the length Z is less than Z, we cannot use Euler’s 
formula, but must deduce some other formula for the ‘crippling unit 
load.” The value of « is always the least radius of gyration of the cross- 
section. 

The Straight-line and Parabola Formulas. — We have seen that 


i 


for values of 7> Z we can find the crippling unit load as from Euler’s 


formula (E) if we use the values of 2 given on page 357. 


Let us take any origin O and takew = as abscissa and = e as 
K 


't¢@ 
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ordinate. Then Euler’s formula is represented by the curve HPF whose 
equation is 


E 


_ vr 


Baga yt NY) 


x 


Only the portion PF of this curve 
can be used, the point P being 


given by «= = and y= Ee 


For 7 < Z let thecurve for theideal ~¢ 
column be AP. The ideal column 

is perfectly straight, perfectly ho- ' 
mogeneous in all its parts, the load 

W accurately at the centre of cross- © _ L = 
section, etc. No column is thus i 
ideally perfect, and hence the actual 


W ; ‘ Annie 
values of 7 28 given by experiment are found distributed above and 


below AP over a considerable range. Evidently, then, a strictly rational 
formula for AP would have no advantage over any convenient curve which 


passes through A and P so that OA = & for /=0, andy = Seaiies 
eee 
v 
a for 7 = Z, and has at Pa common tangent with Euler’s curve P#. 


Let us assume, then, for the curve AP 
Note ORI Che) eo. nee st een (eS) 


This curve passes through A so that OA = & for? =0. It remains to 
determine 6 and ¢, so that the curve shall pass through P and have a com- 
mon tangent at P with Euler’s curve. 


If we make @ = = in (1) and (2) and equate, we have for the condition 
that the curve passes through P 
OL 3 Cl Wak 
kK cae oa i 


Se + (3) 


If we differentiate (1) and (2) and equate a in both cases for w = i 


we have for the condition of a common tangent at P 


Bit ool se me al OF ra 
ee i 


hae nC) 


From (3) and (4) we obtain 


' 28K ns 4n?rr Ak? 
L bs Ie 
obi he 877° Hk 
be te 


— 


; : 1 
Substituting these values of 6 and ec in (2), and putting «= os and 
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‘WwW 
77 ve obtain for the crippling unit load 


Bipee Sp 
ore aS 1+ ee ee au oN 


wtonb w+nL] 


We call equation (SP) the ‘‘straight-line parabola” formula for long 
struts, because if v: = 2v, the third term in the parenthesis disappears. 
and the curve AP becomes a straight line, while if » =, as is the case 
for symmetrical cross-sections, the second term disappears and the curve 


AP becomes a parabola. 
We have thus for v7. = 2v the straight-line formula for crippling load, 


WwW 27 
for? < L and v1 = 2v a =8(1- 55). i), 2 Se 
where eee 
V Se 


For v = v% or for symmetrical cross-sections we have the parabola for- 
mula for crippling load, 


W . LF 
for? << f% and v= 7 =8(1-F7)- é. Eo, eee ae 
where Lae 
VW Se 


The value of « is always the least radius of gyration of the cross- 
section. 

Both equations (S) and (P) are well known, and (S) especially has come: 
into very general use. We see that both are special cases of the general 
formula (SP) here given for the first time. 

Rankine-Gordon Formula.—From the figure page 358 we see that 
when Z < LZ we have 

V1 Ww 
nil + Ab = Sor 

If we assume that for lengths less than Z, S¢ increases approximately 

as the square of the length, we have 


Noe = 


SP: lV 


Ars 
_ Inserting this value of S¢ in the preceding equation, we obtain for the 
crippling unit load 


TI?, or Ss 


for 1 <i Us = Se = Se (H) 
A il ol V1Sel?* 
vl? V0 (0 + 01) HK? 


_ We call equation (H) the ‘‘ hyperbola formula,” because it is the equa- 
tion of an hyperbola. 
Equation (H) is usually given in the form 


Ww Se 
. (RG) 


where @ is an experimental constant, and én this form it is known as the 
‘“‘ Rankine-Gordon formula for long struts.” We see that the experimental 
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constant @ really depends upon the end conditions as given by 7, upon 
the values of » and v1, and upon the ratio of the elastic limit Se to the 
coefficient of elasticity #. Wesee also that (H) must not be used for 2 > Z. 
The curve of (RG) or (H) passes through A (figure page 359), so that 
OA = 8, for /=0, and also passes through P for /= LZ, but it has not a. 
common tangent at P. Still it gives good results, and in the form (RG) is. 
widely used. Equation (H) is a more general form of the Rankine-Gordon 
formula here given for the first time. 

The value of « is always the least radius of gyration. 

Recapitulation of Formulas for Long Struts.—The straight-line 
formula (8) and the parabola formula (P) are well known and widely used. 
As we have seen, they are special cases of the general (SP) formula here 
given for the first time. The Rankine-Gordon formula (RG) is also a 
special experimental form of the more general and rational hyperbola 
formula (H) here given for the first time. 

We recapitulate here for convenience of reference all these formulas. 
for long struts. 

Let A be the constant area of cross-section, W the crippling load and 


W 
therefore aa the crippling unit load which makes the unit stress in the 


most compressed fibre just equa! to the elastic limit Se. 

Let « be the least radius of gyration of the cross-section for the axis: 
through its centre of mass of right angles to the plane of bending of the 
axis. 

Let v and 2 be the distances parallel to the plane of bending of the 
most remote fibres, on the convex and concave sides respectively, from the. 
centre of the cross-section. For symmetrical cross-sections v = 01. 

Let 7 be a number depending on the end conditions, as follows: 


‘ . One Pin, 
Two Pin One Flat Two Flat 
nd. 


Ends. nds. 


eae Be 
x 3 | 34 5) 
4 5 


nT 4 
n> 1? 16 


25 


ae 
Then we have for the limiting length Z above which Euler’s formula 


holds aes 
nktY (1 + ae 
v 
VSe 


Let 7 be the length of strut. Then we have for the crippling unit load 


L= (L) 


a Euler’s formula, 


W 22? HK? 
when /> L sa a (E) 
If 7 < L, we may use either the generalized Rankine-Gordon formula, 
W Se Se 
— — . . H 
whenl < L vi oF ne VSP , (H) 


oL? (v0 + V1) EK? 
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or the formula (SP), 


igen 7 2(v — v:)l Qv— ov)? | 
when 1 < L TD @ op Tee (SP) 


For v1 = 2v formula (SP) becomes the ‘‘ straight-line” formula, 


WwW th 
whenl < L 5 =| 1-57 | . ° . . . . . . (S) 
where ZL = nen ¥3E 
VSe 


For v = v, or for symmetrical cross-sections formula (SP) becomes the 
*‘parabola” formula, 


wenden yas eee ae pos ia er 
where ee 


V Se 
In all cases we must divide the crippling load by the factor of safety 
assumed (page 291), in order to obtain the safe load; or we can replace Se 
in formulas (P), (S) and (SP), and in the numerator of G, by the value of 
Sw as determined page 292. 
For the average values of Se and # given in our Table page 823, we 


obtain from (L) the following values of a 


Value of = when v = 1. 
Se EH E 
Lbs. per Lbs. per a 
square in. | square in. e és One Pin, 5 
TreFIm | One wiat | Tue Hat 
Wrought iron...) 25000 | 25000000} 1000 180 200 220 
Steel............| 40000 | 30000000 750 150 170 190 
Cast iron........) 60000 | 15000000 250 90 100 110 
pRinniberseres saree 8000 | 15000000 500 160 


Value ad a in general. 


One Pin, One 


Two Pin Ends. Flat End. Two Flat Ends. 

Wrought iron,.... 120 1 +o 141 Heil: ay = 158 /1 +" 
Oy u) 

StecWer. <u. cn) © 108 oe 122 Va 136 (ie 


WASTMTOMsrtcts cnc 63/142 nyi+e 79 4/14 


elim ber aerverstsices an 
112 4/ 1+ - 
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Tn practice © is usually less than 100, so that formula (H) or (SP) 


covers the range of ordinary practice, and we seldom have to use formula 
(E) 
& es ’ 


EXAMPLES. 


(1) A eylindrical beam 2 inches in diameter, 60 inches long and weigh- 
ing + 1b. per cubic inch deflects 2 inch wnder a weight of 8000 lbs. at the 
centre. Find E. 

Ans. H = 28929144 Ibs. per square inch. 

(2) A rectangular beam 5 ft. long, 3 inches wide and 3 inches deep is 
deficcicd +, inch by a weight of 3000 lbs, applied at the centre. Find E. 

Ans, #H = 20000000 Ibs. per square inch. 

(3) A beam whose length is 16 ft., width 2 inches, depth 12 inches, and 
coefficient of elasticity 16000000 lbs. ts deflected half an inch by a weight 
at the centre. Find the weight, neglecting the weight of the beam. 

Ans. Weight = 1562 lbs. 

(4) An tron rectangular beam whose length ts 12 ft., breadth 14 in., 
coefficient of elasticity 24000000 lbs. has a weight of 10000 lbs. suspended 
at the middle. Find the depth in order that the deflection may be zy of 
the length. 

Ans. Depth = 8 8 in. 

(5) A rectangular wooden beam 6 in. wide and 30 ft. long ts supported 
at the ends. The coefficient of elasticity is H = 1800000 lbs. per square 
inch. The weight of a cubic foot of the beam ts 50 lbs. Find the depth 
that it may deflect one inch from its own weight. How deep must it be 
to deflect 1, of its length ? 

Ans. Depth = 6.5 inches; depth = 6.8 inches. 

(6) Required the depth of a rectangular beam which is supported at 
the ends and so loaded at the middle that the elongation of the lowest fibre 
shall equal zzy5 of its original length. 


2100 Wi 
Ans. Depth = fie 
a Hb: 


(7) Required the radius of curvature at the middle point of a wooden 
beam when the load vs 3000 lbs., the length 10 ft., breadth 4 inches, depth 
8 inches and EH = 1000000 los. 


Ans, Radius = 1896 inches. 


(8) Let the beam be of tron supported at the ends. Let the breadth be 
1 in., depth 2 in., length 8 ft. and H= 25000000 lbs. Required the 
radius of curvature at the middle when the deflection is + inch. 

Ans. Radius = 3840 inches, 

(9) Ifa beam 6 ft. long, 14 inches wide and 4 inches deep ts sup- 
ported at the ends and loaded at the centre so as to produce a deflection 
of & inch, find the greatest inch stress on the fibres, taking H = 25000000 
dbs. per square inch. Also find the load. 

Ans. Stress = 86805 Ibs. per square inch; 

Load = 19290 lbs. 

(10) For the same beam, if the greatest fibre stress is 12000 per square 
énch, find the greatest deflection. 

Ans. Deflection = 0,103 inches. 
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(11) A rectangular oak beam 1 Soot deep and 4 foot wide and 15 ft. 
long is fixed horizontally at one end and is free at the other end. Let 
the weight of the beam be 54 pounds per cubic Soot. Suppose a sustains. 
a uniform load of 100 pounds per foot extending over 4 Jeet of the beam, 
beginning at 5 feet from the fixed end. Also a weight of 100 pounds 
placed at 11 feet from the fixed end. Let H = 2000000 lbs. per square 
inch. Find the deflection at the free end. 


Ans. Deflection due to weight of beam = 0.17086 inch; 
nf fe Ve rimitorn’ loads —"O0-l2620) gee 
s « «the weight = 0.0684 ‘“ 


Total deflection = 0.36553 inch. 


(12) If the same beam is loaded with five equal weights of 100 lbs. each. 
at intervals of 3 feet, what is the deflection at the free end and at the third 
loaded point from the fixed end ? 


Ans. Total deflection at freeend = 0.27 inch. 
i gs “ third point = 0.12555 inch, 


(18) Same beam supported at the ends. Find the central deflection due 
to tts own weight. 
Ans. Deflection = 0.001483 ft. 


(14) A beam of pine weighing 40 lbs. per cubic foot, 184 inches deep, 
15 inches wide, 124 7t. long, is supported at the ends and has a weight of 
17985 lbs. placed at 48 inches from one end. Find the deflection at centre 
and point of application of the weight when E = 1680000 lbs. per square 
inch. 
Ans. Deflection at centre due to weight of beam = 0.0032 inch. 
f os pe «« «weight added = 0.078617 ‘‘ 
ue “48 in. ‘* ‘* weight of beam = 0.0027 “ 
oo “ARK 6 Weight added = 0.07185 ‘ 


(15) A wrought-iron 15-inch I beam, whose moment of inertia rs 69L 
in inches, has a length of 30 feet. H = 24000000 lbs. per square inch. 
If supported at the ends and a uniform load of 75 lbs. per inch of length. 
covers the first 10 feet, find the deflection at the end of the load. 


Ans. Deflection = 0.28444 inch. ; 


Find the deflection at the centre of the beam. 
Ans. Deflection = 0,24421 inch. 


Find the deflection 10 feet from the unloaded end. 
Ans. Deflection = 0.19537 inch. 


Where is the point of greatest deflection and what is the greatest defiec- 
tion 2 


Ans, At 13.1676 feet. Greatest deflection = 0.24847 inch. 


If the weight of the beam itself is 5.5783 lbs. per inch of length, find the 
deflection at the centre. 


Ans. Deflection = 0.07349 inch. 

If the same 10-foot load is moved along to the centre, find the defiection 
at the centre. 

Ans. Deflection = 0.50063 inch. 

If the uniform load of 75 lbs. per inch covers the whole span, what is: 
the central deflection 2 

Ans. Deflection = 0.98905 inch. 
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If the same beam is half loaded with 75 pounds per anch, what ts the 
deflection at the centre? What is the maximum deflection? and at what 
potnt is it 2 

Ans. Deflection = 0.494525 inch. Max. deflection = 0.49855 inch, 

Within the loaded portion at 14.48 inches from centre, 


If the same beam has three weights of 4500 lbs. each, placed at inter- 
vals of 60 inches beginning at one end, what is the deflection at the 
centre ? 


Ans. Defiection = 0.6154 inch. 


If there are eight weights each equal to 3000 lbs. at intervals of 40 
inches, what ts the central deflection 2 


Ans. Deflection = 0.97926 inch. 


(16) Suppose the same beam as in (15) to be fixed horizontally at both 
ends and loaded uniformly with 75 lbs. per inch. What is the deflection 
at 10 feet from either end? At the centre 2 

Ans. Deflection = 0.1563 inch; at centre = 0.19781 inch. 


(17) Lf only one end is fixed, the other supported, what ts the deflection 
at 10 feet? at centre? at 20 feet? What is the maximum deflection ? 
Where is it ? 

Ans. Deflection at 10 feet = 0.89074 inch; at centre = 0.89563 inch; at 20 

feet = 0.27352 inch. 
Maximum deflection = 0.41018 ‘ 
At 151.7524 inches from supported end. 


(18) Same beam as (15) fixed herizontally at both ends, with a con- 
centrated load of 27000 lbs. If the load is at.the centre, what is the deflec~ 
tion at half way between the centre and either end? What is central 
deflection 2 Where are the points of inflection ? 

Ans. Deflection = 0.19781 inch; central deflection = 0.39562 inch. 

At 90 inches from each end. 

Tf the load is 7.5 feet from the left end, where and what is the maxi- 
mum deflection ? 

Ans, Maximum deflection = 0.2136 inch; at 12 feet from left end. 

Tf only the right end is fixed and the other supported, and the load of 
27000 lbs. is at the centre, what are the deflections at the quarter points ? 
The centre? What is the maximum deflection ? 

Ans. At the quarter points deflection = 0.5316, 0.3091 inch. 

Central deflection = 0,69284 inch; maximum deflection = 0.70782 inch. 


At 1 "4 : from supported ends, 


(19) Same beam as (15) fixed horizontally at both ends has three 
weights of 4500 lbs. each placed at intervals of 60 inches, beginning at the 
left end. Find the central deflection. 

Ans. Deflection = 0.138187 inch. 


Tf two other equal weights of 4500 lbs. are added at the same interval 
of 60 inches, find the central deflection due to these last two weights. 

Ans. Deflection = 0.06594 inch. 

Suppose the fifth weight removed, what is the deflection at the fourth 
weight 2 at the third and second weights ? 


Ans. Fourth-weight deflection = 0.13748 inch ; 
Third- a we =0:18072 “ 
Second- ‘“ ss = 14080 ee 
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What are the end moments due to these four weights? and where are 
the points of contrary fleaure ? 
Ans, M, = + 750000 inch-pounds; M, = — 600000 inch-pounds; 
74.806 and 275.294 inches. 


(20) Let the ratio L of the length 1 of a strut to the least radius of 
K 


L 5 
gyration « of its cross-section A be ie 100. Let the cross-section be 


symmetrical. If the elastic limit is Se = 30000 lbs. per square inch and 
the coefficient of elasticity is EH = 27000000 lbs. per square inch, find the 


W : 
crippling unit load a7 for two pin ends, for one pin and one flat end 


and for two flat ends. 


Ans. The limiting ratio Lis 170, 190, 212 for two pin ends, one pin and 


one flat end, and two flat ends respectively. We therefore use either Gordon's 
formula or the formula (SP). 
By Gordon’s formula we have, since v= 01, 


Wa 80000 , 
A 10000 ” 
Le 18007? 2? 
and substituting the value of 7’z*, we have 


= = 22270, 23490, 24550 lbs. per square inch 


for two pin ends, one pin and one flat end, and two flat ends respectively. 
By the formula (SP) we have 


Wo 100000 
== 20000) ie sn | 


Hence 


= — 24810, 25860, 26670 Ibs. per square inch 


for two pin ends, one pin and one flat end, and two flat ends respectively. 

We must divide the crippling load by the assumed factor of safety (page 
291) for the working load. ‘Thus if the factor of safety is taken at 4, we have 
from Gordon’s formula 5567, 5870, 6187 lbs. per square inch, or from formula 
(SP) 6200, 6465, 6667 lbs. per square inch. 

Again, from page 292, we obtain for repeated stress, if there is no steady 
stress, Sw = 7500, and putting this for Se in formula (SP) and in the numerator 
a opines formula, we obtain the same results as before for a factor of safety 
of 4. 

If the steady stress is not zero but equal to the total stress, we have Sw — 
15000, and using this for Se we get the same results as if we had taken a factor 
of safety of 2. 

For other ratios of steady to total stress we eet th i 
had taken a factor of safety between 2 and 4, c Wiican mize 


yo 


CHAPTER IV. 


APPLICATIONS OF STATICS—THEORY OF FLEXURE— 
CONTINUOUS GIRDER. 


CONTINUOUS GIRDER — CONDITIONS OF EQUILIBRIUM. EQUATION OF THE. 
CURVE OF DEFLECTION. THEOREM OF THREE MOMENTS. DETERMINA- 
TION OF THE MOMENT AT ANY SUPPORT. RECAPITULATION—GENERAL 
FORMULAS. 


Continuous Girder.—A beam or girder which rest upon more than 
two supports is called a continuous beam or girder. When a beam rests 
upon two supports only, a weight placed anywhere upon it causes press- 
ures or reactions at the two supports which may be at once determined by 
the law of the lever. That is, the reactions are inversely as the segments — 
of the span or either side of the weight. But when the beam is continuous 
over more than two supports this law no longer holds. 

Conditions of Equilibrium.—Let 7, be the length of the nth span of 
a continuous beam, counting from the left-end support, so that m is the 
number of the support on the left and 7 + 1 is the number of the support 
on the right. Take a point o vertically above the mth support as origin, 
and the horizontal through o as the axis of abscissas. Let there be a load 
Wn in this span Jy at a distance Zn from the left end. Let the reaction at 
the left end or mth support due to this load be &’,, and at the right end or 
n+ ith support Rn +1. 


" 
Ry +1 


Let P be any point of the neutral axis of the beam at a distance w from 
the left end, # being always greater than Zn, so that the point P is always 
on the right of Wn. 

Now if the girder is continuous over any number of supports, we have 
on the left of the support » a moment Mn, and on the right of the support 
n+1amoment M,+1. These moments, just as in Case 8, page 342, are 
due to a couple at each end replacing the action of the other spans. The 
moment of a couple is the same at every point of its plane. 

367 
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The necessary conditions of equilibrium for the span Zn are then : 
ist. The algebraic sum of all the horizontal forces must be zero. There 
are in this case no horizontal forces and therefore this condition is ful- 


filled. 

2d. The algebraic sum of all the vertical forces must be zero, We have 
therefore P 
R'n + Bont = Wn- o ° ° ° . ° ° ° (1) 


3d. The algebraic sum of the moments of all the forces about any point 
P must be zero. Denoting by My the moment on the left of the support 
n, and by Mz the moment on the left of any point P, we have 


Mn — R'n% + Wn(a — Zn) — Mz, = 0, 
or : 
M;, => + Mn = Tee + Wn (x = Zn). . . . . . (2) 


If in this equation we make a = Jn, Mz becomes the moment My +1 on 
the left of the support m + 1, and we have 


Mn +1= + My — Raln + Wn(in— Zn). «. - ~ - (8) 


If we put the ratio o = Qn, We obtain from (8) for the reaction R’n at 


Th 
the left support due to Wy, in terms of the moments M, and Mn+1 on 
the left of supports m and n + 1, 


: My, — M, 
Rn = a + Wr =: Qn). ° aa (4) 
nr 


From this equation and (1) we have for the reaction R”, +1 at the sup- 
port 2 + 1 due to Wn 


Rn +1= 


Mn4i— UU, 
ae = + Wnan. « is Sao Fee 


n 


The total reaction Rn at any support 2 is evidently equal to the sum 
of the reactions A’n and R”» just on the right and left. 
We have from (5), for a load Wy, 1 in the preceding span Jp — 14, 
My, — My ~ 1 
n—1 


pcre Mn and My—1 are the moments on the left of the supports 2 — 1 
and 7. 


The total reaction at the mth support is then 
n= R'nt+ Bn... . Seer ae aoe ad (7) 


If there are any number of concentrated loads, we have only to put 


n+1 n 
> Wn — an) and = 
n ? 


18) i= 


+ Wa 1Gn ds Seen os) ee) 


Wn —-10n-1, 
ay —1 
in place of Wn(1 — an) and Wn -1dn—1 in (4) and (6). 

If, instead of concentrated loads, we have a uniform load wp — 4 per 
unit of length over the span 7p — 1 and wy per unit of length over the span 
tn, We have Wn -1d2n—-1, OY Wn—1ln—1da in place of Wn—1 and wndzn, or 
Wnlnda in place of Wn. If we make this substitution, we have 


1 1 1 
4E Wn-1n—1ada= g en—tln—1 and frnin(l —ajda = stent 


in place of Wn—idn—1 and Wr(1 — an). 
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_ We have then in all cases, in general, for the reactions R’n and R’'n, 
right and left of any support 7, 


Eyre a ee eee onbitona (L) 
eed | 


where Mn-1, Mn and My+1 are the moments on the left of supports 
nm—1,nandn-+1. 
For concentrated ioads 


n+1 n 
Vu = = Wall — ar), Y'n-1 = 
nN 


Wn-14n-1) 
nr 1 


and for wniform loading 
i 1 
Gi = 5 Wnln, Q'n—-1 = 5 Un—-1ln-1. 
~ ~ 


From equations (I) we can then find in any case the reactions R’n, 
R’n just to left and right of any support 2, provided we know the moments 
on the left of supports 2 —1, m and n +1. Counter-clockwise moments 
are positive and upward reactions are positive. If there is no load in the 
span ln, gn is zero. If there is no load in the span p41, Qn-1 is zero. 

Equation of the Curve of Deflection.—We can now easily deduce 
the equation of the curve of deflection for a continuous beam for constant 
moment of inertia of cross-section J. 

The differential equation of the curve of deflection is (page 326), taking 
moments on the left of any point, 


where Z is the coefficient of elasticity, Zis the constant moment of inertia 
of the cross-section, and we take the minus sign for moments on the left 
of the point P. 
Inserting the value of M; from (2), we have 
ay xbe My, — R'nx + Wn(a — &n) 


dx EI 


We can integrate this expression between the limits 7 = 0 and a, upon 
the condition that # is always greater than Zp , that is, the point considered 
always on the right of the weight. When, therefore, a = 0, (wv — én) must 
be zero. We must therefore take the integral of Wn(a — Zn) simultaneously 
between the limits 7 =z, and a, or treat (# — Zn) as a variable which 
becomes zero when # = 0. 

We have then, integrating once, 


dy IS 2Mnx i, Rat + Wn(@ — Bin)? at 


= C, 
dz 2HIT 


where for « = 0 the constant of integration 0 = eS for v= 0, or equals 
We 


the tangent f, of the angle which the tangent at the support 7 to the curve 
makes with the horizontal. Hence 


dy salt e 2Mnx — Rina te Wn(@ — Zn)? 
2k ‘ 


eg) ea 


ax (*) 
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If we take the origin at a distance An above the support m (see figure 
page 367) and integrate again, the constant of integration for x = 0 will 
be — An, and we have 
3M? — R'nv® + Wile — Zn)* 

6#I ? 


which is the general equation of the curve of deflection. } 
If in this we make w = Un, y becomes —/n+1, If we also put the ratio. 


a of the distance of the weight from the left end of span to the length of 


7 


+ ee 


y =— Mn + tre ~- 


Zn ‘ inte : 
span, equal to dy, so that ae =dm, and insert for R’n its value as given 


by (4), we have from (9) 


te — Pmt le oy, Ma + ln — Wale Oitn Bore ee 
be 6HLT 


We see, therefore, that the equation of the curve of deflection (9) is. 
completely determined when we know M, and Mf, +1, the moments at the 
left of the two supports of the loaded span. 

Theorem of Three Moments.—These moments are readily found by 
the application of the ‘‘ theorem of three moments” which we shall now 
deduce. 

Consider two consecutive spans /n_; and 7, over the consecutive supports. 
2—1,nandn+1. The equation of the curve of deflection between Wn 


cath sects ia 
gt COL eae Bere. 
haat H : 
; 1 | 
] 
1 


| en 
{ 


Wn 


and the n + 1th support is given by (9), and the tangent of the angle which 
the curve makes with the horizontal is given by (8). 
If in (8) we substitute for A’, its value as given by (4), and for ép its. 


value from (10), and make at the same time a = 7m, then = in (8) becomes. 
dx 
tn+1 or the tangent at the m + 1th support, and we have 


h —h 1 
ue _— [Milan + 2Mn+i1ln — Wrlnr(an —_ Qn')]. {11] 


fe 
See is 6H 


Equation (11) gives the tangent of the angle which the tangent to the 
curve of deflection at the 2 + 1th support makes with the horizontal. 

If we suppose a load Wn_—1 in the span lp _1 at a distance an - Teen 
from the left end, the origin being taken at m instead of at 0, we can find 
from (11) the tangent ¢, at the right end by diminishing each of the sub- 
scripts by unity. Hence we can write at once, from (11), 


= hn—hn-1__ 1 
ln-1 64 


tn = 


ji Mn -1!n-1 +2 Maly -1— Wr -10?n-1(n-1— An -1°)]. (12) 
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But equation (10) gives us tn for a load Wy in the span Ip, Let both 
Wn-1 and Wn act, then, and since there is a common tangent at 2 for the 
curve on each side of support n, we have, by equating (10) and (12), 


Mn-1ln-1+ 2Ma(ln-1 + ln) + Mn+itin = 6ET ews + eee | 
m—1 mn 


+ Wrln?(2an — 80n? + an*) + Wrst pCa — A n—1). ca ics (13) 


If there are any number of concentrated loads in each span Zn-1 and 
Zr, we have only to put 


n+1 n 
> Wrlr2(2an — 8an? + @*) and > Wr-1?n-1(an—-1 — a*n—1) 
n e n-1 : 


in place of the two last terms. 

If, instead of concentrated loads, we have a uniform load wn_1 per unit 
of length over the span 7n—1 and wy per unit of length over the span Zp, 
we have Wn -1dé,-1 in place of Wn-1, and wndzn in place of Wn. Since 


5 Zn— 
the ratio” or “*=! 


In n-1 
We can then put wn—1/,-1da in place of Wn-1, and wrlnda in place of 
Wn. If we make this substitution, we have 


is denoted by a, we have aln_1 = Zn-1, and aly = Zn. 


a=! 


: 1 
ff een-alnsla — a)da = Zen-1P n-1, 
a=0 
a=1 a 
aE Unlr3(2a — 3a’ + a)da = zlnln’. 
a=0 


We have, then in general 
Mn-tln-1 + 2M@n(Ir-1 + In) + Mntiln = Yn + An + Bn-1,  . (II) 

where we have for the sake of convenience of notation 
Rn-1 = hn vi Anti =| 


n-1 ln 


2 


2 


Yi ORL [ 
for concentrated loads, 
a+1 n 
An= SWaln2dn — 3an°? + an), Bn-1 = = Wn-iln-1*(dn-1 — a n-1)3 
nm z 


for uniform loading, 


1 
An = Tionbn’ Bn-1 => penn 1. 


Equation (II) is the general form of the “‘ theorem of three moments ” 
for constant moment of inertia of cross-section. It gives the relation be- 
tween the moments at the left of any three consecutive supports, nm — 1, ” 
and m + 1 of a continuous girder in terms of the consecutive spans Ga 
and Jn, the loading in those spans and the relative heights of the supports, 
provided the moment of inertia of the cross-section 1s constant. ; 

If the supports are all on the same level, the term Yn is Zero and disap- 
pears. If there is no loading in the span J, the term An is zero and dis- 
appears. If there is no loading in the span /,—1, the term By_-1 is zero and 
disappears. 

Mefenminasion of the Moment 1, at Any Support. — Let us 
number the supports 1, 2, 3, etc., beginning at the left. The eae eee 
ing spans are l,, l,, Js, etc. Let the entire number of spans be s, Then 
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‘the last span is Zs, and the last support is s + 1. If the extreme ends are 
not fixed, but simply rest upon the end supports, the moments M and 
M; +1 at the first and last support are zero. 

Case 1. Let us take any number of spans s, and let all the spans on the 
left of the mth support be loaded in any manner, and all the left supports 


L\ IX 
l B B aN 
a RAL SI Lis 's Say 


be at different levels, while all spans 6n the right of the mth support are 
on level. Let the ends rest on the supports, so that Mi = 0and Ms41= 0. 
Let in general 


ieee aS s at Yn = 6HI [et], 


n—1 ln 


so that 
Yn = Y"'n ae Y'n. 


In the present case Y’n = 0, since supports 2 and m +41 are on the 
same level. We have then by the successive application of the theorem of 
three moments the following equations, since M@, and M; +1 are zero: 

(G2) 2Ma(li + U2) + Mele = Yo + Ao + Bi; 
(Cs) Mal, + 2Ma(l2 + Us) + Mils = Ys + As + Ba; 
(cs) Msls + 2Mi(ls + ls) + Mele = Yi + As + Bs; 
ebCas 

(¢n-1) Mn-2ln—2 + 2M@n—1(In—2 + In—1) + Mnln-1 

= Yn-1+ An-1 + Bn-2; 
(Cn) Mn—1In-1 ai 2Mn(ln = eats In) + Mn + 1ln = VG, + EDs 
(Cn4+1) Mnln + 2Mn+1(n + Ini) + Mn +2ln+1 = 0; 


. (15) 


Cea 2 
(¢s—2)  Ms—als—3 + 2Ms—2(ls_3 + Is_2) + Ms—ils_2 = 0; 
(¢s—1)  Ms—els—2 + 2Ms—1(Is—2 + Is—1) + Mels_1 = 0; 
(Cs) Ms—1ls_1 + 2Ms(ls_4 + ls) = 0. 


The solution of these equations (15) ean b 

i eque mn be best effected by 

of indeterminate coefficients. Thus we multiply the first See : 
Re Marts inne an a ee és, ete., the subscript oorrespont aa 
always in the middle term. Having performed th i. 
plications, add the resulting equations and arrang: pain 

‘ e the terms i 

the coefficients of Mz, Ms, ete. We thus obtain the equation eta 


[2¢(d1 te 1) aE slo] Ma or [Cale + 2€3(lo 13) + Csls| M + ete.: 
sie [Cn—1ln.-1 air Crn(ln-1 ae In) + Cn +1ln] Mn oe iOS 
+ [Cs—1ls—4 + 2¢s(Us—1 4 ls) | Ms 


= (Y"n + Bn-1)en + = (Yn + An + Bnot)Ca ene (16) 


n— 
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In order, then, to determine Ms; we have only to impose such conditions 
upon the multipliers ¢ that all terms on the left except the last in equa- 
tion (16) shall be zero. We have then, assuming ¢: = 0 and @ = 1, 

1, + 1s S ly + Ls ly ls + Us ls 


i, Cs = — 24 i, a ere 


and generally for any multiplier ¢ 


ae) Ee fe aA a Roa eh 


Cn = — 2Cn-1 
n-1 ln-1 


These values of c make all terms zero on the left of equation (16) except 
the last, and give us for the value of Ms 


(Yn + Bn—1)en + a"(Yn + An + Bn—1)en 
n— 


i — Fis ty Gls) 
i €s—1ls—1 + 2s(ls—1 + Cs) (#8) 


From the law of the multipliers we have 
Cs—1ls—1 + 2¢s(Us—1 + Us) + Cs + 11s = 0; 


Hence we may put in the denominator of (18) the equivalent expression 
—=— Gg + 1s. 

Case 2. Let all the spans on the right of the mth support be loaded in 
any manner and all the right supports be at different levels, while all the 
spans on the left of the mth support are unloaded and all the left supports 
are on level. As before ¥; =0 and Ms41 = 0. 


Case 2, 


VAN van aA ; 

ies ly pie ra) Simi N-1 + Lna 
In the present case Y"n = 0, since supports 7 and m — 1 are on level. 

We have then by successive applications of the theorem of three moments 

the following equations: 


(ds) 2Mi(11 + 12) + Ml, — 0; 

(ds—1) Mil, a 2Ma (12 + 1s) oe Mail; = 0; 

(ds—2) Mol, + 2Mi(ls + Us) + Mel, = 0; 
etc, ; 


(ds-n+3) Mn-2ln—2 + 2Mn—-1n—2 + In—1) + Mnln-1 = 9; 
(ds—n + 2) Myn—iln—1 + 2Min(ln—1 + In) + Mn+ 1ln = Yn + An; 
(ds-n +1) Mnln + 2Mn+1ln + In+1) + Mr+eln+1 


(19) 
= Yn41+ Antit Bn; 
etc. ; | 
(da) Ms—3ls—3 + 2Ms—2(ls—3 + 1s—2) + Ms -ils—2 
= Ys_2 + As—2 + Bs_a; | 
(ds) Ms-2ls—2 + 2Ms—1(ls—2 + Us—1) + Mols—1 
: = Ys-1 + As_-1 + Bs_23 
(ds) Ms_1ls—1 + 2Ms(ls—1 +s) = Ys + As + Bs-1. 
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If we multiply the last of equations (19) by a number ds, the last but 
one by ds, the mth by ds_n+2, etc., add the resulting equations and 
arrange the terms according to the coefficients of M,, Ms, etc., we obtain 
[2de(ls—1 +s) + dsls_1]|Ms + [dols-1+ 2d3(ls_2 + Us—1) + dils_2|Ms-1 + ete.; 

+ [ds-n +1ln + 2(n—1 + In)ds—-n +2 + ds—n + 3ln—1] Mn + ete.; 
a5 [ds—els + 2ds—1(le + Us) + Asl2|Ms aie [ds—1le ae 2ds(l + 12)| Ma 


n+1 ¢ 
= (Y'n + An)ds-n+2 + ain + An + Bn-1)ds—n + 2. - G0) 
s 


In order to determine JM we have only to impose such conditions upon 
the multipliers @ that all terms on the left except the last in equation (20) 
shall be zero. We have then, assuming di = 0, d2 = 1, 


dy = — ost et pg ky Gail nae> _ g/t} 
ls—1 ; ‘ s pee igao 
and generally for any multiplier d, 
dy, = — 2d is-n+8 tis-n+2  g le-n+8 = 
nN n— ME n— aos 


These values of d make all terms zero on the left of equation (20) 
except the last, and give us for the value of J, 


n+l 
(Y'n+An)ds—n +2 ap S(Yn + Ant Bn-1)ds—n +2 
ae fe a Pe Ce 
: ds—il, + 2ds(le + h) V2 
From the law of the multipliers we have 
ds—tlz + 2ds(l2 + i) + ds 41h = 0. 
Hence we may put in the denominator of (22) the equivalent expres- 
sion — ds 41h. 
Now from equations (19) and from the values of ¢ given by (17) we see 
at once by inspection that 
M; =¢e:M,, Ms =csM2, etc., and generally Mm = cma, 


and this holds good so long as m is less than n. 
We have then for the moment Mm at any support m on the left of the 
nth in the second ease, 


form<n 


n+i1 
Cmds—-n +2(Y'n + An) + om &( Yn + An + Bn—-1)ds-n+2 
S+ 


Mn = — Be eR 
e ds—1le + 2ds(li + l2) or —ds4ih Be 


Again, from equations (15) and from the values of d@ given by (21) we 
see at once by inspection that 


Ms-1=dsM;, Ms-2= Ms, etce., and generally Mm=ds—m+2Ms, 


and this holds good so long as m is greater than . 
We have then for the moment Mn at any support m on the right of 
the nth in the first case, 


form>n 
Cnds—m + @Y"n + Bn—1) + ds—m+2>(Yn + An + Bn—1)en 
n-1 


Mn = (24) 


Cs—1ls_1 + 2¢s(ls—1 + ls), Or — Cs+41ls 
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If we make in (21) and (17) nm = s + 1 and then give different values to 
-s and compare the results, we see that in general cs + 14s = ds+1h. The 
denominators in (22) and (23) are then the same, 

If we suppose Case 1 and Case 2 to exist simultaneously, we have the 
vease of all spans loaded and all supports on different level. If then we 
make m = n in (23) and (24) and add these two equations, we have, since 
Y'n + Y'n = Yn, for the moment M, on the left of any support n 


‘ n+1 
ds—n+2>(¥Yn+ An + Bn—-1)en + Cn>(Yn+tAn+Bn—-1)ds—n+2 
n Sap 


Mn = * eau 


where we can put for the denominator D any one of the equivalent values 
i Cees + 2¢s(ls—1 + ds) = — Cs + fle — ds + ql, — Chg —silhe + 2d (li +12). 


Equation (III) gives the moment with its proper sign on the left of any 
support n. If we wish the moment on the right of any support 7, we 
must change the sign for M, as given by (IIJ). 

Recapitulation—General Formulas.—We have then for the moment 


-on the left of any support 7 of a continuous girder of constant moment of 


inertia of cross-section, for any loading and any levels of supports, 


(Ose 
ds—n+2> (Yn+ An + Bn-1)en + nd( Yn+ An+Bn—-1)ds-n+2 
n s+ 


MM, = D ,. dH) 
where we can put for D any one of the equivalent values 
D = ¢s—1ls—1+26s(ls -1 + 0s) = — Cs+i1ls = — Ast thi = As—1la +2ds(li tle). (1) 


In this equation s is the number of spans, 

IAn-1 — hn Anti — ln 

aS ne ee eT a 
In-1 ln 


Yn == nr) (2) 
swhere Jin—1, in and Ay» +1 are the distances below any assumed level line 
of the three consecutive supports 2 — 1, 2 and m + 1. 

For concentrated loads 


nm +1 n 
An = > Waln*(Ran — 30n? + Qn’), Bn-1 = 2 Wn—n—-1(An-1 — @n-1), 
nm n— 


where Wy, is a load in span J,, and Wn -1 a load in span 7,-1, and a is the 

ratio of the distance of any load from the left end of its span to the length 
z 

of the span, ora =—. 
In 


For uniform loading 
1 
An = [wan Bui = qn n 1, 


where wy and wp, _1 are the loads per unit of length over spans Jn and Un_1. 
The numbers ¢ are given by 

Ufo) Self py 

m—2-+ n—1 e —Z (3) 


©, = 0, G: = 1, and for any other ¢, = — 2¢n-1 Gps 
ln—1 In-1 
The numbers d are given by 
di1=0, d2=1, and for any other | 
Pes : ge 2 1. =M-3 fs 4 
dn = — 30,1 —— ae ate Gee | o 


ls—n+2 s—n+2 | 


376 APPLICATIONS OF STATICS. [ CHAP tye 


For the reaction just to the right of any support m we have 


— M, 
Reg ee 
ln 
and just to the left of any support 2 reer) Sons eS 
Mn — Mn- 
app eT ess + g'n-1, 
In—1 


where Mp-1, Mn and M, +1 are the moments on the left of supports n — 1, 
nandn + 1. 
For concentrated loads 


n+1 n 
Yn =>Wr(l1—an), Q'n-1= = Wa Nan A, erie 5. 
nr n— 
and for uniform loading 
1 1 
Qn = 3 nbn, Y'n-1 = 5 n—n—1- Ta (6). 


For the total reaction at any support 
By == Bae Rs ee ee 


Moments counter-clockwise are positive and reactions upwards are posi- 
tive. Equation (III) gives the moment with its proper sign on the left of 
any support n. Tf we wish the moment on the right, we must change the 
sign for My as given by (III). 

Special Cases.—If the supports are all on level, equation (8) is zero 
and the Y’s disappear in equation (1), 


If the spans are all equal, we have 
=; C1, Cyt Oh sb ily Cle: \ (8) 
C=; Chil Chee Cra shila, Gites oe 


or the values of the c’s and d’s are the same. They are alternately + and 
—, and each one is numericallg equal to four times the preceding minus 
the one next preceding. 

If we make /, or ds = 0, the beam is fiwed horizontally at either the 
left or the right end. We must remember, however, that when we thus 
make 7; or ds equal to zero, the value of s must still remain unchanged and 
the supports must be numbered as they were before the end spans were 
made zero. 


EXAMPLES. 


_(1) A beam of one span of length l is fixed horizontally at the ends. 
Find the end moments and reactions for a load W at a distance z = al 
JSrom the left end. Also for a uniform load of w per unit of length over 
the span. 


Ans. Let there be three spans, J; , 2, 73, and let 7, andl. be zero. Then 
8 = 3, and we have 


6 = 0) = 05s = — C0 
We have also ¥; = Y¥, = 0, 4: = 4; = B, = B, =0. Hence for n = 2 we 


have in genera] from equation (III), page 875, for the moment M, on the left 
of the left end of the span 


my, — 2 Ya + Aadea + ¢2(Ps + Bad, _ &(¥2-+ As) — Ys — Bs 1 
ee lda + 2ids ‘i 31 gam 
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an n=3we have for the moment M; on the left of the right end, from 


My = da( Ya + Aa)ea + di Ys + Bs)os _ VY, + Az — 2(¥3 + Ba) 


lds + 2lds 31 ae 
If the ends are on level, Y2 = ¥; = 0, and 
2A4,—B A, — 2B. 
Me Mie ae sete) ete mare (38): 


Inserting in (3) the values of A, and B, for concentrated load, we have: 
Sor concentrated load and ends level 


M, =+ Wila-—20+ 0), My = Wia? — a’). 


These are precisely the same values, in different form, already found for 
the end moments in this case on page 343, except that J; is on the left instead 
of on the right. 

For the reaction at the left end we have from (1), page 369, 


Ri = eas + Wi —a=+ W(1 — 8a? + 20%), 


and for the reaction at the right end 


Ue ee + Wa=-+ Wa — 2a), 


These are precisely the same values, in different form, already found for 
the end reactions in this case, page 343. 

For uniform load and ends level we have, inserting the values of A, and B, 
in (3), 


1 
M, = + Te M, = + tt 


Ry = + ath R," = + 5d 


These are the same values as obtained on pege 345 for the case, except that 
MM; is on the left instead of on the right. 
For uniform load and ends out of level, 
2Y¥2— V3 wl? ol Ve Darks awl? 5 Mes VF, 
31 pile ea a eee ie 


How much must the left end be lowered in order to make the left reac- 
tion R.' equal to zero ? 
Here we have 


M, = 


ae 3 
— ee). or Y= yo oe 
Since Y3 = — i. we have 
is—ho | Ss 8 
¥, = euar| * i a 
Hence 
wis 
ea ary 


Since H is always very large, we see that a very small lowering of the left 
support will make the left reaction zero. We have in this case 
wl? aol? 


OE i a Ms= +s Rs" = + wl. 
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How much must the left end be lowered in order to make Ma, = 0? 
Here we have 


2¥2—YVs , wl? _ 7” 
By Sehr way: and a= Men 
Hence 
ga hal we _ wit 
Y= 601] : |e and fy — ts = — pore 


Bor 
a 


(2) A beam of one span of length 1 is fixed horizontally at the right 
end. Find the reactions and moment at the right end for a load Wat a 
distance 2 = al from the left end. Also for a uniform load of w per wntt 
of length over the span. 

; Ans. Let there be two spans 7, and 7,, and let 7, =0. Then s = 2, and we 
ave 


(2 Z 
Mat F, B=+ 5, BY =+ 


RS Sy Ci ae ds = — 2, iii Yq —0; 


A,=B,=0, Y= exr| “> |. 


Hence for n = 2 we have in general from equation (III), page 375, for the 
moment M, on the left of the right end, 


_ ¥o+ Bi 
ae 
We also have M, = 0, M; = 0. Hence 
Y.+B ; , Y.+ 8B 
jg SEO Ea A a, 
Lf the ends are level, Y2 = 0 and 
B. / B f t B ’ 
M= zp Ry! = act di Ry! =F +H - 
For concentrated load, ends level, we have then 
Wi 
MM, = “3 (a 12) eee ve -8at+a), Rk," = Ysa — a’), 
Hor uniform load, ends level, we have 
wl? ; 3 
M, = “3 > Ri a o gs ae = — Pot 


} How much must the left end be lowered in order to make the left reac- 
tion Ry’ zero 2? 


Here we have 


We B = 
ae ee or 7, =eur| =I | = —B, 4+ 2,'?. 
Hence 
Bil — 29q1'8 
he — ty = Magi, Pr" =+q' +0". 


Tf the load is uniform, 
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If the load is concentrated, 
q'=Wt-a, n"= Wa, B= Wea- a’), 


Wii(2 — 8a + a 
he —hy = — t GEL ) M, = Wi(1 — a), Jy = AW 
How much must the right end be lowered in order that the moment M, 
may be zero ? 


Here we have 


a =0, or Ya= cnr] Bo | =—8B8,. 
Hence 
Bil 
Ay —-hp = — ae Ui Nn’, lin = Gime 
If the load is uniform, 
aol* an ate 

fin — Is = — Sis line, =Jih = 9° 

If the load is concentrated, 
Wika — a 
ha Te ha ca er Ry — wc oa a), R,!’ => Wa. 


- (8) Find the general formulas for a continuous beam of two spans. 
Ans, Here s = 2, and we have from (III), page 375, 


7 oa _ ¥.+A.+B; Hoe, AS 4 
Mr=03 M; = 0, M, = 9, 2h) , TR et iacaie 
M M, P yy M, 
Bi! = +0", Tag a Tree R" = Re 
1 7) 2 
c= 10 hs —h 
y, =6nr| " = | 
2 


For concentrated loading, 

gg’ =SWid—m), on" =ZWia, ge’ =ZWAL— a2), go” = 2 Wate, 
Ag = = Wala?(2da — 3a? -+ a3), Bi = 2 Wil — a3). 

For nniform loading, 


1 1 1 1 
Of SU g ils 5 OY Suy = gale 5 Miley qual’, B= qh 


These formulas will solve any case of two spans. 


(4) A plate girder is continuous over three supports, l = 30 ft., lr = 
50 ft., the supports being all on level. The uniform load per foot in the 
Jirst span is w, = 3000 lbs , in the second Ww, = 350 lbs. Find the moments 
and reactions. 

Ans. From the general formulas of Example (3), since all supports are on 
level, Y, = 0, and we have 


A,+ Bi 
iO eels 0) Ma= 57 nea 
3 3 
In the present case Az = a By = wat . Hence 


— WihF + Wal? _ 3000 X 30° + 350 50° 


= 9° 4 
Me =~ 9G, zi 5(80 4 50) = + 194921.875 ft.-lbs. 
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We have therefore 


MM, , wh 194921.875 | 3000 x 30 _ : 
By = — 524 5h = — y+ + 885026 Is. 
DL Me), ah -194021-8%5 800350 
as ee as ——— = + 4851.5625 Ibs. ; 
M, Wl, 1 M, Wolo 
Ry! = 5? + 3 = + 51407.89 Ibs.;, Ba! =~ + —* = +12648.44 Ibs. 
1 2 


Ry = Ry’ + Ra’ = + 64145.8 lbs. 


How far must the second support be lowered in order that the moment 
M, may be zero? 
Since supports 1 and 3 remain on level, A; —h2=hs—/2. We have then 


= Nii 1p ht = hia 
Y,=6z1| oa | 


and 


--— hy os he hs — he Wel? W113 ee = Wilitle+Walsathi 
ear) Ree: |+ gq bg =) Cie ees 


i 


If we take H = 24000000 lbs, per square inch, and if J = 53400 for dimen- 
sions in inches, we have 
hy — he SS > 0.054 inch. 


Therefore a sinking of the second support of only about i é 0 of an inch is. 
sufficient to make MM, zero. 


How far must the second support be lowered in order that the reaction 
on the second support may be zero ? 
Here we have 
PA Spy iy el Les + == = ==i0, 
2 


by 2 


or 
ee Wl be ao Wolly? 


2(d, + 2) 


From the general value of MW, in Example (8), 
W132 Wole® 


hy — I = 
_ 1012 nar Wl, 12? = 4 oe 4 + eur] Bt oe B z ml. 


Hence, since h; — hz = Ns — hz, H = 24000000, ZT = 53400, 


Daly + alata? + 400 0,80y? 1 done,2h8 
yey ee I 5 a =e Atoalitls S25 Oop tacit 


Therefore a sinking of the second support of only about seven tenths of am 
inch is sufficient to convert the two spans into one long span. 

We see then that a continuous girder requires the supports to be invariable. 

We find in the present case 


Ri’ = +.78598.75 Ibs., Rs!’ = + 28906.25 Ibs., 
Ra" = + 11406.25 lbs., Rz' = — 11406 25 lbs., 
Vie Tepe! Ny ey = ()) 


If the spans 7; and 7, are equal and 2, and 2, are equal, we have at once 


M, = = — 1007812.5 ft.-Ibs, 
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5eol4 : 
hy —hy= — SBT’ oO the deflection at the centre of a span whose length is 
21, and M, = — ae as should be. 


(5) If in the case of Example (4) we have a concentrated load W; = 
90000 dbs. in the first span at a distance ih Srom the left end, and a con- 


centrated load Ws = 18000 lbs. at a distance sh Jind the moments and 


reactions. 
Ans. We have 
1 1 3 
a = 4° ag = 2” Ag = Wala2(2d2 _ 8a? + G2") — g Wals®, 


n= Wil? — 4,3) = a Witt. 


Then, from the general formulas of Example (3), we have 


M, = + 224121.094 ft.-Ibs., BR,’ = + 60029.3 Ibs., Re” = + 4517.58 lbs., 
Ry" = + 29970.7 Ibs., By’ = +13482.42 Ibs., Ro= Ro/’+ Ro' = + 48458.12 lbs. 


For the distance the second support must be lowered in order that M, may 
be zero we find 
hy — ho = — 0.1511 inch. 


For the distance the second support must be lowered in order that R, may 


be zero we find 
hy — he = — 0.55 inch. 


(6) Let a beam of two equal spans have a load W, inthe first span and 
W2 in the second span, each load being at the middle of its span. Let the 
(MW. + Wa) 


second support be lowered by an amount hi — hz = — IRET What 
are the moments, shears and reactions ? 
Sth ,  15W,— W. P _ 10W: W; 
Ans, M=(W.+ Wilgg, By = ———, Bs" = —a——, 
R," BS a Mr W, a We Ri = W, Wis ay Ws iP = 18( W, + Wa) 
382 SED 32 


(7) Let a beam of two spans 1, and 1, level supports have a load W, ata 
distance al, bed the left end of the first span. Find the reactions when 
é:=1, and = ni. 


AMS Eee ae a - 2 +t + n) — a(8 + 2n) + a], 
(ho W, Wi 3 
PS 20 + ee 6c Baal 2n(1-++ malt ny” ed 
— Wi 3 eS ”" ieee Wi 3 
R; es ar came Ra= Rs ot ia = 5 — a. 


Tf the spans are equal, 7 = 1 and 


R= Ey — 62-1 a], “Ry” = 150 — |) Beg Tua =O) 


Wis, — a’), 


Ri" =-[(a-@), Ra= Bi" +B =-% 
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(8) Find the general formuias for a continuous beam of three spans. 
Ans. Here s = 3, and we have from (II]), page 375, 


d;(Y¥2 +A B, Mae A B 
MoS 0 0 Ge ee Mee a+ As+ Ba 
441 > 
Mes Y, + A+ Bi + ¢:(¥s; + As+ Ba). 
et | ? 
Gab; 
se We ‘M, = Mie 
hy’ ars +4’, Re" — — a Gig R,! = : + 2 > 
by d, rp 
pica i, epee PG eee 
R;" — Ms; Z + ge”, R,' — am — UB - Tee = — aes) a q3 . 
ps ls i 
pep REMY MS eat ma EX got amie ails) 
t, ls ii 
race (deh Mee EL y, =0RT ee ) 
ty te ly iB 


For concentrated loads, 
qi’ => Will — a), qi” — = Wids, q2' = = W.(1 = Qs), ga” = = W2a2;. 
qs’ = = W;(1 == as), qs” — = Wes. 


For uniform loading 


' Lie 1 t 1 al 
n =n = 5 il, G2 = {2 c— 5 Wale, qs’ => qs” = gals. 


These formulas will solve any case of three spans. 


(9) Let a beam of three spans, level supports, have a load W, at a dis- 


tance al, from the left end of the first span. Find the reactions when 
a=s=landi—n: 


Ans. For convenience of notation let 
H=4-+ 8n + 3n?. 
Then Bs 
R,' = War — aH —(a—@)242n)], BR" = eee ( 82 +2 
H 2 2 Fi + a— a*)( + 2n)],. 
; W, 2 r W, 2 
Ri =7la— a 847), B= — giao 3+) | 


: W, W, 
R;' = — (a — @)n, 1 ye & mn, 


Wi 
Rye Re +R! = Tp] Hat (a= 0h(3-42 +5) | 


(10) A continuous beam of four equal spans, level supports, has the 
second span from the left covered with a uniform load of w per unit of 
length. Find the moments and reactions. 


= an 11 12 3 
Ans. M, => 0, M, — -+ gag M; = a 04h MM, — 504 M, = 0; 
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(fe eh fell ame ae eleull ee TLS 
RR,’ = — ang R, = a ang 1g = + 594s Rg == + p94 
ee 15 A 15 ae 3 pie 3 
Rs => — aa) RK," = — ang Ry = 994 R; = -- 04. 


(11) Find the moment and reaction at the second support for a load 
W at a distance al from the left end of the second span. 


Ans, ¥, = sg(260 — 450? + 190%) Wi; Ry! = a (06 = 88 — Sia? 4+. 304°), 


(12) Deduce a formula for the moment at the left of any support of a 
continuous beam, level supports, when the entire beam is covered with the 
uniform load w per unit of length. 


Oa | _ en{(Bs-1 + Ps)do + (Ps-2 +2 s-1)ds+...(i2-+le*)ds] | 
D x 
where the numbers 0 are given as follows: 
3 3 3 3 
bi =0, b=0, ae eos b mete lls opts 
ly ls ls 
3 3 
b= — ie 90,22 Sia Yo ds us etc., and in general 
ly U4 ls 
n-2 n-2 
Renee eae hg 
fe Ni ee Dyan 
n—1 ln— ln-1 


(13) In the preceding example let the spans be all equal. 


2 
Ans. My = — aif = 342) — ¢s+ 1(1 — en +1)]- 
12¢s+1 
The following Table gives the coefficients of + 2/? for any number of spans. 
The Roman numerals at the sides indicate the number of spans, and the num- 
bers in the spaces of each horizontal line give the moments on the left of each 
support. 


MOMENTS ON LEFT OF SUPPORTS — TOTAL UNIFORM LOAD — LEVEL 
SUPPORTS—ALL SPANS EQUAL. COEFFICIENTS OF + wi® GIVEN IN 
TABLE. 
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This Table may easily be continued to any number of spans. Thus for any 
even number of spans, as VIII for example, the coefficients are obtained by 
multiplying the fraction preceding in the same diagonal row, both numerator 
and denominator, by 2 and adding the numerator and denominator of the frac- 
tion preceding that. Thus, 


1D et eee paces lc sb 
142 x 2+ 104 ~ 388” 12 x2 + 104 ~ 388’ 
(CNET es 112 4 ilps 


142 x 2+ 1047 388° ° 142 x24 1047 388° 


For any odd number of spans, as VII for example, we have simply to add, 
numerator to numerator and denominator to denominator, the two preceding 
fractions in the same diagonal row. Thus, 


itecie 2b ule) Si- oe elt eee a ike cyt 3 eee 
104+ 88” 142’ 104138” 142’ 104438 142’ 104+.38 142° 


The moments are all positive, showing that the upper fibre is in tension 
over every support. 

The moments being known, the reactions can be found by (1), page 369. 
‘We then obtain the following Table. 


REACTIONS AT SUPPORTS—TOTAL UNIFORM LOAD—LEVEL SUPPORTS— 
ALL SPANS EQUAL, COEFFICIENTS OF + wi GIVEN IN TABLE. 


The law of this Table is the same as for the di i 
therefore be continued to any number of spans. Ee eel 


(14) Give the formula for the moment at the left of any su 
: Yy support 
continuous beam, level supports, for load in any given on on he 


eae From (III), page 875, let r be the left support of the loaded span. 


Mn = ds-n + 2Arer a ends-1 + 1By } 


——_— -- 
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If the spans are all equal, 


__ Gs=1 +2A rer + Cs-r +1Bren 


Mn D 


If the spans are all equal and the span J; is uniformly loaded with the load 
w per unit of length, 


es ese 26 Cs-r +1¢ 
My = jee | a (Rae “|. 


. 


(15) A continuous beam of four equal spans, level supports, has the 
second span from the left covered with a uniform load of w per wnit of 
length. Find the moments on the left of the supports and the reactions. 


11 12 3 
= as yy, = ep ee BES 1's: 
why VES, Ve = TF a9g¥s M, =-+ oq Nh = g9g M,= 0; 
pe i Le piece ge La pee tS 
Tee — ag aa — T 394% Jip = T 95g R; = + ang 
Pare ts eet a ot eee eae 
R, = + pag R= 9040 Te 9940 lig = F 95g 


(16) In the preceding case, what is the moment on left and reaction on 
right of the second support for a concentrated load W placed at a distance 
al from the left end of the second span ? 


Ans. Ms = po(26a — 45a? + 190°) W2; 
Ree ¥ (6 — 880 — Bia? + 804%). 


(17) A continuous beam of five spans, the centre and adjacent spans 
being 100 feet and the end spans each 75 feet long, has a uniform load 
over the second span. Find the moments on the left of the supports, and 
the reaction on the right of the fourth support. 


35.5 65 35 
= = + —wl,? = + —-yi,? = — ——wil.* 
Anis mn tig — Open a7?” M; = + {o54 » mM 9508 72” 
5 45 
Ms = + Fo5g2") Me 0; hie — 5508 2" 


(18) A continuous beam of four spans, li = 80, ls = 100, ls = 50, ls = 
40 feet, supports level, has a load of 10 tons in the second span, at a dis- 
tance of 40 feet from the left end. Find the moments on left of the sup- 
ports, and the reaction on the right of the second support. 


Wi.? 


Ans; — 0," MM, = 3348174 — 30.90? + 13.9a*) = + 82.01 ft.-tons, 
2 
— aoe (1.60 + 8a? — 4.6a%) = + 88.77 ft.-tens, 
Wis? 2 3 9, 
M,= — 3349 (1-84 + 3a? — 4.6a*) = — 24.65 ft.-tons, M, = 0, 


Rj = + 5.9824 tons. 


(16) A beam continuous over seven spans has a load in every span. 
Find the moment on the left and reaction on right of the fourth support. 
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Ans. 
= ae aalec Aside Bien ob CY) 42 Aso Bodo Ys eee ee 


— Ke + Ast Boyds + (Fe + Aa + Bods + (Ye + Ar + Bots], 


HM, = — oat Yot+Aot+Bi)eot( ¥gt+As+Ba)estH{ Yi+As t+ Bs)eat( Yst+As t+ Bes]; 
gli 


ze ealee + As + Bs)ds + (Yr +Ar + Bo)ds]; 
M. — U, 
7 opens eee 


Ry’ 


(17) Let the supports in (16) be on level, all spans equal, 1 = 80 feet, 
and only the first, third and sixth spans loaded with a uniform load 
w = 2 tons per unit os length. 

Ans. M, = + 788.18 ft.-tons, MM; = — 882.55 ft.-tons; 

R, = + 14.68 tons, 

(18) Let the supports in (16) be on level, all spans equal, 1 = 80 feet, 
and only the second, fifth and seventh spans loaded with a uniform load 
w = 2 tons per unit of length. 

Ans. M, = — 882.55 ft.-tons, M; = + 788.18 ft.-tons; 


R,’ = — 14.63 tons. 


(19) Let the supports in (16) be on level, all spans equal, 1 = 80 feet, 
and a load W in the fourth span only at a distance al from the left end. 


15 Wi : ; 15 Wi % = 
Ans. Mi = 59), (974 — 168a* + 71a‘), Ms = O17 (264+ 45a? — 71a’); 
aoe cao — 2180? + 142%) + Wt — a). 


(20) In (19) let a uniform load w per unit of length extend over th2 
whole beam. 


12 2 = 12 2. a wl 
Tag Meee eae 


(21) Let the load in (20) be 4000 lbs. per ft. over the whole girder. How 
Sar must the fourth support be lowered in order that the moment at the 
fourth support may be zero ? 

_ _Alwit 

1895 HT 
_ If #= 24000000 Ibs. per square inch and J = 58400 for dimensions in 
inches, hs — hs = — 6.5 inches. 


Ans. M, = + 


Ans. hs — hy = 
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Acceleration—proportional to force, 2; mass and force, relation between, 4; of 
gravity above sea-level, 53. 

Action and reaction, 7. 

Adhesion, 187. 

Angle—of friction or repose, 188; of rupture, 253, 257; of stability of earth 
slope, 208. 

Apparent indetermination of stresses in framed structures, 137. 

Applications of statics, 228. 

Arch dam, 245, 295. 

Area—material, 19; moment of, 19; centre of mass of, 21; moment of inertia 

~ of, 270; radius of gyration of, 272. 

Assumptions of theory of flexure, 326. 

Astronomical unit of mass, 48. 

Attraction—of a homogeneous shell or sphere, 45; of a circular arc, 50; of a 
straight line, 50; of a circular ring, 51; of a circular disk, 51; of a cone, 
52; of a cylinder, 52. 

Axis—and plane of symmetry, 19; neutral, 286, 309 ; neutral of beam, change 
of shape of, 325. 

Axles—static friction for, 196. 


Batter—of wall, 228. . ; 

Beams—conditions of equilibrium of, 282; designing of, 298 ; breaking weight 
of, 299; strength of, 299; change of shape of neutral axis of, 825 ; uni- 
form strength of, 830 ; deflection of, 329, 347 ; continuous, 367 ; reactions 
at supports of continuous, 368; moments at supports of continuous, 372 ; 
general formulas for continuous, 375. 

Bending moment, 285. Pa ie 

Body—material, 1; homogeneous, 10; equilibrium of, 77; equilibrium of, 
under parallel forces, 77 ; conditions of equilibrium of, 84; equilibrium of, 
on a curve or surface, 169; on a smooth curve or surface, 170 ; on a rough 
curve or surface, 188, 204. 

Breaking weicht of heam« 299, 


Centre of gravity, 17, 46. 
Centre of mass, 16; property of, 18,75; determination of, 18; of material 
lines, 20; of areas, 21; of volumes, 26; determination of, by Calculus, 30. 
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Centre of parallel co-planar forces, 73, 146. 

Chains, static friction for, 199. 

Change of shape of neutral axis of beams, 320. 

Choice of scales, 139. 

Closing line of equilibrium polygon, 145. on 

Coefficient—of friction, 189; of static sliding friction, 190, 192 ; of elasticity, 
280, 310; of cohesion of earth, 257; of resilience, 281; of rupture, 288 ; 
of rupture for torsion, 310. 

Cohesion, 187; of earth, coefficient of, 257. 

Columns, formulas for, 361. 

Combined—stresses, 311; compression and flexure, 312; compression and 
shear, 813; flexure and torsion, 313; tension and flexure, 311; tension 
and shear, 312. x 

Composition and resolution—of forces, 58 ; of co-planar forces, 59 ; of moments, 
68; of couples, 73; of forces and couples, 82; of wrenches, 91. 

Compression, 7; and flexure combined, 312; and shear combined, 313. 

Compressive—strength, ultimate, 289; stress, 7, 279. 

Concurring forces, 58; co-planar, resultant of, 59; conditions of equilibrium 
of, 61. 

Condition for single resultant force, 88. 

Conditions—of equilibrium in general, 84, 87; of equilibrium for concurring 
forces, 61; of equilibrium of a body under parallel forces, 77; of equi- 
librium for co-planar non-concurring forces, 99 ; of equilibrium for a beam, 
282. 

Cone of friction, 189. 

Conspiring forces, 58. 

Constant of gravitation, 47. 

Constrained equilibrium, smooth curve or surface, 169; rough curve or sur- 
face, 186. 

Construction, graphic, for centre of parallel forces, 146. 

Contact, rolling, stability in, 209. 

Continuous girder, 867; moments at supports of, 862 ; reactions at supports of, 
368 ; general formulas for, 375. 

‘Co-planar forces, 58; concurring, resultant of, 59 ; non-concurring, 99 ; con- 
ditions of equilibrium of, 99; graphic construction for centre of, 146; 
application of equilibrium polygon to, 147. 

Cords and chains, static friction for, 199. 

Couples—moment of, 72; line representative of, 73 ; resolution and composition 
of, 78, 82 ; resultant couple and force for forces in space, 86. 

Crippling load for columns, 361. 

Criterion—for superfluous members in a framed structure, 108; for stable, 
unstable, neutral and indifferent equilibrium, 207. 

Curve of earth slope, 258. 

Curve or surface—reaction of, 169; smooth, constrained equilibrium on, 169; 
equilibrium of body on, 169 ; smooth, reaction of, 170 ; rough, constrained 
equilibrium on, 186; rough, reaction of, 187; rough, equilibrium of body 
on, 188, 204. 

Cylinders—strength of, 293. 


Dam, 228 ; gravity, 235, 240; arch, 245, 295. 

Deflection—of beams, 329, 347; of framed structures, 345. 

ee 10; unit of, 10; mean, linear, surface, uniform, 10; mean, of earth, 
58. 

Designing of beams, 298. 

Diameter—of rivets, 295 ; of pins, 307. 

Displacement, virtual, 159. 

Dynamics, 2; dynamic equilibrium, 59. 

Dyne, 5. 


Earth, mean density of, 58 ; mass, equilibrium of, 256; mass, angle of rupture 
for, 257; cohesion, coefficient of, 257; slope, 228; slope, curve of, 258; 
slope, angle of stability of, 258. : f : 

Economic section of high gravity dam, 240. 


VOL. I1.—STATICS, 389 


Sad ira an materials, 270 ; laws of, 279; limit of, 280; coefficient of, 280, 

Equilibrium, 57; dynamic or kinetic, 59; molar, molecular static, 58 ; condi- 
tions of, for concurring forces, 61; of rigid body, 77; of body acted upon 
by parallel forces, 77; of a rigid body, 77, 84, 87; conditions of, for co- 
planar non-concurring forces, 94; polygon, 145; polygon, properties of, 
147 ; of strings, 110; constrained, of body on a curve or surface, 169; on 
a rough curve or surface, 186, 188, 204 ; limiting, 189; stable, unstable, 
neutral, indifferent, criterion for, 207; of earth mass, 256; of a beam, 
conditions of, 282. 

Equivalent wrench, 89. 

Euler’s formula for long struts, 356. 

External stress, 7, 279. 

Eyebars and pins, theory of, 306. 


Factor of safety, 290 ; for sliding, 286. 

Flexure—and tension combined, 311; and compression combined, 312; and 
torsion combined, 313; theory of, 325; assumptions of theory of, 326. 
Force, 2; criterion of action of, 3; proportional to acceleration, 2; mechanical 
illustration of, 3; uniform and variable, 3; mass and acceleration, relation 
between, 4; unit of, 5; dimensions of unit of, 5; gravitation unit of, 6; 
compression, tensile and shearing, 7, 283; line representative of, 44, 57; 
of gravitation, 44; moment of, 67; line representative of moment of, 67 ; 

resultant, condition for single, 88 ; polygon, 133, 145. 

Forces—concurring, conditions of equilibrium of, 61 ; non-concurring, parallel, 
67, 89; resolution and composition of moments of, 68; resultant of two 
non-concurring co-planar, 68 ; centre of parallel, 73; parallel, equilibrium 
of body acted upon by, 77; in space, resultant force and couple for, 86; 
co-planar, non-concurring, conditions of equilibrium for, 99; centre of 
parallel, graphic construction for, 146. 

Formulas—for long struts, 355, 361; for continuous girder, 375. 

Framed structures, 100; reactions of, 100; stresses in, 101; methods of solu- 
tion of, 154; deflection of, 345. 

Friction, 186, 187; angle of, 188; coefficient of, 189, 190, 192; cone of, 189; 
static sliding, laws of, 191; static, for pivots, 193; static, for axles, 196; 
static, for cords and chains, 199; static, rolling, 204; of masonry, 228. 


Girder, continuous, 367; moments at supports of, 362; reactions at supports 
of, 368; general formulas for, 375. 

Gordon’s formula for long struts, 360. 

Guldinus, theorem of, 29. 

Graphical construction for centre of parallel co-planar forces, 146. 

Graphical statics, 133. 

Gravitation unit of force, 6; constant of, 47; force of, 44. 

Gravity, centre of, 17, 46; acceleration of, 58; dam, 235; high gravity dam, 
240 

Gyration, radius of, 272. 


High wall, 234; gravity dam, 240. 
Homogeneous body, 10. 


Ice pressure, 236. 

Indeterminate stresses in framed structures, 137, 
Indifferent equilibrium, 206; criterion for, 207. 
Inertia, 1; moment of, for areas, 270. 

Internal stress, 279. 

Invariant, the, 91. 


Joints, masonry, stability of, 229; riveted, 294. 


Kinds of friction, 187. 
Kinetic equilibrium, 59. 
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Laws of elasticity, 279; of static sliding friction, 191. 

Limit of elasticity, 280. 

Limiting equilibrium, 189. 

Line, closing, of equilibrium polygon, 145. 

Line, material, 19; centre of mass of, 20. 

Line representative—of a force, 44, 51; of moment of a force, 67; of moment 
of a couple, 73. 

Linear density, 10. 

Load, crippling, for columns, 361. 

Long struts, formulas for, 355, 361. 

Low gravity dam, 280. 

Low wall, 284. ‘ 


Masonry—joint, stability of, 229; weight and friction of, 228. . 

Mass, 3; astronomical unit of, 48; force and acceleration, relation between, 4- 
measurement of, 4; specific, 10; table of specific, 12; determination of 
specific, 11; moment of, 19. 

Mass, centre of, 16; determination of, 18; properties of, 18, 75; of lines, 20;. 
of areas, 21; of volumes, 26 ; determination of, by Calculus, 30. 

Mass, earth—angle of rupture for, 257 ; equilibrium of, 256. 

Material point, 1; line, area, volume, 19. 

Materials, strength of, 270; elasticity of, 270; properties of, table for, 289. 

Measurement of mass, 4. 

Members, superfluous, in framed structures, 103 

Method of sections, 102. 

Methods of solution of framed structures, 154. 

Molar equilibrium, 58. 

Molecular equilibrium, 58. 

Moment—of mass, volume, area, 19; of a force, 67 ; composition and resolu - 

“~~ tion of moments, 68; of couple, 72; line representative of, 73 at supports. 
of a continuous beam, 3872; of inertia of an area, 270; bending, 285 ;. 
resisting, 287 ; twisting, 309; theorem of three moments, 370. 


Neutral axis, 286, 309; of beam, change of shape of, 325. 
Neutral equilibrium, 206; criterion for, 207. 
Non-concurring forces, 67; co-planar, 99; conditions of equilibrium of, 99. 


Opposite forces, 58. 


Pappus and Guldinus, theorem of, 29. 

Parabola formula for long struts, 358. 

Parabola, how to draw, 153. 

Parallel forces, 67, 89; centre of, 73; equilibrium of body acted upon by, 77 > 
co-planar, graphic construction for centre of, 146; application of equilib-. 
rium polygon to, 147. 5 

Particle, 1. 

Pins—size of, 808; and eyebars, theory of, 806; diameter of, 807. 

Pipes and cylinders, strength of, 293. 

Pitch of rivets, 296. 

Pivots, static friction for, 193. 

Plane and axis of symmetry, 19. 

Point, material, 1. 

Pole, in force polygon, 145. 

Polygon, force, 188; pole of, 145; equilibrium, 145; application of equilib-. 
rium, to parallel co-planar forces, 147; equilibrium, properties of, 147. 

Poundal, 5. 

Pressure—earth, 247; ice, 236 ; water, 235; wave, 236. 

Principle of virtual work, 160. 

Properties—of centre of mass 75: of equilibrium polygon, 147; of materials 
table of, 289. ‘ 
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Radius of gyration, 272. 

Rankine-Gordon formula for long struts, 360. 

Reaction—and action, 7; of framed structures, 100; of curve or surface, 169; 
of smooth curve or surface, 170; of rough curve or surface, 187; at sup- 
ports of continuous girder, 368. 

Repose, angle of, 188. 

Representative, line—of force, 57; of moment of a force, 67; of moment of a 
couple, 73. 

Resisting moment, 287. 

Resilience, work and coefficient of, 281. 

Resolution and composition of forces, 58 ; of co-planar forces, 59; of moments, 
68: of forces and couples, 73, 82; of wrenches, 91. 

Resultant—of concurring co-planar forces, 09; non-concurring co-planar forces, 

force and couple for in. space, 86 ; force, condition for single, 


Retaining walls, 228, 247; low, 284; high, 234; formulas for, 251. 


Rigid bod ilibrium of, 77. 

Rigidity of ropes, 202. 

Riveted joints, 294. 

Riveting, theory and practice of, 295. 

Rivets, diameter of, 295; number of, 296; pitch of, 296. 

Rolling—contact, stability in, 209; friction, 204. 

Ropes, rigidity of, 202. 

Rough curve or surface, constrained equilibrium on, 186, 188, 204 ;. reaction of, 
187. 

Rupture, angle and surface of, 253; angle of, for earth mass, 257 ; coefficient 
of, 288 ; coefficient of, for torsion, 310. 


Safety, factor of, 290 ; factor of, for sliding, 236. 

Scales, choice of, 139. 

Section, economic, of high gravity gram, 240. 

Sections, method of, 102. 

Shape, of beams for uniform strength, 299. 

Shear, 7; and tension combined, 312; and compression combined, 313. 

Shearing force, 283; stress, 7, 279, 283. 

Single resultant force, condition for, 88. 

Size of pins, 308. 

Sliding—coefficient of static friction for, 190, 192; friction, laws of, 191; factor 
of safety for, 236. 

Slope, earth, 228; angle of stability of, 258; curve of, 258; stability of, 257. 

Smooth curve or surface, constrained equilibrium on, 169 ; reaction of, 170. 

Solution of framed structures, methods of, 154. 

Space, resultant force and couple for forces in, 86. 

Specific mass, 10; determination of, 11; table of, 12. 

Stability—in rolling contact, 209; of masonry joint, 229; of walls, 231; of 
earth slope, 257. 

Stable equilibrium, 206; criterion for, 207. 

Static equilibrium, 58. 

Static rolling friction, 204. 

Static sliding friction, 190 ; coefficient of, 192; laws of, 196; for axles, 196; 
for chords and chains, 199; for pivots, 193. 

Statics, 57; applications of, 228; graphical, 133. 

Straight-line formula for long struts, 358. 

Strain, 7; and stress, 279. 

Strength—of beams, 299; of materials, 270; of pipes and cylinders, 293; 
ultimate, 289. 

Stress, 7; crippling, for columns, 361; compressive, tensile and shearing, 279; 
shearing, 283; temperature, 313; unit of, 291; variable working, 292; 
working, 290. 

Stress and strain, 279. 

Stress, combined, 311; in framed structures, 101; indeterminate, 137. 

Strings, equilibrium of, 110. 
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Structure, framed, 100; deflection of, 345; methods of solution of, 154 ; reac- 
tions of, 100 ; stresses in, 101. 

Struts, formulas for long, 355, 361. 

Superfluous members, criterion for, 103. 

Surface—density, 10; of rupture, 258, reaction of, 169. 

Surface or curve, equilibrium on rough, 186, 188, 204; equilibrium on smooth,. 
169, 170 ; reaction of rough, 187; reaction of smooth, 170. 

Symmetry, plane and axis of, 19. 


Temperature, stress due to, 313. 

Tensile—stress, 7, 279; strength, 289. 

Tension, 7; and flexure combined, 811; and shear combined, 212. 

Theorem—of three moments, 370 ; of Pappus and Guldinus, 29. 

Theory of flexure, 325; assumptions of, 326. 

elas 808 ; coefficient of rupture for, 810 ; and flexure combined, 313 ; work 
OF, ol: - 

Twisting moment, 309. 


Uniform—density, 10; force, 8; strength of beams, 299, 3380. 

Unit—of density, 10; of force, 5; of mass, 3; of mass, astronomical, 48; stress, 
291; of work, 159. 

Unstable equilibrium, 206; criterion for, 207. 


Variable—force, 3; working stress, 292. 
Virtual—displacement, 159 ; work, 159. 
Volume—material, 19; moment of, 19; centre of mass of, 26. 


Wall—batter of, 228 ; high, 234; low, 284 ; parts of, 228. 

Wall, retaining, 228, 247 ; formulas for, 251 ; stability of, 231. 

‘Water pressure, 235. 

Wave pressure, 236. 

Weight—of a body, 4, 5; breaking, of beams, 299; of masonry, 228. 

Work, 158 ; of resilience, 281; of torsion, 310; unit of, 159; virtual, 159 ; 
of variable force, 159. 

Working stress, 290; variable, 292. 

Wrench, equivalent, 89. 

Wrenches, composition and resolution of, 91. 
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_Freitag’s Architectural Engineering. 2d Edition, Rewritten........... 8vo, 
“French and Ives’s:Stereotonny:: gprs. = oie. stent aie react oa al cai lokeline! ac cake see 8vo, 
Goodhue’s Mumicipall Improvements. «e200 =: tie) susie aiaiecel=l= selec iene I2mo, 
»Goodrich’s Economic Disposal of Towns’ Refuse.............. ys Rts - 8vo, 
“Gore’s) Elements: of Geodesyare cia citrated: + ariene.«) o\oleeisiaie ei a)enelehaiaionousienayaunvens 8vo, 
Hayford’s Text-book of Geodetic Astronomy... .......0+..e-2eeeeeee: 8vo, 
-Hering’s Ready Reference Tables (Conversion Factors). ..... 16mo, morocco, 
Howe’s: Retaining “Walls for Barth cre ocne 5 oe tetra ls aie siete eee I2mo, 
* Ives’s Adjustments of the Engineer’s Transit and Level.......... 16mo, Bds. 
-Johnson’s (J. B.) Theory and Practice of Surveying.............. Small 8vo, 
Johnson’s (L. J.) Statics by Algebraic and Graphic Methods. ........... 8vo, 
Laplace’s Philosephical Essay on Probabilities. (Truscott and Emory.).12mo, 
Mahan’s Treatise on Civil Engineering. (1873.) (Wood.)............ 8yvo, 
"| Descriptive ‘Geometrysco joie 5 sie orgs ca sata sere meneteatere eter e em 8vo 
Merriman’s Elements of Precise Surveying and Geodesy.:............. 8vo, 
‘Merriman and Brooks’s Handbook for Surveyors........... 16mo, morocco, 
Nugent's. Plane Surveying! cicvseciee fsertot tee claisisictet ieraeusreboretajceisiei eeaapa 8vo, 
*Ogden’s' Sewer Design’ Sirs ce ctete tases sc eespove-e alte ovcucloyerapessteoyerousasaeee rene I2mo, 
Parsons’s' Disposal of MunicipaliRefuserc.. os: eee eee ee 8vo, 
Patton’s Treatise on Civil Engineering.................... 8vo half leather, 
“Reed’s Topographical Drawing and Sketching ........................ 4to, 
‘Rideal’s Sewage and the Bacterial Purification of Sewage.............. 8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry. .............. 8vo, 
-Smith’s Manual of Topographical Drawing. (McMillan.).............. 8vo, 
-Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and Arches. 
8yvo, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced.... /8vo, 
** Trautwire’s Civil Engineer’s Pocket-book.............. »..16me, morocco, 
Venable’s Garbage Crematories in America.....................-... 8vo, 
Wait’s Engineering and Architectural Jurisprudence.................. 8yvo, 
Sheep, 
Law of Operations Preliminary to Construction in Engireering and Archi- 
tecture rove) Gxeigicis sterols teie Gils: ah ete eee RVCkS er olissac aire ono Stee RA CR CHEE Eerie 8vo, 
Sheep, 
Law of, Contracts.;. tissu savers cea ae, coc vo oe cee eee eee 8vo, 
“Warren’s Stereotomy—Problems in:Stone-cuttings.©.6. he ane 8vo, 


Webb’s Problems in the Use and Adjustment of Engineering Instruments. 
wala 16mo, morocco, 
Wilson’s Topographic Surveying...... aiivbjadhe Piele eee te ete ae 8vo, 


BRIDGES AND ROOFS. 


Boller’: Practical Treatise on the Construction of Iron Highway Bridges. .8vo, 
**. Thames River. Bridge. 11:7 nc eee ene eee ee 4to, paper, 
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Burr’s Course on the Stresses in Bridges and Roof Trusses, Arched Ribs, and 


DUSPENSION -BMdgEssn we ces ere ee eee eee ee eee de. 8vo, 
Burr and Falk’s Influence Lines for Bridge and Roof Computations... .8vo, 
Design and Construction of Metallic Bridges..................... 8vo, 
Du Bois’s Mechanics of Engineering. Vol. II.................. Small 4to, 
Foster’s Treatise on Wooden Trestle Bridges.............0...0.....000, 4to, 
Howiler’s/Ordinary, Foundations 2. 00ehe eos ae ee ea! ee 8vo, 
Greene"GyRO of Trussessyes erste core ecient ane EL ed 8vo, 
BridgerLrusses Qe grers eit sae ek Ce Re ee PE BEE Fst 8vo, 
ATchesin) Wood, LronyandiStome: 46.24: c.07 0 fleur a cdots em lee ee 8vo, 
Howe's, Preatise on ATCHES. <i ay eccrine fsa aheos tert ea oe ee 8vo, 
Design of Simple Roof-trusses in Wood and Steel................. 8vo, 
Johnson, Bryan, and Turneaure’s Theory and Practice fn the Designing of 
Modernubramed Structures: sc. 1.6 chee ee ee ee Small 4to, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
Part I. Stresses in Simple Trusses... ... Filth tao d bien ales Geoabpes beso. tee 8vo, 
Partial sw GranhiccOta tics: version team orcctossteraraverale ciate staan ts Soe 8vo, 
Pare Mle. Bridge Desiyri ce crs, aie tev lhe spe setaks ola roPeca’s MM Oe 8vo, 
Paredes HichersStructurestaee eee ee ee 8vo, 
Morisoniss Memphis Bridges... ssc) cimee te s o.co aisle ee 4to, 
Waddeli’s De Pontibus, a Pocket-book for Bridge Engineers. .16mo, morocco, 
# Specifications for Steel Bridges; ¢.¢20024. <0 ae I2mo, 
Wright’s Designing of Draw-spans. Two parts in one volume.......... 8vo, 
HYDRAULICS. 
Bazin’s Experiments upon the Contraction of the Liquid Vein Issuing from 
aq Orilice, a rrautwines) ack Secale ae cde al aa ee ae ee 8vo, 
Bovey swlreatise on Hy drawli cs: sap. src cn quatdas co austen ap ategeesnattals, ott eh dee ale 8yvo, 
ChurchisiMechanics, of Bngineering (2. pen )ay.csc0 sr ato ae oles en Lees 8vo, 
Diagrams of Mean Velocity of Water in Open Channels.......... paper, 
PA ydraails CuMlOtOrS.y. te Sam Fo She eh ERMA OL ER ISS saa re Be 8vo, 
Coffin’s Graphical Solution of Hydraulic Problems.......-.. 16mo, morocco, 
Flather’s Dynamometers, and the Measurement of Power............ I2mo, 
Folwell’s, Water-supply, Fngineering: 0.5.0 so05. fdas nila ML yeaheah 8vo, 
Beizel se Wiater= pow eb rater tesco terse ye oie 6 easel slie een piervieededs PLAST Se 8vo, 
Fuertes’s Waterand Public Health. «0... sy bfoeaeaie. cies aOR aed aera. I2mo, 
Wat ere itr avlOry WV OLIG s.r reece os nceaucr>yrig: thors se $e c<cey Aor ola, ee ee I2mo, 
Ganguillet and Kutter’s General Formula for the Uniform Flow of Water in 
Rivers and Other Channels. (Hering and Trautwine.)........ 8vo, 
Hazen’s Filtration of Public Water-supply. ........... 0. eevee ee eeee 8vo, 
Hazlehurst’s Towers and Tanks for Water-works. .................... 8vo, 
Herschel’s 115 Experiments on the Carrying Capacity of Large, Riveted, Metal 
MOA AUST tS erates ahs Pals Seat ke auteatins'o  eegareee es Baa RIC REE Ree ee? 8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Standpoint.) 
8vo, 
Merriman’s Treatise on Hydraulics. 2 0... cen cee reser terres ome 8yvo, 
* Michie’s Elements of Analytical Mechanica...-.......-...-..+-0008- 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 
SUPDLY sreeaces cea ee ee Pe NASAL: th REP EAA Slee Large 8vo, 
** Thomas and Watt’s Improvement of Rivers. (Post., 44c. additional.). 4to, 
Turneaure and Russell’s Public Water-supplies............-2.+e00e00, 8vo, 
Wegmann’s Design and Construction of Dams...............++++.45.. 4to, 
Water-supply of the City of New York from 1658 to 1895.......... 4to, 
Williams aud Hazen’s Hydraulic Tables. a cisicw sins «yy oye alsleyels chs Siemin telat 8vo, 
Wilson’s Irrigation Engineering... ......--- ses eres cree eeecnnee Small 8vo, 
Wolff’s Windmill as a Prime Mover. .. . 0... esse esses ssecvecervenns 8vo, 
Wood sult bine s ooops a catia tela etde ap bie Sener + 5 oid sitalet> eheiregs ohare ER uatT asl 8vo, 
Elements of Analytical Mechanics. «2 j2.0.66 0065 ccwwutsnecnn tens 8vo, 
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MATERIALS OF ENGINEERING. 


Baker’s Treatise on Masonry Construction. .......--++-+e+s++5 to a Ovos 
Roads and Pavements...........+- i a etslelabdiats chore Er ee MeN 8vo, 
Black’s United States Public Works ... 15.5.2... . st clsssssccccces ‘Oblong 4to, 
* Bovey’s Strength of Materials and Theory of Structures..........-.-- 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering.. ..... 8vo, 
‘Byrne’s Highway Constructions. < oo05 o/s c.-cseseiej> oiale eleieiersi = tate 2 nes 8vo, 
Inspection of the Materials and Workmanship Employed in Construction. 
16mo, 

Church’s Mechanics, of Engineering ys c.ci,01 +,-+. s+ ie.16  o stolsten cle steele tons 8vo, 
Du Bois’s Mechanics of Engineering. Vol. I............ aS. AE Small 4to, 
*Eckei’s Cements, Limes, and Plasters. «0.0260 2.c0cscccceccsaranee= 8vo, 
Johnson’s Materials of Construction, ... ....<..\.\+.</alstsmielaisielste oidalams(6 Large 8voe, 
Fowler’s Ordinary, Foundations,. 0 saints ois > ele eats 8vo, 
* Greene’sistructural Mechanics, . 2... ./-..,<-1« -ietalelal aoe iala i oielatd «feitatsielnre 8vo, 
Keép’s Cast [rms so.c ayo. <setsueueusud 612.4. 950, <1 0use.oyey.6] ovegeisisueie eee et eke es ira 8vo, 
Lanza’s Applied Mechanics: . e.siu..:scfeteetece = ourcs = oc ie ese efs te teiele ialieie eee 8vo, 
Marten’s Handbook on Testing Materials. (Henning.) 2vols......... 8vo, 
Mauter’s Technical Mechanics: 2)... <0 s2.01.s secs +c) ie, eee 8vo, 
Merrill’s Stones for Building and Decoration... ..........-..+.0e-000- 8vo, 
Merriman’s Mechanics of Materials...........siewsiecleewes dees seers 8vo, 
Strength of Materials) ssrciyts ene otelegye hcleeal> = alelsfateterots fe eld, shale aioe I2mo, 
Metcalf’s Steel. A Manual for Steel-users.........-...0- eee ee eeeee I2me, 
Patton’s Practical Treatise on Foundations. ... . 1... sce ooccccnceccaccian® 8vo, 
Richardson’s Modern Asphalt Pavements. ...........4. 22020-2220 eeeee 8vo, 
-Richey’s Handbook for Superintendents of Comiraction: ier the tere ake 16mo, mor., 
Rockwell’s Roads and Pavements in France...............-2-++--005 I2mo, 
‘Sabin’s Industrial and Artistic Technology of Paints and Varnish........8vo, 
Smith’s, Materials of Machines, «i..2 ./<s.<aisce.« s.svel veces eee tert ale eaters I2mo, 
Snow’s) Principal Species of Wood. ... <.<)<:ciei ovsictereietee eae ete ee 8vo, 
~Spalding!siHydraulic Cementasc., ee se oe ee eee eee I2mo, 
Text-book on Roads and Pavements.......-.--4.esecee ee eee I2mo, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced... .... 8vo, 
‘Thurston’s Materials of Engineering. 3 Parts..................-...-- 8vo, 
Part I. Non-metallic Materials of Engineering and Metallurgy..... 8vo, 
Parti. Iron.and Steel. .), <u... aero ot beac ae 8vo, 
Part IJI. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Constituentseres: ijc).:s cahdiccahsPtcleherelsiaus's oe Rae eee 8vo, 
Thurston’s Text-book of the Materials of Construction................. 8yvo, 
Tillson’s Street Pavements and Paving Materials. .... abancnopo os A hoeeneA o%8 8vo, 
‘Waddell’s De Pontibus. (A Pecket-book for Bridge Engineers.). .16mo, mer., 
Specifications for Steel: Bridges nace set eee eee I2mo, 
‘Wood’s (De V.) Treatise on the Resistance of Materials, and an Appendix on 
ithe: Preservation ‘of Timberieer sneer eee 8vo, 

Wood’s (De V.) Elements of Analytical Mechanics.................... 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
Steele 20.5 005464 Ses ON Se Re ORs eee te ee te 8vo, 


RAILWAY ENGINEERING. 


Andrew’s Handbook for Street Railway Engineers.....3x5 inches, morocco, 


Berg’s Buildings and Structures of American Railroads................ 4to, 
Brook’s Handbook of Street Railroad Location............. 16mo, morocco, 
Butt’s Civil Engineer’s Field-book. ................ BO cee 16mo, morocco, 
Crandall’s*fransition Curve:s7. 2 acolo eee ee eee 16mo, morocco, 

Railway and Other Earthwork Tables... .+...).................. 8vo, 


Dawson’s ‘‘Engineering’’ and Electric Traction Pocket-book. .16mo, morocco, 
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Dredge’s History of the Pennsylvania Railroad: (1879)............-. Paper, 


5 


* Drinker’s Tunnelling, Explosive Compounds, and Rock Drills. 4to, half mor., 25 


Rishens: Laple or Cubic Yards cs ar ws setoee at dele be cxnci iets nk Cardboard, 
Godwin’s Raikoad Engineers’ Field-book and Explorers’ Guide. ..16mo, mor., 
Howard’s Transition Curve Field-book.. .................. r6mo, morocce, 
Hudson’s Tables fer Calculating the Cubic Contents of Excavations and Em- 
arikcra ental yrs cre ete ee lash boo tel eloleoe snd dies elena ic loiese ole eit Sage 8vo, 

Molitor and Beard’s Manual for Resident Engineers... ............... 16mo, 
Nagle’s Field Manual for Railroad Engineers..... ay elkh vkesehexcaees 16mo, morocco, 
Philbrick’s Field Manual for Engineers............... .....16mo, morocco, 
Searles’s Field Engineering. .................. Paw Godoanien 16mo, morocco, 
Railroad: Spiralvaices eos hoo ree loathe ieee Eick 16mo, merecco, 
Taylor's Prismoidal Formule and Earthwork. 6... .0.0 ee venice eee 8vo, 
* Trautwine’s Method of Calculating the Cube Contents of Excavations and 
Embanikimentsrby the Aid of Diagrams: 2. j.cnot oe vase csyee sce 8vo, 


The Field Practice of Laying Out Circular Curves for Railroads. 
I2mo, morocco, 


Wellington’s Economic Theory of the Location of Railways.......Small 8vo, 


DRAWING, 

Barr’s Kinematics of Machinery. ......0...0s0s-000008 Shefersvarssershopeearelees 8vo, 
© Bartleth s Mechanical Drawings crore cicec ste stile Sue -erepegere tevin ce exaveie lee eaten 8vo, 
* ss ss s Abridged dein. «arses leases ace coe ate 8vo, 
Coolidre's Manual of Drawings .o.-cie oaco.sgnc oer stcnevelsetioes surest enero 8vo, paper 
Coolidge and Freeman’s Elements of General Drafting for Mechanical Engi- 
HIOOLS o 6 eso cos pere ene ce Seri se iais tapes APRON Reet «alco eV ek seas Oblong 4to, 
Duriey's Kinematics of Machinesy i. .ccere ai taiysics tsa Ciena cus poeincns veces esters 8vo, 
Emch’s Introduction to Projective Geometry and its Applications........ 8vo, 
Hill’s Text-book on Shades and Shadows, and Perspective. ............. 8vo, 
Jamison’s Elements of Mechanical Drawing..................eeeeeeee 8vo, 
Advanced Mechanical Drawing.................- ai alae a vekeretalsieveresene 8vo, 

Jones’s Machine Design: 
Paria, MANeMALICS OL MACHINE... aietsiop-)s eiellois o\aisjsde lelovare's ete Siaress 8vo, 
Part II. Form, Strength, and Proportions of Parts........ otto 8vo, 
MacCord’s Elements of Descriptive Geometry..............0eeeeeeees 8vo, 
Kanematics: or, Practical) Mechamisin,..1- scissors ie sisiese! exe. siern slecelsaie 8vo, 
MCE HATICAl DTA WAND are leas teiey-tere Peter cnoe Lovaas puna a aua) stone eueus teas epee sicws eee 4to, 
VW GlOSi ty DIASTAMSS ora: 0,.<,cterte tenet Reese leh usteto iy ]a) svepeLsisveserslope, 5 efenaiae 8vo, 
Maclend 8 Descriptive. Geometry cere icreccoee i te rshetetete ave srateln iat taleuevoure Small 8vo, 
* Mahan’s Descriptive Geometry and Stone-cutting.................... 8vo, 
Pudustrial Drawing \(LNOMPsSONs): a. a.cja%sjo0.0; oysie ors ssvauatetioreaard¥ero leeds 8vo, 
EMOVErs PDCRCLIPULY G. CEO UAEEEY seta stare spel als a\s 0.0 ale iaeca'o' soi lindo) ove) shel ahsyetes 8vo, 
Reed’s Topographical Drawing and Sketching... ..................0.. 4to, 
Reid’s Coarsevin Mechanical Drawithes a6 se isiico, «0-5-3 whey iwveis ele viave oceuere 8vo, 
Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 
Robinson Ss Principles of, MieECwamismi ticle. ele iacitrovatovs:elavetite ore. snb.0.6 arene oh oie 8vo, 
Schwamb and Merrill’s Elements of Mechanism... .................5. 8yvo, 
Smith’s (R. S.) Manual of Topographical Drawing. (McMillan.).......8vo, 
Smith (Aw) and Marx's; Machine Design: «i. J. ices eters veer ens oe 8vo, 
Warren’s Elements of Plane and Solid Free-hand Geometrical Drawing.12mo, 
Dratting: Instriments-and Operations: ).):.. 1) «0+ «eles screens I2mo, 
Manual of Elementary Projection Drawing....................- I2mo, 
Manual of Elementary Problems in the Linear Perspective of Form and 
SACO Wiaratesacsistens, erste, sa yevera vcagavovagel s vof she ei sie sterai(e/ selehaie anit sieial ieee 12mo, 
Plane Problems in Elementary Geometry ..... RES So PETE epee 2 iTlOs 
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Warren’s Primary Geometry... 1.0... 2 eee eee eee ttt eens I2mo, 
Elements of Descriptive Geometry, Shadows, and Perspective. ......8vo, 
General Problems of Shades and Shadows........-.. a aes Bie aia) eae 8vo, 
Elements of Machine Construction and Drawing. ...............-. 8vo, 
Problems, Theorems, and Examples in Descriptive Geometry....... 8vo, 

Weisbach’s Kinematics and Power of Transmission. (Hermann and 

Kien’) the Pare ee ee ier ona can ere teret na eee eto aers 8vo, 

Whelpley’s Practical Instruction in the Art of Letter Engraving. ...... I2mo, 

Wilson’s (H. M.) Topographic Surveying........--+..-+-2sseeeeeeeees 8vo, 

Wilson’s (V. T.) Free-hand Perspective. .........-.-.--+eseeeeeeceees 8vo, 

Wilson’s (V. T:) Free-hand Lettering. ............2cscccreceeess 02> 8vo, 

Woolf’s Elementary Course in Descriptive Geometry............. Large 8vo, 


~ ELECTRICITY AND PHYSICS. 


Anthony and Brackett’s Text-book of Physics. (Magie.)......... Small 8vo, 
Anthony’s Lecture-notes on the Theory of Electrical Measurements... .12mo, 
Benjamin’s:Historyaot Plectricit ya. ccc. <1 -1s-u-t <1) told engi © ated 8vo, 

Voltaic: Cells...) er .ipe nage cd tes sieikptenk ate ei ettoet s eee aes 8vo, 
Classen’s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 
Crehore and Squier’s Polarizing Photo-chronograph..................- 8vo, 


Dawson’s “Engineering” and Electric Traction Pocket-book.16mo, morocco, 
Dolezalek’s Theory of the Lead Accumulator (Storage Battery). (Von 


Ende: ).ieh ituia,sssasna sys: Bontastedsie buon yeeisoe 37a ie a Ea a ee I2mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................ 8vo, 
Flather’s Dynamometets, and the Measurement of Power............ I2mo, 
Gilbert’s.De Magnete, . \(Mottelay.:):, . cto con n)s-+ stover é-cvu)oapauetuss 4 aie 8vo, 
Hanchett’s Alternating Currents Explained.......................-- I2mo, 
Hering’s Ready Reference Tables (Conversion Factors)...... 16mo, morocco, 
Holmanh’s) Precision of Measurements... 2 + «isis acti ati ioe ee 8vo, 

Telescopic Mirror-scale Method, Adjustments, and Tests....Large 8vo, 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 
Landauer’s: Spectrum: Analysisig sling lej)ejccc) oo. eee ee 8vo, 
Le Chatelier s High-temperature Measurements. (Boudouard—Burgess.) 12mo, 
Lob’s Electrochemistry of Organic Compounds. (Lorenz.)............. 8vo, 


* Lyons’s Treatise on Electromagnetic Phenomena. Vols. I. and II. 8vo, each, 
* Michie’s Elements of Wave Motion Relating to Sound and Light. ......8vo, 


Niaudet’s Elementary Treatise on Electric Batteries. (Fishback.). ....12mo, 
* Parshall and Hobart’s Electric Machine Design........ .. 4to, half morocco, 
* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner.). . .8vo, 
Ryan, Norris, and Hoxie’s Electrical Mechinery. Vol. I............... 8vo, 
Thurston’s Stationary Steam-engines. ......... ..< + sis ce ewietealsie aieicroe 8vo, 
*Titiman’s Blementacy Lessons imi Heat. a4. kien ere ee 8vo, 
Tory and Pitcher’s Manual of Laboratory Physics............... Small 8vo, 
Ulke’s Modern Electrolytic Copper Refining............ sa evalaotelal st ameuans Ee 8vo, 
LAW. 
* Davis’suklements of Law: ae cmos eee eee adh. Secure ...-8V0, 
* Treatise on the Military Law of United States. . ............<0 ens. 8vo, 
* Sheep, 
Manual for Courts-martial.«. .0) eke oe ophnaee aval’, ech 16mo, morocco, 
Wait’s Engineering and Architectural Jurisprudence.................. 8vo, 
Sheep, 
Law of Operations Preliminary to Construction in Engineering and Archi- 
tecture sie ie ctracekaeinn guns a series oykey goers opesegctey siege Ne tee 8vo 
Sheep, 
Law:.of Contracts::.% ate Go oe eee Hejerseilieoe List pRyeeR ee OVOs 
Winthrop’s Abridgment of Military Law................ oleic eater 
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MANUFACTURES. 


Bernadou’s Smokeless Powder—Nitro-cellulose and Theory of th: Cellulose 


ORE CAG soo severe tia iusse, ut red cca eyeLsT ei eR Oke Gere N EPO ORT i2mo, 
Bolland:s Tron ROU d er ep pec esicteyc ess eases Sidhe ausn dics ditt Mee ha I2mo, 
Lbestron Rounder. Supple enters sonic tec ae nch askin eae I2mo, 
Encyclopedia of Founding and Dictionary of Foundry Terms Used in the 
PrAetiCe Ol MOU init tient crnaas Atel aohssistorcite ees enor ee 12mo, 

+ Pclrel’s Cements, Limes; and Plastersiswi.6 autes.k.icyuchceo tiers Geto eines 8vo, 
Bisslers Moderm Hiph ub xplosives: i. ecr 5 etusiscsk ork cies OE Bvo, 
Effront’s Enzymes and their Applications. (Prescott.)..............-. 8vo, 
Hitzgerald's_ Boston Machinist. oc wry. nw. ces sass ose cueisnerric so) hain I2mo, 
Rord’s Boiler Making.for Boiler Matrers..../.55. +<os00.06 3 i.cls « yonwiidan 18mo, 
Hopkin’s Oil-chemists’ Hand bookie oes. o:syasoicre:shs'o eto.o-caciescus Aa eats o 8vo, 
Seepis: Gast Ur os gepeen eer Pie tar ead © kay uaa somite sucks besseticudd cs ioe vee 8vo, 
Leach’s The Inspection and Analysis of Food with Special Reference to State 
ORE RON BOS eee NO Ee ae EI. Ee NEnnENT ge pet Cee a Opera Large 8vo, 

* McKay and Larsen’s Principles and Practice of Butter-making...... 8vo, 
Matthows's lhe oxtile Pibrescg, occ co sys cb sh ays ak Ro a ouster seers tbe 8vo, 
Metcalf’s Steel... A Manual for Steel-users......2.. sco. 0.» spousiasers eels os I2mo, 
Metcalfe’s Cost of Manufactures—And the Administration of Workshops. 8vo, 
Meyer’s Modern Locomotive Construction. .............00ee cee eeeeeee 4to, 
Morse’s Calculations used in Cane-sugar Factories. ......... 16mo, morocco, 
% Reisio’s Guide, tO, Pie Ce=G Yew Gsi9e sajectrens esis ose rae Sake nissaistds ee ee aA 8vo, 
Rice’s Concrete-block: Manufactures sip. tiss aiscayssieiens ousiatsveprevegesauenseot earn ocoreth 8vo, 
Sabin’s Industrial and Artistic Technology of Paints and Varnish........ 8vo, 
Smith's Press-working of Metals: oc. de coc rbeiciss)> a cuciovane’e cious eipcan eit ouabedeasy axe 8vo, 
Spalding:sHydrawlic Cement. cis a. cohen sske afore aya tego etaee tae siol asics I2mo, 
Spencer’s Handbook for Chemists of Beet-sugar Houses. .... 16mo, morocco, 
Handbook for Cane Sugar Manufacturers.............. 16mo, morocco, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced... .. 8vo, 
Thurston’s Manual of Steam-boilers, their Designs, Construction and Opera- 
ALOT otis As oh che cts one Beate pe capers eae a ate ak lay clip oie. dea say etaianabeha ekeler ate 8vo, 

* Walke’s Lectures;on Explosivesit ins 008. abb os iichsehiie efile ois isin sates Bvo, 
Ware’s Beet-sugar Manufacture and Refining................... Small 8vo, 
West’s American! FoundrysPractice sigs ccicts:. yepopety a stets toneietans: ous yoievst otegeds I2mo, 
MiG ild eres Te xt-p OO Koren: fetal, co leke) sales eVeV stata sebeter tye lausyarses*aueasvels I2mo, 
Wolff's Windimillvas:a Prime Mover 56.026 fiyecnin oie ts se lousy oan ielevsu hel eld nee eae 8vo, 


Wood’s Rustless Coatings: Corrosion and Electrolysis of Iron and Steel. .8vo, 


MATHEMATICS. 

SP iei sy) i ieebos Writer ho as on oe an dn oO On bUbbo saved co pbR ODIO 8vo, 
* Bass’s Elements of Differential Calculus.....0..00 0.0 .cec eres sete 12mo, 
Briggs’s Elements of Plane Analytic Geometry................2005.. 12me, 
Compton’s Manual of Logarithmic Computations.................-... I2mo, 
Davis’s Introduction to the Logic of Algebra... ............eeee eee eeee 8vo, 
€ ICKSOTES COMELELAISE DIA srs oc nieisie ioreine cr iericioietioeiasieunaterens Large 12mo, 
* Introduction to the Theory of Algebraic Equations......... Large 12mo, 
Emch’s Introduction to Projective Geometry and its Applications........ 8vo, 
Halsted’s mlerrents Of GeOmmett ya oa svsanesre ane nile sioteiothertelas elirucleete tire 8vo, 

Blementary oyituetic Geometry... . 2. occ er: cole nc me ole wie vlale meinen 8vo, 

Rational Geometcy ci cine oe tain seeker ana aaron oye) sete ane I2mo, 


* Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size. paper, 
100 copies for 

* Mounted on heavy cardboard, 8 X to inches, 
Io copies for 

Johnson’s (W. W.) Elementary Treatise on Differential Calculus. .Small 8vo, 
Elementary Treatise on the Integral Calculus......... .++,,omall 8vo, 
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Johnson’s (W. W.) Curve Tracing in Cartesian Co-ordinates......... I2mo, 
Johnson’s (W. W.) Treatise on Ordinary and Partial Differential Equations. 


7 Small 8vo, 
Johnson’s (W. W.) Theory of Errors and the Method of Least Squares.12mo, 
* Johnson’s (W. W.) Theoretical Mechanics..............-..++-+-+-- 12mo, 


Laplace’s Philosophical Essay on Probabilities. (Truscott and Emory.).12mo, 
* Ludlow and Bass. Elements of Trigonometry and Logarithmic and Other 


TableSs-c-acleciasexsttrrestie Gis cones rete ete orm NS' pea euM alah odode ie tees = ener 8vo, 
Trigonometry and Tables published separately................-. Each, 
* Ludlow’s Logarithmic and Trigonometric Tables...............-..- 8vo, 
Manning’s Irrational Numbers and their Representation by Sequences and Series 
I2mo, 

Mathematical Monographs. Edited by Mansfield Merriman and Robert 
Soe W OOD Wal Ge terete recite ecere oii cette tet eee teeta eer . Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 

No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 

No. 3. Determinants, by Laenas Gifford Weld. ‘No. 4. Hyper- 

bolic Functions, by James McMahon. No. 5. Harmonic Func- 

tions, by William E. Byerly. No.6. Grassmann’s Space Analysis, 

by Edward W. Hyde. No. 7. Probability and Theory of Errors, 

by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 

by Alexander Macfarlane. No. 9. Differential Equations, by 

William Woolsey Johnson. No. 10. The Solution of Equations, 

by Mansfield Merriman. No. 11. Functions of a Complex Variable, 

by Thomas S. Fiske. 
Maurer’s “Technical Mechanics: 0.2.2.4 cas ite ois ree ene eee eine ee 8vo, 
Merriman’s Method of Weast’Squares:.....072 01s ec cee ae ee MESVO; 
Rice and Johnson’s Elementary Treatise on the Differential Calculus..Sm. 8vo, 


Differential and Integral Calculus. 2 vols. in one........... Small 8vo, 
Wood’s Elements of Co-ordinate Geometry...............200eeeeeees 8vo, 
Trigonometry: Analytical, Plane, and Spherical................ I2mo, 


MECHANICAL ENGINEERING. 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


Bacon’s' Forge: Practices.) cesta occ cae eee wee ols BA. hee I2mo, 


Baldwin’s Steam Heating for Buildings. ................ stellate avs tele Sees I2mo, 
Barr’s | Kinematicsiof- Machinery#eses. see cites eae eects aioe 8vo, 
* Bartlett's’ Mechanical) Drawing-see saeco i eee eee eee 8vo, 
* ws es ss Abridged ds camer cetera ceria 8vo, 
Benjamin's Wrinkles and’¢Recipes-srmicn.s ooi ac ocleece ae eie eee I2mo, 
Carpenter’s Experimental Engineering. .............0ccceccceccccces 8vo, 
Heatingvand Ventilating Buildings sma. ..k).ciacess- hielo aie 8vo, 
Cary’s See aie in Plants using Bituminous Coal. (In Prepara- 
tion. 

Clerk’s Gas and Oil Engine. ............; She tape aha Siiet oe ty aimed: Small 8vo, 
Coolidge’s:Manualiof, Drawing.4<s...6r senor teks oe eee ee 8vo, paper, 
Coolidge and Freeman’s Elements of General Drafting for Mechanical En- 
PANOELS 5.05 esis since gees ar cra tke: goto CACTI Rea aE a Oblong 4to, 
Cromwell's Treatise on Toothed Gearing...) scien eine oe I2mo, 
Treatise.on: Belts:and:Pulleys:) ee eeeiaiineten ore I2mo, 
Durley’s Kinematics of Machines........ So irc SESE aes atau evance arte eitae cs Rea 8vo, 
Flather’s Dynamometers and the Measurement of Power............. I2mo, 
RopesDriving, :-. Wisin Skew cia ee ee eee I2mo, 
Gill’s Gas and Fuel Analysis for Engineers... ..............-.0c0-00- I2mo, 
Hall's: Car) Lubsication...1.0 33 aiinsopasee ce aetne Or ace ee I2mo, 
Hering’s Ready Reference Tables (Conversion Factors). ..... 16mo, morocco, 
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Huttonis; The, Gas: Engines jac olhc as Gs, bere bot ore SO PCO TOO. (edis | 8vo, 
Jamison’s Mechanical Drawing... . RiefoPeetere aisle ioe. sl eVeveres sue eva sisreaveteiniaya.ttneVOs 
Jones’s Machine Design: 


Part I. | Kinematics of Machinery..........0.00..00eacc Norepoleretalet tae 8vo, 
Part I. Form, Strength, and Proportions of Parts............... 8vo, 
Kent’s Mechanical Engineers’ Pocket-book................ 16mo, morocco, 
Kerr's Power. and: Power Lransmission,, ..ac ocsdeaneiaire acces doi 8vo, 
Leonard’s Machine Shop, Tools, and Methods...................-000. 8yvo, 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean.) . .8vo, 
MacCord’s Kinematics; or, Practical Mechanism. .................0.. 8vo, 
Mechanical: Drawing. mincseriearcie rac ime oe be oe Dives ify ia lsvonennnyeue 4to, 
NelocitysDia grams ect giee Ph gc be tocasiovc tol Sy srs favs ac NE Sista ccnen 8vo, 
MacFarland’s Standard Reduction Factors for Gases.................. 8vo, 
Mahan’s Industrial Drawing. (Thompson.)............cc+ecees nigh Vn 
Poole's -Calorific: Power Ob Puelscevecagoie.s< os jonas aucrais: onalewtarecs een rene 8vo, 
Reid's Coursesin Mechanical Drawing. .«, ssjenuscs ge cashs his oso OTe 4 conkin 8vo, 
Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 
Picghard Ss Compressed rasa. le ccin vies clever pan eee eee aaa I2mo, 
Rohinson’s Principles of Mechanisin.,.i.ya ths. beg sc ce oe cle Aine = LOVOs 
Schwamb and Merrill’s Elements of Mechanism... ................... 8vo, 
Smiths (Op) Press-working sof Metals. sya skh, cesyssvets: sursd toreaes terse 8vo, 
Smithi(As W.)) and Marx’s Machirie: Design. 6.5.6 Aine dyedpoceetenstthersc todas 8vo, 
Thurston’s Treatise on Friction and Lost Work in Machinery and Mill 
VY OL Lice aettanete te lovouat cock «ue tats tence ets a+ vers aaeg TE agtahag el age nik cketd oa 8vo, 

Animal as a Machine and Prime Motor, and the Laws of Energetics.12mo, 
‘Warren’s Elements of Machine Construction and Drawing............. 8vo, 
‘Weisbach’s Kinematics and the Power of Transmission. (Herrmann— 
LOC: By netranit tet Georg Ohl el ODER O TIO OS PED Cn De eee 8vo, 
Machinery of Transmission and Governors. (Herrmann—Klein.). .8vo, 
Wolfs Windmill asia Prime: Moverticiane .cpesietelepa eget cies ene srs id 8M ge hose et 8vo, 
WiGOG:Sr LUE DINE: rere eicin chal one serieen carte Met enc tale enenstaikile Guoousaeas Gaeatel oksistave . 8Vv0, 


MATERIALS OF ENGINEERING. 


* Bovey’s Strength of Materials and Theory of Structures. ............. 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering. 6th Edition. 
BOSC Unto eRe os ia ek cunts tens Cane i at iouitiad Maier eta) s tok aleakics 8vo, 
<Church svMecnanics Of PNGIMeCeClIN Gs oieicia ener rerisiois (ore sisi i9l's 16-0 73. bysver gus lone use cape 8vo, 
SGreeie S StrUCluTAl MECHANICS) acer teteye. seuss <a in.se alvioyelies oie ans) sis iw eros tmentve ss 8vo, 
Jounson:seMaterials of Constrsction: cyrus \sieloalel = <pehaleie alas. vastun imei eke 8vo, 
Keep SiC asc L008 aio ic ee ei Pee ei et ekolikha. ois oge herby hal ape "8 se Sin sip alia a 8vo, 
Lanza ss Appiied MCChanics.y.c.5 are es kot. ctslsnst cae rachete = isLeiegels aes 8vo, 
Martens’s Handbook on Testing Materials. (Henning.)............... 8vo, 
Maurer’s. Technical Mechanics-s.. 500.00 0-0. ce cece ties yeee Ps ons cscs eer 8vo, 
Merriman’s Mechanicsiot Matertals sin acts scart «)+/ey opeheye sips © ee ehe eyes aholea s 8vo, 
Siren gen vole Materials aerated sie thas elas ellen halle ol as ka tera (eh sree Cire yel sys) 5.0.0)» I2mo, 
Metcalf’s Steel. A manual for Steel-users. .. ........0.sceeeceeeees I2mo, 
Sabin’s Industrial and Artistic Technology of Paints and Varnish........ 8vo, 
Smith’s Matertalsrot MACHINES. 1.7 pcan cre valet elelels oysre siehetionw she che nisitatanefont I2mo, 
Thurston’s Materials of Engineering... ....--+eeseeseereeeees 3 vols., 8vo, 
Partirweiron: and! Steels oc. ciwe.cin. ote aureyala, alacote nS Ooch stedatele obeh- Ravesnte 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
GOTSEHTENTSS oh usitrortuels Geestelosetelary.»4<: eeney Matsa Hemera Ree athe tel 8vo, 
Text-book of the Materials of Construction. ..........sseeeeeeeee 8vo, 
Wood's (De V ) Treatise on the Resistance of Materials and an Appendix on 
the Preservation of Timber... icicles eiele « is wlelele civic. eels» 8vo, 
Elements of Analytical Mechanics. ...... nti ari Se ase 6 .. .8vo, 
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Wood’s (M. P.) Rustless Coatings: Corrosien and Electrolysis of Iron and 
peta EGS AAP euacoon oc Sister otal steele sienete Died raleeete Tee eOvels 


STEAM-ENGINES AND BOILERS. 


Berry’s Temperature-entropy Diagram............-...eeeeeeeeeeeee I2mo, 
Carnot’s Reflections on the Motive Power of Heat. (Thurston.)......12mo, 
Dawson’s “Engineering” and Electric Traction Pocket-book....16mo, mor., 


Ford’s Boiler Making for Boiler Makers......-.....-.-+-+-eereeeeee 18mo, 
Goss’s) Locomotive Sparks:psem ecm ad sine as oe oa ele cacte ele te enalsierst sie iarate 8vo, 
Hemenway’s Indicator Practice and Steam-engine Economy.......... I2mo, 
Hutton’s Mechanical Engineering of Power Plants. ..................- 8vo, 
Heat’and Heat-enginess > font steerer os rie cnsiater si stele acetal ehae 8vo. 
Kent’s Steam boiler bconomyas settee cia at atte iaaiats «otets elaine el aceinne 8vo, 
Kneass’s Practice and Theory of the Injector...................+++--- 8vo, 
MacCord’sSlide-valvessteec ce ttre ce cre eee nie reo rela ee at erelatensie sarsiate 8vo, 
Meyer’s Modern Locomotive Construction. ............2+eeeeeeeeeees- 4to, 
Peabody’s Manual of the Steam-engine Indicator.................... 12mo 
Tables of the Properties of Saturated Steam and Other Vapors ..... 8vo, 
Thermodynamics of the Steam-engine and Other Heat-engines...... 8vo, 
Valve=vears'for Steam-engines: —o)... 5st os eee eee nee seen: 8vo, 
Peabody atid: Miller’s'Steamm=pottershen ss: se ass ees s ose elo ceel a ceneneeet 8vo, 
Pray’s Twenty Years with the Indicator.......................- Large 8vo, 
Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 
(Oster berg ses ee a eee ee ete see I2mo, 
Reagan’s Locomotives: Simple Compound, and Electric............. I2mo, 
Rontgen’s Principles of Thermodynamics. (Du Bois.)...............: 8vo, 
Sinclair’s Locomotive Engine Running and Management............. I2mo, 
Smart’s Handbook of Engineering Laboratory Practice............... I2mo, 
Snow’s:Steam=boiler Practices Seentec oe eis ee ee eee 8vo, 
Spanglers Valve-eearsya avec tenet eneya sie) evens ieee tae tele atte es eee rete 8vo, 
) Notes om’ Dhermodynamicsaarniae ee oe ee I2mo, 
Spangler, Greene, and Marshall’s Elements of Steam-engineering....... 8vo, 
Thomas’s Steam-turbineéstisen.c debra tee sate Lt eee ALE anica ce 8vo, 
Thurston’s' Handy: Palblesso5. ccs svateveuaiorelere eke toletatecee. a 2. cre vere kareena nenenones 8vo, 
Manual of the Steam-engine. .......... Glo (OGG rater o-4 2 vols., 8vo, 
Part... History, Structure;-and Theory. cc «aac ssuts «.ciessisicacunicamteiers 8vo, 
Part II. Design, Construction, and Operation.............-......- 8vo, 
Handbook of Engine and Boiler Trials, and the Use of the Indicator and 
the’ Prony Brakes cnc. merase cicist os Poe Henn eee 8vo, 
Stationary Steam-engines:.... yc ere eee ee eee eee 8vo, 
Steam-boiler Explosions in Theory and in Practice .............. I2mo, 
Manual of Steam-boilers, their Designs, Construction, and Operation..... 8vo 
Wehrenfenning’s Analysis and Softening of Boiler Feed-water (Patterson) 8vo, 
Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.)............. 8vo, 
Whitham'sisteam=engine Design: eet ieee ete eee eee 8vo, 


Wood’s Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 


MECHANICS AND MACHINERY. 


Barr’s Kinematics of Machinery. - 


eee Peo On On coche hee 8vo 
* Bovey’s Strength of Materials and Theory of Structures ............. 850; 
Chase’s Phe Artiof Pattern-makingu-aiee mere ee eet ee I2mo, 
Church’siMechanics of Engineering.. .nemeeeeik aa eae eee ae ee 8yvo, 

Notes and Examples in Mechanics. .............-.ceeeeeeeeces-. 8vo, 
Compton’s First Lessons in Metal-working..............cceccceess I2mo, 
Compton and De Groedt’s The Speed Lathe........... diedead Tes I2mo, 
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Cromvell’s Treatise on Toothed Gearing..............0. ccc ecccceee I2mo, 


I 
reatise-onrbeltsvand Pulleys: esi a, et T2mo;) ir 
Dana’s Text-book of Elementary Mechanics for Colleges and Schools..12mo0, 1 
Dingey's Machinety Pattern Making s\s.1 ne a1 eee ae, pee I2mo, 2 
Dredge’s Record of the Transportation Exhibits Building of the World’s 
Columbian Exposition of 1893........«).ieeeln. 4to half morocco, 5 
Du Bois’s Elementary Principles of Mechanics: 
Volstt.. Kinematics. c Smee eens simon. A WeStRT) oo He heat fre 8vo, 3 
MOA Tew Stahl scrum geaeetarwins, Seamer hc Sesh oe 8vo, 4 
Mechanics of Engineering, . Volkoise ch accel eae te ees, Small ato, 7 
‘Volalinieiaath suiriontcnent dear Small 4to, 10 
DurleyiseKinematicsiol Machines: . % .. aeseemesen dat heer chew ieee 8vo, 4 
Hitzgerald!s Boston Machinist: (eiatithite. cat born orien etch. fewer 16mo, I 
Flather’s Dynamometers, and the Measurement of Power............ I2mo, 3 
RepeyDriving... ci 2 scuaiis ius cree eee ae ape heute ha altnaas I2mo, 2 
Goése’suvocomotive Sparks. -2=eee asad et. aeriasni hee occa cs? 8vo, 2 
eiGreene s structural’ MechanteSe..ci sos s-is. deve siane avec teste ne Be 8vo, 2 
Hall'siGarSiubrications.ery Sian. es eet soe wee ee OR ne ok T2MO0s I 
SHO vaspArt Orion Ww Uisime cyacete tc stars a teotors Ceslnie Ue tilels avaia cae ORME aac 18mo, 
_James’s Kinematics of a Point and the Rational Mechanics of a Particle. 
Small 8vo, 2 
-*Jobnson’siGW. W-) Lneoretical: Mechanics: o1.5,c:., 610 ccc silence I2mo, 3 
Johnson’s (L. J.) Statics by Graphic and Algebraic Methods. ........... 8vo, 2 
Jones’s Machine Design: 
Parityiog KinematicsiofMachinerys2? 25 .ciadseckts Sh parclietynnek toate 8vo, .1 
Part II. Form, Strength, and Proportions of Parts............... 8vo, 3 
Kerr's) Powerand, Power. Transmission. «1.05... «spd apple seseneicl ine ole dee 8vo 2 
Lanza stApplied Mechanicsi eet: .arantecmerks soe eet aahe seca 8vo, 7 
Leonard’s Machine Shop, Tools, and Methods................... Eesbes"hs 8vo, 4 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean.).8vo, 4 
-MacCord’s Kinematics; or, Practical Mechanism. .................... 8vo, 5 
Velocity Win eras sipcpaa cio ic cccr eerie a: sia) otis, sot at ec apeyensvalduepe kB otocs oaekedoes 8vo, I 
“* Martin’s Text Book on Mechanics, Vol. I, Statics................. I2mo, I 
eMatirers Technical Mechanics: ..5.2).. occ nosso staple aiegans blood ohadevten nate 8vo, 4 
“Metriman’s Mechanics of Materialseci. cio ccc cecicle 010 mrss «yo ore syete che vane wfonee 8ve, 5 
* Hlemionis pr Mechanics: jsatberscPMt Sire cey tic ess dos ee erares tone ens Izmo, I 
* Michie’s Elements of Analytical Mechanics...............+2...0.-- 8vo, 4 
* Parshall and Hobart’s Electric Machine Design............ 4to, half morocco, 12 
Reagan’s Locomotives: Simple, Compound, and Electric............. L200) oe 
Reid's Course im Mechanical Drawing: riser seule aleve ot fe sie ppsetee hae 8vo, 2 
Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 3 
RichardessCompressedyA 16 oij-495-1 eerie is Colts olay sr sh losedis oo asses siokapaielebesodtyeis 12m10,. 1 
Robinson’s Principles.of Mechanism. ys echicjfosiid dose bhakend pease eis 8v0, 3 
Ryan, Norris, and Hoxie’s Electrical Machinery. Vol.I............... 8vo, 2 
Schwamb and Merrill’s Elements of Mechanism... ............-..0-5: 8vo, 3 
Sinclair’s Locomotive-engine Running and Management............. I2mo, 2 
Smsith’si(O;) Press-working of Metals... 6.600. eyspito eo aesin me cewles ooh eus 8vo, 3 
SrithiaAa. W.)) Materials of MACHINES, <.. <2 s-nere ps wrei cute oietnepum ete I2mo, I 
SmithicA, W.) and Marx's: Machine Design for queut-fepo cae) e) anytvegt <p e-yferris 8vo, 3 
Spangler, Greene, and Marshall’s Elements of Steam-engineering........ 8vo, 3 
Thurston’s Treatise on Friction and Lost Work in Machinery and Miil 
DU CM re Seti cigs cin k SEO MOM ah cin ve iol phigipiavies bare te ote, etie eo ca, 8v0o, 3 
Animalas a Machine and Prime Motor, and the Laws of Energetics. 12mo, 1 
Warrten’s Elements of Machine Construction and Prawing............. 8vo, 7 
Weisbach’s Kinematics and Power of Transmission. (Herrmann—Klein.).8vo, 5 
Machinery of Transmission and Governors. (Herrmann—Klein.).8vo, 5 
Wood’s Elements of Analytical Mechanics. .........0:0esee cece eecaee 8vo, 3 
Principles of Elementary Mechanics. ........-.00e2 eee eeereees I2mo, I 
TESST LAO the fic As vac icncksa aves is alent ae oudichirs (oda DOR Ee Was ake ete Velite 8ve, 2 
The World’s Calumbian Exposition of 1893 0.6 sesseesesecceeceeneess 4to, 1 


15 


50 
50 
50 
00 


00 


50 
00 
50 
00 
00 
00 
oo 
00 
00 
50 
00 
a> 


00 
oo 
oo 


50 
00 
00 
50 
00 
00 
00 
50 
25 
00 
00 
oo 
(oe) 
50 
50 
co 
00 
50 
00 
50 
00 
00 
00 
00 
00 
00 


fore} 
fete} 
50 
00 
00 
00 
25 
50 
00 


METALLURGY. 


Egleston’s Metallurgy of Silver, Gold, and Mercury: 


Voll Silver.) .anibkiict. arttliae -eotltesomea. 6 ihe tise Se Gas Ss BVOy 
Vols IL) mGold and Mercury.) 1. . cco « «eect et tekolotelnnteitetets, <ioir el ate eee 8vo, 
Goesel’s Minerals and Metals: A Reference Book........... >....16mo, mor. 
** Tles’s Lead-smelting. (Postage 9 cents additional.)..............- "I2mo, 
Keep/siCast, Lron,s..43- einer ere Sahay fa: Dae nligokav coat tae tools EASED jhe oe 8vo, 
Kunhardt’s Practice of Ore Dressing in Europe.......-.---.--+eeeeeee 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard— Burgess, )12mo. 
calf’s Steel. A Manual for Steel-users...........5...-2,-0-t0hee I2mo, 
Minet’s Production of Aluminum and its Industrial Use. (Waldo.)....12mo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.).....-....-.....-. 8vo, 
Smith?s' Materials, of Machimess soc. sss-cste stu) ere elellehe (etnies siete ntanel SE Rol sv as I2mo, 
Thurston’s Materials of Engineering. In Three Parts................. 8vo, 
Part [lsvclron: and Steel.t cass ictucsttens a caster erect AE ORS eros 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Constituentsss sinc Ss oteteale Is a as o's Se ehdiaie 7 eNO ta ore Mote Slt 8vo, 
Ulke’s Modern Electrolytic Copper Refining. .............eceeeeeeeeee 8vo, 
MINERALOGY. 
Barringer’s Description of Minerals of Commercial Value. Oblong, morocco, 
Boyd’s Resources of Southwest Virginia. ................ 00.0 ceeeeeee 8vo, 
Map of Southwest Virignias.. ....... esses. enone Pocket-book form. 
Brush’s Manual of Determinative Mineralogy. (Penfield.)......... ,...8V0, 
Chester's Catalogue-of*Minerals:< 26) ss oer ee a enets nee 8vo, paper, 
Cloth, 
Dictionary’of the Names of Minerals. (f2.0e..1.07- ares eee eee 8vo 
Dana’s System of Mineralogy... ...............-2. Large 8vo, half leather, 
First Appendix to Dana’s New “‘ System of Mineralogy.’’..... Large 8vo, 
Text-book-of\ Mineralogy. 02 ile cote indie «os ws 8vo, 
Minerals and Howito Study’ Them +. .2...2aee wee eten es I2mo, 
Catalogue of American Localities of Minerals............... Large 8vo, 
Manual of Mineralogy and Petrography........... ......--00-. 12mo, 
Douglas’s Untechnical Addresses on Technical Subjects.............. I2mo, 
Eakle’s Mineral Tables: worse e ice cet Ce eo ae Cera 8vo, 
Egleston’s Catalogue of Minerals and Synonyms...................... 8vo, 
Goesel‘s Minerals and Metals: A Reference Book.. ........... 16mo, mor. 
Groth’s Introduction to Chemical Crystallography (Marshall)........ I2mo, 
Hussak’s The Determination of Rock-forming Minerals. (Smith.).Small 8vo, 
Merrill’s Non-metallic Minerals: Their Occurrence and Uses.......... 8vo, 
* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
> 8vo, paper, 
Rosenbusch’s Microscopical Physiography of the Rock-making Minerals. 
(ddings:)os) os: Parekh 22 Pee eO ee eee ee oe ee eee 8vo, 
* Tillman’s Text-book of Important Minerals and Rocks. ..... SSS +. .8V0, 
MINING. 
Beard’s Ventilation of Mines. ................. vatatiieteladavate sleds Sieraanee I2mo, 
Boyd’s Resources of Southwest Virginia. ...........cccccccccccceccce 8vo, 
Map of Southwest Virginia.» wu seeele oiee ieeeiaeee Pocket-book form, 
Douglas’s Untechnical Addresses on Technical Subjects.............. I2mo, 
* Drinker’s Tunneling, Explosive Compounds, and Rock Drills. .4to, hf. mor., 
Eissler’s Modern High Explosives. .............-...0- #146 s0\ilsisye lees a 8yo, 


Goesel’s Minerals and Metals: A Reference Book..,........-.. 16mo, mor, 
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Goodyear’s Coal-mines of the Western Coast of the United States 


Goodyear’s Coal-mines of the Western Coast of the United States...... I2mo, 
fhlseng’s Manual of Mining............... SE es eee Gant Fe 8vo, 
** Tles’s Lead-smelting. (Postage oc. addifional.).......... Le ae I2mo, 
Kunhardt’s Practice of Ore Dressing in Europe...........-0--seee0e ee 8vo, 
O’Driscoll’s Notes on the Treatment of Gold Ores. ........... Mate a a 8vo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.)................- 8vo, 
“aw alice:s Lectures OnE xplosives-miducerme oc n wec comin nen 8vo, 
Wilson 's'Cvanider Processes; mean tien tir enact ne I2mo, 
ChlorinationuProcess tai rine retentions oe Eo tet mersleysrehete te I2mo, 
Hydraulic’and'Placer Mining v5 se. s.s. ener. eee EN RRE RS ct I2mo, 
Treatise on Practical and Theoretical Mine Ventilation........... Iz2mo, 
SANITARY SCIENCE. 

Bashore’s Sanitation of a Country House..... hia ety 4's eo oases f coteiengl 2MOy 
Folwell’s Sewerage. (Designing, Construction, and Maintenance.). .....8vo, 
Wratersupply we nein ceri merc iceceacos cv oe ey cinioie esr treo au cavcidiele eas 8vo, 
Fowler’s Sewage Works Analyses............2-000% seeks brenoierepesenevensts 12m), 
Fuertes’s, Water.and Public: Wealth. . car. 5.0 ese wiercss eitarce ae stele atatstons tone I2mo, 
iWiater-filtratloneW OLkss wet amis. he eers syatoncomeis oiehate arate ocetteene PL2TNO, 
Gerhard’s Guide to Sanitary House-inspection ................ eee O10; 
Goodrich’s Economic Disposal of Town’s Refuse.............-.. Demy 8vo, 
Hazen’s Edtration of Public Water-suppliés: 5.0.2. 4.c15<% ciscenersicceie «oes 8vo, 
Leach’s The Inspection and Analysis of Food with Special Reference to State 
Mor brolls Ceeueree est Co oes) ote aan Mine \e-eie eas eneaye Moet Ae 8vo, 

Mason’s Water-supply. (Considered principally from a Sanitary Standpoint) 8vo, 
Examination of Water. (Chemical and Bacteriological.)......... I2mo, 
Ogden sSewer Desto nae terest a etes oie skal Ge Wi elieee Spal rc Moke ancy OE I2mo, 
Prescott and Winslow’s Elements of Water Bacteriology, with Special Refer- 
ence to oanitary \Water ANA Cisse. teiecvcrc-4/ stele cine vale eres I2mo, 

+ Price-p landpook OD Sanitation accretion cals yrereinis ceraieie Sp, level eel eel eiete I2mo, 
Richards’s Costiof Food. AvStudy im Dietariies:....2)..)3..). 1c cesieieis coolers I2mo, 
Cost of Living as Modified by Sanitary Science.................. I2mo, 
ICostiot Shelter ctor see teria ot ee one athe ius leony spresaiins ond oben aay oly wianecte I2mo, 
Richards and Woodman’s Air, Water,,and Food from a Sanitary Stand- 
FEOy ESky i Core Set ORME Che Pee ELODIE ODIO. CLicor ie Decicaie 8vo, 

* Richards and Williams’s The Dietary Computer..............-.++0-: 8vo, 
Rideal’s Sewage and Bacterial Purification of Sewage....... Ja srareeieeOVOF 
Turneaure and Russell’s Public Water-supplies. ...........-..0eee000- 8vo, 
Von Behring’s Suppression of Tuberculosis. (Bolduan.)...........- I2mo, 
Whipple’s Microscopy of Drinking-water... ........ceseecceeeereeees 8vo, 
Winton’s Microscopy of Vegetable Foods... ........seeeececceereeeeee 8vo, 
Woodhull’s Notes on Military Hygiene............. hin topakes folare Percale tore se r6mo, 
Pe DET SORAL Ty St ETE ss reieieiioca cheveisesl cheval ae) ole) s oie'(o) exeleielsia/@isieteisroneie oka I2mo, 

MISCELLANEOUS. 

De Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large 12mo, 
Ehrlich’s Collected Studies on Immunity (Bolduan).................-. 8vo, 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
Interrational Congress of Geologists............0000008 Large &vo, 

Ferrel’s Popular Treatise on the Winds. .......ccccccsscecnsvensveres 8yvo, 
Haines’s American Railway Management, .........cccecccceeeeeees I2mo, 
Mott’s Fallacy of the Present Theory of Sound .........-.e+.eeeeues 16mo, 
Ricketts’s History of Rensselaer Polytechnic Institute, 1824-1894..Small 8vo, 
Rostoski’s Serum Diagnosis. (Bolduan.). ......-..0e2eeeeeeeeeeees I2mo, 
Rotherham’s Emphasized New Testament......... sib ava e.apminietites Large 8vo, 


17 


HM NHHRPRNHNUN 


WWH NH NRW 


NHB WT 


Hee ee 


He TWO OWRD 


NeW HN PH 


50 
00 
50 
50 
00 
00 
00 
50 
50 
00 
25 


Steel’s Treatise on the Diseases of the Dog. ..........-eecececeeeeree’ 8yo, 
The World’s Columbian Uxposition of 1893 ........++seecceceseccess -4t0y 
Von Behring’s Suppression ot Tuberculosis. (Bolduan.)............. 12mo, 
Winsiow’s Elements of Applied Microscopy..........-..2++-0++20-- 12mo, 
Worcester and Atkinson. Small Hospitals, Establishment and Maintenance; 

Suggestions for Hospital Architecture: Plans for Small Hospital.12mo, 


HEBREW AND CHALDEE TEXT-BOOKS. 


Green’s Elementary Hebrew Grammaf..........ccceccccvceccces ...I2mo, 

Hebrew iChrestomath yi, actos cael ele F diatets eters eae 8vo, 

Gesenius’s Hebrew and Chaldee Lexicon to the Ola T estament Scriptures. 

(@regelles.) fo sherscierne ates ates: Selisyoleve ....Small 4to, half morocco, 

Letteris’s' Hebrew: Biblesie.<.6 oc 0 cccsc vee cee ceecdelsled slele.cdele cee seen CONOy 
18 


Hee w& 


25 


2 00 


oo 
25 


ae 
ps : Pm 
— 
, 
i . 
, ‘ 
‘ 
‘ 
- 
7 y 
id a ’ 
f 
. ; 
a 
= ' 
—_— 
a . 
\ 
“ 
. ) 
\ 
A a> j 
i} 
= = 
- 
. — 
-~ 
— = -_ 
_— ’ 
——- a: 


531.D81 VOe 


ill 


a39001 0069656 


ot Sa ea rere er 


